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PKEFACE. 


Ttiis work, commenced by Mr Steele and myself towards 
the end of 1852, first appeared in 1856. At Mr Steele’s 
early death his allotted share of the work was uncompleted, 
and I had to undertake the final arrangement of the w^hole. 
In the subsequent editions it has derived much benefit from 
revision : first by Mr Stirling of Trinity in 1SG5, then by 
Mr W. D. Niven of Trinity in 1871, and by Prof. Greenhill 
of Emmanuel in 1878. It last appeared after a general 
revision by myself, with the assistance of Dr C. G. Knott 
and of my colleague Prof. Chrystal. The present edition 
has been prepared by me, with the assistance of Dr W. 
Peddie. < 

Under such circumstances it could not fail to be a patch- 
work of a somewhat complicated kind; l:)nt the comparatively 
rapid exhaustion of the later editioius shows that, witli all its 
many faults, it meets not very inadequately a real want. 

I have no doubt that, with a few months’ leisure, I could 
immensely improve it ; if merely by giving it more unity of 
plan. But the time I am able to devote to such things has 
to be snatched at irregular intervals from other engrossing 
work and I am led, therefore, very naturally rather to tlu^, 
making of hastily improvised, insertions than to carrying 
** out any well-considered scheme of compression or co-or-di-^ 
nation. 


PREFACE. 


The book’s most important fault is its bulk ; yet I do not 
think it can be honestly accused of prolixity. I have always 
considered undue prolixity to be, next of course to inaccuracy, 
the greatest fault that a scientific work could exhibit. The 
number of Examples is perhaps unduly large, but experience 
has shown me that there are many readers who do not con- 
sider this a defect. For their quality, their respective authors 
(mainly Cambridge Examiners) are alone responsible. 

My attention has been called to the fact that several 
sections of this book, in which some novelties appear, have 
been translated almost letter for letter and ti^ansf erred, with- 
out the slightest allusion to their source, to the pages of a 
German work. Several other books have obviously been 
similarly treated by the same compiler. It is well that this 
should be generally known, as the British authors might 
otherwise come to be supposed to have adopted these 
passages simpliciter from the German. 


College, Edinbubgh, 
May, 1889 . 


P. G. TAIT. 


CONTENTS. 


Pl^EFACE 


Chapter I. Kinematics. ... ... 

Division of the subject, §§ i — 3. 

Velocity, §§ 4—7. 

Composition and Resolution of Velocities, §§ 8 — 11. 
Acceleration, §§ 12 — 19. 

Hodograxoli, § 20 . 

Moment of Velocity, §§ 21 — 24. 

Motion of a point deduced from the given acceleration, § 25. 
Relative Velocity and Acceleration, §§ 26 — 36. 

Angular Velocity and Acceleration, §§ 37 — 40. 

Velocity and Acceleration relative to Moving Axes, §§41 — 43. 

Examples , 

Chapter II. Laws of Motion 

Definitions of Mass, Density, Rarticlo, Eorcc, Momentum, 
Vis Viva, Kinetic Energy, Measure of Force, Compo- 
nent of Force, etc. c&c., §§ 44—57- 
Dclinition, and Prai)orties, of Centre of Inertia, § 58. 
Definition of Moment of Momentum, § 59. 

Definition of Work done by a force, and consequeuceH of 
the definition, §§ Oo, 61. 

Definition of Potential Energy, § 62. 

Newton’s Laws of Motion,' with their conscqucncGH— as 
Measure of Time, Parallelogram of Forces, Conserva- 
' tion of Momentum and of Moment of Momentum, Ac., 

§§^> 3 “- 72 . 


PAGES 

V — vi 
1 — 34 : 


.=?4'-4r 

4 : 2—58 


CONTENTS. 


PAGES 

Scholium to the Third Law, with its interpretation. 
D’Alembert’s principle, Horse-Power, Conservation of 
Energy in Ordinary Mechanics, §§ 73 — 75. 

Conservation of Energy, Impossibility of Perpetual Motion, 

Joule’s experimental results, §§ 76 — 78’“’. 

TER III. Rectilinear Motion ... ... 59 — 79 

Constant Eorce, §§ 79 — 87. 

Force varying according to different powers of the distance, 

§§ 88— 105. 

Examples 79 — 85 

TER IV. Parabolic Motion ... ... ... 8G — 108 

Projectile in vacuo, §§ 106 — 1 19. 

Projectile in vacuo when the changes in the direction and 
magnitude of gravity arc considered, 120, 121. 

Force constant in direction, but not in magnitude, 122— 

129. 

Newton’s investigation of the motion of a linniuous cor- 
puscle, § 130. 

Examples ... ... 108 — 112 


fER V. Central Orbits ... 113 — 141 

General Equations, §§ 131, 132. 

Attraction proportional to the distance, {5 133. 

Polar Form of General Ecxuations, and coiis(;(iuenceK, 134 
144* 

ProiDorties of Apses, §§ 145 — 148. 

Orbits under the Law of Gravitation, 149 — 158. 

Elliptic motion : definitions and inniKjdiate deductions, 

Kexder’s Problem, 163 — 167. 

Lambert’s Theorem, § i68. 

Examples 145 — 166 

PER VI. Constrained Motion ... ... 1(>7 — 323 

Preliminary remarks on Constraint, 169. § 

Moliion on Smooth Plane Gurv(i, Cycloidal and Common 
Pendulum, &c.. Direct Problem, 170 -179. 


CONTENTS. 


IX 


PAGES 

Inverse Problems — Brachistochrone, &c., §§ iSo — iS6. 

Motion on Smooth Surface, §§ 1S7 — 189. 

Particular Case— Spherical Pendulum, §§ 190, 191. 

Double Pendulum, § 192. 

Effect of the Earth’s rotation on simple Pendulum, §§ [93 — 

195 - 

Constraint by String attached to a moving Point, §§ 1 96 — 

19S. 

Constraint by Smooth Tube in motion, §§ 199 — 203. 

Constraint by Bough Curve, §§ 204, 205. 

Constraint by Bough Surface, § 206. 

Examines ... ... ... ... 222 — 237 

Chapter YII. Motion in a Eesisttng Medium ... 238 — 251 

General Statement of the Problem, § 207. 

Bectilinear Motion with various applied forces and various 
laws of Besistance— Terminal Velocity, t&c., §§ 208— 

212. 

Curvilinear Motion, under various laws of resistance and 
various forces. Approximate determination of path of 
projectile with low trajectory, §§ 213 — 217. 

Eciuation of Central Orbit in resisting medium, §§ 218, 219. 

E.XAMXmES 252 — 259 

Chapter VIII. General Theorems ... ... 2G0 — 309 

Constraint perpendicular to direction of motion, §§ 220, 


All ccmtral forces have a potential, § 222. 

Conservation of Energy, and Ecxuipotential Surfaces, 
§§ 223, 224. 

Inverse Problem as to conservative forces, § 225. 
Deductions from Conservation of Energy, 226 — 229. 

Least, or Stationary, Action, §§ 230 — 237. 

Varying Action, §§ 238 — 243. 

The i)rinciple applied to the investigation of a planetary 
orbit, §§ 244 — 248. 

Application to Cotes’ spirals, § 249. 

Lagrange’s Etiuations in Goneraliziod Co-ordinates, §§ 250, 
251. 



X 


CONTENTS. 


IMAGES 

Application of Varying Action to Bracliistochrones, § 252. 

The brachistochrone when the force is central, § 253. 

The brachistochrone normal to a series of isochronous sur- 
faces, § 254. 

Connection between the forces under which curves may be 
described as free paths or brachistochrones, §§ 255 — 

260. 

Motion about moving centre, §§ 261, 262. 

Hodographs, §§ 263 — 270. 

Case of resisted motion in an equiangular spiral, § 271. 

Examples 31 o — 3 1 9 

Chapter IX. Impact... ... ... ... 320 — 337 

Preliminary Hemarks, Coefficient of Bestitution, § 272. 

Direct Impact of Spheres, §§ 273, 2 74- 
Impact of Sphere on Fixed Surface, § 275. 

Impact of Smooth Spheres generally, Apparent Loss of 
Energy, §§ 276, 277. 

Impulsive Tension in Chain, §§ 2 78 — 283. 

Continuous Series of indefinitely Small Impacts, §§ 284 — 

286. 

Disturbed Planet, § 287. 

Examples 337 — 352 

Chapter X. Motion ox^ Two or More Particles 353 — 373 

L Free Motion. General E(iuations, §§ 289, 290. 

Conservation of Momentum, §291 ; of Moment of Momen- 
tum, § 292 ; of Energy, § 293. 

The Virial Equation, § 294. 

Particular Case of Two Particles, only, §§ 295—297. 

II. Constrained Motion. Conditions of Constraint, § 298. 

Two particles, in space, connected by inextensible string, 

§ 299. 

String constrained by pulley, § 300. 

Chain slipping over pulley, § 301. 

Complex pendulum, §§ 302, 303. 

Limits of the treatise, § 304. • 

^ Examples ... 374 — 381 

General Examples ... ... ... 382—399 


CONTENTS. 


XI 


PAGES 

Appendix ... ... ... ... 400 — 412 

A. On the integration of the equations of motion about 

a centre of attraction 400 

B. Motion on a cycloid 405 

C. Brachistochrone, for gravity 406 

C^. , for any forces ... 408 

Cq. General property of free path and brachistochrone for 

any force whose direction is constant 409 

B. Of two curves, convex upwards, joining two points in 
a vertical plane, the inner is described in less time 

than the outer ibid. 

E. Inverse problem — To find the equation of the con- 
straining curve when the time of descent, to the 
lowest iDoint, through any arc, is given as a function 
of the vertical height fallen through 41 1 





.t* 

L 


A 


' van ame r- t: 




DYNAMICS OF A PABXICLE. 


CHAFrER I. 

KINEMATICS. 

1. DyiKMuics is the Science wliicli investigates the action 
of Force; and naturally divides itself into two parts as 
follows. 

2. Force is recognized as acting in two ways: in Statics 
so as to compel rest or to j}i’<^vent change of motion, and in 
Kinetics so as to produce or to change motion. 

3. In Kinetics it is not mere motion which is investi- 
gated, but the relation of forces to motion. The circumstances 
of mere motion, considered without reference to the bodies 
moved, or to the forces producing the motion, or to the forces 
called into action by the motion, constitute the subject of o 
branch of Pure Mathematics, which is called Kinematics 
To this, as a necessary introduction, we devote the presen' 
chapter. 

4. The rate of motion (or tlie rate of change oi position 
of a, point is called its Velocity. It is greater or less as tb 
space passed over in a given time is greater or less : and ‘ 
may be constant, i.e. the same at every instant; or it may t 
variable. 

Constant velocity is measured by the space passed over 
unit of time, and is, in general, expressed in feet per secom 
if v/ery great, as in the case of light, it may bo measured . 
miles per second. It is to be observed, that Tvme is he' 
used in the abstract sense of a uniformly-increasing quant 
— what in the differential calculus is called an indopende 
variable. Its physical definition is given in Chap. IX. 
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5. Thus, a point moving uniformly with the velocity v 
describes a space of v feet each second, and therefore vt feet 
in t seconds, t being any number whatever. Putting s for 
the space described in t seconds, we have 

s — vt. 

Hence with unit velocity a point describes unit of space in 
unit of time. The path may be straight or curved. 

6. It is well to observe that since, by our formula, we 
have generally, for constant or uniform velocity 

s 

and since nothing has been said as to the magnitudes of s 
and t, we may take these as small as we choose. Thus we 
get the same result 'whether we derive v from the space described 
in a million seconds, or from tJuit described ii a Qiiilliorith of a 
second. This idea is very useful, as it will give confidence 
in results when a variable velocity has to be measured, and 
we find ourselves obliged to approximate to its value by 
considering the space described in an interval so short, that 
during its lapse the velocity does not sensibly alter in value. 

7. Velocity is sai^ to be variable when the moving point 
does not describe equal spaces in equal times. The velocity 
it any instant is then measured by the space which would 
lave been described in a unit of time, if the point had moved 
m uniformly for that interval luith the velocity which it had 
it the instant contemplated. This is a most important, and 
a fact a fundamental, conception, which the student must 
horoughly realize before he can usefully proceed farther. It 
es at the root of all the correct methods ever devised for the 
urpose of measuring the rate at which, change, of any kind, 

going on. 

Let V be the velocity of the point at the time t, measured 
om a fixed epoch, s the space described by it during that 
me, and s + the space described during a greater interval 
- St. S^'ippose v^ to be the greatest, and v^ the least, velo- 
iy with which the point moves during the time St; then 
^4, vft would be the spaces which a point would describe 
^that interval, moving uQiformly with these velocities 
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respectively. But the actual velocity of the point is not 
greater than and not less than therefore as regards the 
actual space described, 

Ss is not greater than v^Bt, and not less than 
Bs 


however small St may be. But, as Bt continually diminishes, 
Vj and tend continually to, and ultimately become each 
equal to, v. Therefore, proceeding to the limit, 

ds 


If V be negative in this expression, it indicates that 5 
diminishes as t increases ; the positive case, which we have 
taken as the standard one, referring to that in which s and t 
increase together. It follows that, if a velocity in one direc- 
tion be considered positive, in the opposite direction it must 
be considered negative ; and consequently the sign of the 
velocity indicates the direction of motion, when the path is 
given. 


This investigation rests on the supposition that the velocity 
alters continuously, and not by jerks. It would require an 
infinite force to pi*oduce in an infinitely short time such a 
change of velocity in a material ipoxticle. Hence as we are 
preparing for physical applications only, such cases may be 
excluded for the present. The action of great forces for short 
periods of time wdll be treated in the chapter on Impact. 


In all cases, however, we may define as the Average Speed 
tlie quotient of the space described, by the time employed. 
This is applicable even to the motion of a postman or a 
lamplighter. But its interest for our present purpose, where 
continuous change of speed, alone, is considered, consists in 
the fact that the average speed approaches without limit the 
actual speed at any instant the shorter the interval of time 
Bs 

is. Now is the average speed, and becomes in the limit 
ds * 
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8 . So far as we have yet spoken of it, velocity has been 
regarded merely as Speedy and all that is said above is equally 
applicable whether the point be considered as moving in a 
straight, or in a curved, line. In the latter case, however, 
the direction of motion continually changes ; and it is neces- 
sary to know at every instant the direction, as well as the 
magnitude, of the point’s velocity. This is usually, and in 
general most conveniently, done by considering the velocities 
of the point parallel to the three co-ordinate axes respec- 
tively. In fact velocity is properly a dh'ected <))iagnitiide (or 
vector, as it is now called) involving at once the direction and 
the speed of the motion. If the co-ordinates of the moving 
point be represented by x, y, z, the rates of increase of these, 
or the velocities parallel to the corresponding axes, will by 
reasoning analogous to that in § 7 be 

dx dy dz 
dt' dt ' df 


Denoting by v the speed of the motion, we have 


ds 

^~dr 


'dx 


H- 




dz\'-^' 
dt 


and, if a, /9, 7 be the angles which the direction of the mo- 
tion makes with the axes, 

dx 

dx dt 


cos a = = 


ds 


ds 

dt 


or 


Similarly, 


dx 

= -y cos a = v^y suppose. 

dt 
dz 
dt 


= «; cos /3 = V 


= V cos 7 = V. . 


Hence, 


dx 


dt 


~ , ~ are to be found from the whole velo- 
dt dt 0 

city V, i)y resolving as it is called ; i. e. by multiplying by 
^^he direction-cosines of the direction of motion. They are 
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called the Component Velocities of the point : and, with refer- 
ence to them, V is called the Resultant Velocity. 

9 . It follows from the above, that, if a point be moving 
in any direction, we may suppose its velocity to be the result- 
ant of three coexistent velocities in any three directions at 
right angles to each other ; or, more generally, in any three 
directions not coplanar. But the rectangular resolution is 
the simplest and best except in some very special applications. 

Let be the rectangular components of the velo- 

city V of a moving point, then the resolved part of v along 
a line inclined at angles X, yu, p to the axes will be 

cos X -h ^ 2 / cos fJb -h cos V. 

For, let a, /3, 7 be the angles which the direction of the 
point’s motion makes with the axes, 0 the angle between 
this direction and the given line. Then since 

cos 6 — cos a cos X + cos /3 cos ya -f cos 7 cos V 
the resolved part of v along that line is 

V cos 6 — v {cos a cos X -F cos yS cos fx + cos 7 cos v] 

= cos X -h cos ya -h cos V. 

10 . These propositions are virtually equivalent to the 
following obvious geometrical construction, which is the Law 
of Composition of Vectors : — 

To compound any two velocities as OA, OB in the figure; 
where OA, for instance, represents in magnitude and direc- 
tion the space which would be described in one second by 
a point moving with the first of the given velocities — and 



Q 

' similarly OB for the second; from A draw AG parallel awr 
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equal to OB. Join OG : — then 00 is the resultant velocity 
in magnitude and direction. For the motions parallel to OA 
and OB are independent. 

0(7 is evidently the diagonal of the parallelogram two of 
whose sides are OA^ OB. 

Hence the resultant of any two velocities as OA, AC, in 
the figure is a velocity represented by the third side, OG, of 
the triangle OAC. 

Hence if a point have, simultaneously, velocities repre- 
sented by OA, AG, and GO, the sides of a triangle tahen in 
the same order, it is at rest. 

Hence the resultant of velocities represented by the sides 
of any closed polygon whatever, whether in one plane or not, 
taken all in the same order, is zero. 


Hence also the resultant of velocities represented by all 
the sides of a polygon but one, taken in order, is represented 
by that one taken in the opposite direction. 

When there are two velocities or tliree velocities in two 
or in three rectangular directions, the resultant is the square 
root of the sum of their squares — and the cosines of the in- 
clination of its direction to the given directions are the ratios 
of the components to the resultant. 


[Newton’s Method of Fluxions was devised simply to 
express this and other fundamental conceptions in Kinematics. 
To him s, x, y, z, or (as we now somewhat less conveniently write 

them) ^re simply the velocity of the moving 

at at at at ^ j 

point and its components parallel to the axes. It may be 
convenient, or even necessary, to use the idea of Limits or of 
Infinitesimals to calculate their values; but the Fluxions 
themselves do not involve any such idea.] 


, , ' 11. When a point moves in a plane curve, to express its 
component velocities at any instant along, and^ perpendicular 
to, the radius vector drawn from a fixed point in the plane of 
’dilie curve? 
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2 / be the rectangular, r, 9 the polar, co-ordinates of 
the moving point ; so that 

x — o'' cos 6, y = r sin 9, 

We have at once, by diflTerentiation, 


and 



( 1 ), 


which are the velocities parallel to x and ?/. But by § 9 the 
velocity along the radius vector is 

dy , ^ dx . dr ^ 

and the velocity perpendicular to it is 

dy a dx . . dd ^ 


12. The velocity of a point (in the sense of its speed) is 
popularly said to be accelerated or retarded according as it 
increases or diminishes, but the word Acceleration is scien- 
tifically used in both senses.; and may be defined as the rate 
of change of the velocity per unit of time. 

Acceleration may be either constant or variable. It is 
saidpto be constant when the point receives equal increments 
of velocity in equal times, and is then measured by the actual 
increase of velocity generated in unit of time. L(fc the uni^ 
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of acceleration be so taken that a point under its action would 
receive an increment of a unit of velocity in a unit of time ; 
then a point under the influence of a units of acceleration 
would receive an increment of a units of velocity in a unit of 
time, and consequently at units of acceleration in t units of 
time. If the point starts from rest we have 

V = at, 

where v denotes the velocity at the end of the interval t, and 
a the acceleration. 

13. Acceleration is variable when the point does not re- 
ceive equal increments of velocity in equal increments of time. 
The acceleration at any instant is then measured by the in- 
crement of velocity which would have been generated in a 
unit of time had the acceleration remained constant during 
that interval and equal to the value at its commencement. 

Let V be the velocity of the point at the end of the time 
t, a the acceleration at that instant, -y -f S'w the velocity at the 
end of the time t + and let a^, be the greatest and least 
values of the acceleration during the interval Zt, then a^Zt, 
a,^Zt would be the increments of velocity in that interval, of a 
point under those accelerations respectively. But the actual 
acceleration is not greater than a^ and not less than a^, there- 
fore the actual increment of velocity 

Zv is not greater than a^Zt and not less than a^t, 

Zv 


however small Zt may be. But, as Zt continually diminishes, 
and tend continually to and ultimately become each 
equal to a. Therefore, proceeding to the limit, 

dv 

The positive sign given to a shews that v increases with t, 
while a negative sign would shew that v decreases as t in- 
creases, in other words a negative acceleration is a retardation. 

As in § 7 we have, for the Average change of speed during 
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St, the expression Sv/St Its limit dv/dt is therefore the 
acceleration. ^ 


Combining the above equation with 


we have 


ds 

dt 

d^s 

If 


= a, 


considering t as the independent variable. 

[Here, again, Newton employs the symbol 5 to represent 
the rate of increase of s, a quantity whose conception is 
altogether independent of the methods (infinitesimal or not) 
which may be employed to calculate its value.] 


14. Thus far we have been dealing with a point’s 
motion in some definite path, which may be either straight 
or curved, but in which there is only one degree of freedom 
to move, and in which therefore the position at any time 
is determined by one variable, s. But when we consider 
velocity as a directed magnitude w^e are led to generalize 
the definition of Acceleration (see § 20 below). 

If the path be curved, the accelerations of the rates of 
increase of tlie co-ordinates of the moving point are called 
the Component Accele7'atio7is parallel to the axes. If these 
be denoted by a^, we shall have 

d'x dry dj^z 


With reference to these, J aj + is called the 

Resulta/nt A. cceleration. 

d^s 

16. The acceleration is not the complete resultant 
rf/'-c dS/ d'^z 

of *4^, 44 , f 2 , as may easily be seen; for its square 
dt cCo Cut 

does not in general equal the sum of the squares of those 
three accelerations. It is, however, the only part of their 
resultjj^nt which has any effect on the onagnitude of the 
d^s 

^ velocity ; in short is the sum of the resolved «parts 
dt 
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^ in the direction of motion, as the following 
identical equation shews : 

d?s __ dx d^x dy d^y dz d^z 
df ”” ds df ds df ds df ' 

This follows immediately from the equation of § (8) 


© “ _ fdx\ 

\di) 


+ 


(^y 

\dt 


+ (’- 


by dif!erentiation. And it shews that acceleration is to be 
resolved according to the same law as velocity. For to find 

d^s di^x dx 

^ , the acceleration along s, be multiplied by 

&c. &c. which is the vector law. 


The other part of the resultant is at right angles to this, 
and its sole effect is to change the direction of the motion 
of the point. And this leads us to another form of accelera- 
tion, viz. when the magnitude of the velocity is unaltered, 
but the direction of motion changes. Its value in terms of 
the velocity and the curvature will be given later. 

The above equation also shews, since ^ are 

the direction-cosines of the small arc ds, which may have any 
direction whatever, that to obtain the acceleration along any 
line inclined at given angles to the axes, we must resolve 
the component accelerations parallel to the axes along it, 
and take the sum of the resolved parts. Thus the accelera- 
tion along a line inclined at angles jx, v to the axes is 

cos X -I- cos + a*, cos v. 


16. A point moves ioi a plane curve, to express its com- 
ponent accelerations at any instant along, and 'por 2 )endicular 
to, the radius vector. 

Let X, y be the rectangular, r, 6 the polar, co-ordinates ; 
so that 

x = r cos 0, ^ 

^ ^ y =^rsm6 
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we have 


dx 

dt 


dr . 

= “77 cos d — r sin 
dt 


9 


d9 

dt^ 



and 


d^x 

df 


[d^r- 

dd 


— r 


dt 




dr dO 


dpe\ . „ 

c av ■ 

^df \dt^\ ' 


Similarly, 


dt 


'V dt dt'^'^ df 


COS 6 , 


These are the accelerations parallel to x and y. And 
since, by | 15, the acceleration along the radius vector is 

d\j . . , d^x . 

^^6 + -^ CO, 6, 

the above expressions give it in the form 


df 


dt) 


Tiie acceleration perpendicular to the radius vector is 


that is, 


dr d9 

^ dt dr df^ 
I d f „d6\ 


^ which may be written ™ ^ . 
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17. Whm a point is in motion in any curve, to find its 
accelerations along, and perpendicular to, the tangent, at any 
instant. 


Let X, y, z be the co-ordinates of the point at the end 
of the time t, s the length of the arc described during that 
interval. Then, since by the equations of the curve x, y and 
^ are functions of s, 

dx _ dx ds ^ 
dt ds dt ’ 


d^x ___ cPx /dsV dx d's 
" ds^ \M) ds df • 


Similarly, 


d^y __ d^y /'dsV^ dy d^s 
W~ds^ \dt} ds de’ 


d^z ___ d^z /ds\^ dz d^s 
df ds^KdtJ "^ 'de df’ 


Remembering the law of resolution of acceleration, the 
form of these equations shews that in them are resolved 

d^s 

along X, y, z, 1st an acceleration ^, 0 , whose direction-cosines 


— 

ds 


are -7-, -f- 


dy 

ts^ 


dz 

ds’ 


df 

and 2nd an acceleration 


direction-cosines are 


d^x 


quantity, which will be presently recognized as the radius of 
curvature of the path. This process might have been 
employed with advantage in some previous sections. But, 
for the beginner, we must take a more laborious method. 


d^z 


1 (ds 

p 


whose 


where p is a linear 


18. To find the acceleration along the tangent, we must 

dx d*if dz 

multiply these component accelerations by f , 

as as CIS 

respectively, and add. Thus the tangential acceleration is 


dx d^x 
ds df 


ds df 


dz d^z 
ds df ’ 


dh 
df '' 


dv 

''Jf 
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as we have already seen. Also in. the normal, towards the 
centre of curvature, we have the acceleration 


d^x 



___ 1 fdsy __ 

p \dt) p ' 

We assume here the following equations from Analytical 
Geometry, 



where p is the radius of curvature, whose direction-cosines 
are 


and 


whence 


d^co dry d^z 
^ ds^ ' ^ ds^ ' ^ ds^ ’ 



dx d^x dy d^y dz d^z _ ^ 

ds ds^ ds ds^ ds ds^ 


* The accelerations of the moving point may he fouiul in the following 
manner. There is obviously no acceleration i^erpendicular to the osculating 
plane, as that pilane contains two consecutive directions of the point’s motion. 
Of the two consecutive directions let the first make an angle 0 with any lixud 
line in the osculating plane, then v qosO and u sin d are the velocities of ilui 
point parallel .and perpendicular to the fixed line respectively. Oonse(iiio)i.tly 

(t* cos 6) and “ (?; sin 0) are the accelerations in the same directioiiH. 

expressions, when expanded, become $ cos 0- v sin 0 ^ , and sin 0 -l- v o( >h 0 . 

at at (It (U 

Therefore the accelerations along the tangent and tlie normal art' a,nd 

(LL 

dd 

V tl^ last being x^ositive in the direction of the centre of curvature. Simu^ 
= i, the normal acceleration, being ='« ^-. y;, may bo exprossef^ as . 

u«V p (is (it p 
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thus 


19. We might have treated the component accelerations 


\dfJ [dfj ■^UiV 


or (resultant acceleration)® 


__ 1 i^ds^ ^ /d 


■d^s' 


\dtj 

by adding the squares of their values as given in § 17. 
d^s 

Now ^ is the acceleration along the tangent, and the 


other part 


1 /ds 


or — , acts at right angles to it as the 


p \dtj ' p 

form of the equation shews, and consequently is the accelera- 
tion perpendicular to the tangent. 


-n 

1 rom the expressions ror ~ , 


we also obtain 


+ 


+ 


di^x 

.. 1 


dzdhj\ 

df 

\ds ds^ 

ds dij 

d?y 

/dz d^x 

dx d^z\ 

df 

\ds ds^ 

ds dsj 

dfz 

fdx dfy 

dy d^x\ 

df 

\ds ds^ 

ds ds") 


= 0 ; 


which may be written in the form of a determinant 

= 0 . 


d\x 

d-y 

d^Z 

"df 

df 

df 

dx 

dy 

dz 

ds 

ds 

ds 

dfx 

dfy 

d"z 

ds^ 

df 

ds^ 


This signifies that the Eesultant Acceleration lies in thc^ 
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plane containing the tangent and the radius of absolute cur- 
vature, or that there is no acceleration perpendicular to the 

osculating plane. The acceleration ~ must therefore be along 

P 

a normal to the path drawn in the osculating plane; that is, 
along the radius of absolute curvature. 

20. We are therefore led to expand the definition given 
in § 12 thus : — Acceleration is the rate of change of velocity 
whether that change take place in the direction of motion or not. 

What is meant by change of velocity is evident from § 10. 
For if a velocity OA (in the figure of that section) become 
OC, its change is AG, or OB. 

Hence, just as the direction of motion of a point is the 
tangent to its path — so the direction of acceleration of a 
moving point is to be found by the following construction. 



o 


From any point 0 draw lines OP, OQ, etc., representing 
ill magnitude, and direction the velocity of the moving point 
at every instant. The points, P, Q, etc., form in all cases of 
motion of a material particle a continuous curve, for an infi- 
nitely great force is requisite to change the velocity of a par- 
ticle ahruptly either in direction or magnitude. Now if Q be 
a point near to P, OP and OQ represent two successive values 
of the velocity. Hence JPQ is the whole change of velocity 
•during the interval. As the interval becomes smaller, the 
direction PQ more and more nearly becomes the tangent at F. 
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Hence the direction of acceleration is that of the tangent to 
the curve thus described, called by its inventor, Sir W. R, 
Hamilton, the Hodograph, 

The amount of acceleration is the rate of change of 
velocity, and is therefore measured by the velocity of P in 
the curve PQ. 

21. The Moment of a velocity about any point is the 
rectangle under its magnitude and the perpendicular from the 
point upon its direction. The moment of the residtant mlo- 
city of a point about any point in the plane of the components 
is equal to the algebraic sum of the moments of the components, 
the proper sign of each moment depending on the direction of 
motion about the point The same is true of moments of 
acceleration, and of moments of momentum as defined later. 

Consider two component velocities, AB and AC, and let 
AD be their resultant (§ 10). Their half moments round 


0 ,^ 



the point 0 are respectively the areas GAB, OA G. The half 
moment of the resultant, AD, is the area GAD. But all 
three areas are on the same base, GA ; and the sum of the 
distances of G and B from that line is equal to the distance 
of D from it. Hence the moment of the resultant is equal 
to the sum of the moments of the two components. By 
attending to the signs of the moments, we see that the 
proposition holds when 0 is within the angle GAB. 

22. Now if the direction of one of the components, always 
passes -through the point 0, its moment vanishes. This is the 
.case of a motion in which the acceleration is directed to a 
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fixed point, and we thus prove the theorem that in the case of 
deceleration always directed to a fixed point the path is plane 
dnd the areas described by the radius-vector are proportional 
to the times; for the moment of velocity, which in this case is 
constant, is evidently double the rate at which the area is 
traced out by the radius-vector. 


23. Hence in this case the velocity at any point is 
inversely as the perpendicular from the fixed point upon the 
tangent to the path, the momentary direction of motion. 

For evidently the product of this perpendicular and the 
velocity at any instant gives double the area described in one 
second about the fixed point, which has just been shewn to 
be a constant quantity. 


24. The results of the last three sections may be easily 
obtained analytically, thus. Let the plane of motion bQ 
taken as that of y ; and let the origin be the point about 
which moments are taken. Then if x, y be the position of 
the moving point at time t, the perpendicular from the origin 
on the tangent to its path is 


P 


dy 
■ x-r ■ 
ds 


dx 

ds 


.dd 


^ , in polar co-ordinates. 


From this we have at once 


ds 


dy dx _ 


^ dt ^ dt ^ dt 
or with the notation of § 8, 

pv^xvy—yv^, 

which is the theorem of § 21. 


= r" 


dt 


Also 
T. D. 


d . . dSj d^x 


.(1) 


-( 2 ). 

2 
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Now, if the acceleration be directed to or from 0, its 
moment about 0 , which is evidently 


d^y d^x 


must vanish. Hence ( 2 ) gives 

pv = constant, which is § 23. 

By means of (1) this gives 


^2 


dt 


= constant, which is § 22 ; 


since, if A be the area traced out by the radius-vector, 

dA^r^ 
dd 2 * 


25. To determine the motion of a point when the accelera- 
tion of its velocity is given. 

This is one of the most general of the Problems suggested 
by the Kinematics of a point, for it includes, as will be seen, 
the determination of the motion when the component velo- 
cities are given. 


Let a, /3, 7 be the components of the given acceleration ; 
we have 


d^x \ 


(Ty 

df 






(1). 


df / 


Now a, iS, 7 may be functions of x, y, z, t^ 


dy dz 
dt ’ "it dt’ 


dx 


or of two or more of these quantities. Equations ^.) must 
be integrated as simultaneous differential equations if possible. 
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‘Thus by one integration we have the values of 


dx 

dt 


dy dz 
dt' dt' 


in terms of one or more of the quantities x, y, ^ and t ; that is, 
the component velocities are known. 

Another integration, if it can be performed, gives x, y, and 
in terms of t ; and, if the latter variable be eliminated from 
the three integrated equations, we have the two equations of 
the path in space : and thus, theoretically at least, the motion 
is completely determined. 

It is unnecessary to give examples of the integration of 
isuch equations here, as the major part of the following 
■chapters will be devoted to them. 


26. So far for a single point. When more points than 
■one are considered. Kinematics enables us to determine, from 
the given motions of all, their relative motions with respect 
to any one of them ; or conversely, from the actual motion 
•of one, and the motions relative to it of the others, to de- 
termine the actual motions of the latter in space. This de- 
;pends on the following self-evident proposition. 

If the velocity of any point of a system he reversed in 
•direction, and be communicated to each point of the system in 
composition with that which it already possesses, the relative 
motions of all about the first, thus reduced to rest, will be 
the same as their relative motions about it when all were in 
motion. 

For the proof it is sufficient to notice that if at every 
instant the distance of two points, and the direction of the 
line joining them be the same as for two other points, the 
relative motions of one of each pair about the other will be 
the same. The simplest illustrations of this proposition are 
furnished by the relative motions of objects in a vessel or 
carriage, which are independent of the common velocity of the 
whole — or, on a grander scale, of terrestrial objects, whose 
relative motions are unaffected by the earth’s rotation, or by 
its motion in space. 

Since accelerations are compounded according to tl]jp same 
law as velocities, the above theorem is true of them also. 

2 2 
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27 . Two points describe similar orbits about each other 
and about any point dividing in a given ratio the line which 
joins them. 


AQ 

QB 


Let A and B be the points, G a point in AB such that 
= a constant. 


The path of B about A will evidently be the same as. 
that of A about B, since the length and direction of the 


A G 


B 


line AB are the same whichever end be supposed fixed. 
Also if G be fixed, the path of B about it will evidently 
differ from that of B about A by having corresponding radii- 

BG 

vectores diminished in the ratio . But this is the defi- 
nition of similar curves. The same of course would hold with 
respect to the relative path of A with respect to G. This 
proposition will be found of considerable use afterwards, as it 
enables us materially to simplify the equations of motion of 
two mutually attracting free particles. 


28 . As an instance of relative motion, consider two points, 
one of which moves unifo7'Qnly in a straight line, ivhile the 
other moves uniformly in a circle about the first as centre; 
determine the path of the second point, the motion being in one 
plane. 

Take the line of motion of the first as the axis of (v, v its 
velocity, the plane of the circle as that of xy, a the radius of 
the relative circular orbit, (o the angular velocity in it, | 37. 
Suppose the revolving point to be initially in the axis. AlsO' 
at time t suppose the line joining the points to be inclined 
at an angle 0 to the axis of x. Then for the co-ordinates of 
the revolving point we have 

y = a sin 6, ^ 

" X = vt -{■ a cos 6. 
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But 6 = o)t\ 

hence x—- sin"^ - + — 'it) 

(o a 

is the equation of the absolute path required. This belongs 
to the class of cycloids ; it is prolate or curtate according as 
oj is greater or less than aw, or the absolute motion of the 
first point greater or less than that of the other in its circular 
orbit. If the two are equal, or -y = aw, we have the equation 
of the common cycloid, as is indeed evident, for the circular 
path may be supposed the generating circle, and the velocity 
of the centre in its rectilinear path is equal to that of the 
tracing point about that centre. 

29 . It is evident that, whatever be the relative path, if 
the first point be still supposed to move in the axis of x, and 
if r, 6 denote the relative co-ordinates of the second point 
with respect to the first at time t, x, y, and x the absolute 
co-ordinates at the same time, 

a) = x + r cos d 
y = r sin 6 

Now in the first case, wdren the motion of the first point, 
and that in the relative orbit are given, x, r, and 0 are known 
functions of it ; if therefore these values be substituted in (1), 
and t be eliminated, we shall have the equation between x 
and 2 /, which is required. 

Again, if the absolute orbits of both are given, x, y, and 
X are given in terms of t, and thus equations (1) serve to 
give r a,nd 6 in terms of t, which furnishes the complete 
determination of the relative path, and the circumstances of 
its description. 

30 . The following is a most useful case, having many 
important applications in Physical Optics, &c. 

A 'fkoint A is fixed. B describes u'niformly a circle ahout 

A, and 0 describes uniformly {in the same plane) a cirde ahout 

B. Find the motion of 0 relative to A. 
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Let a be the length of AB, h that of BC, r that of AO ; 
and at tinae t let them make angles (f), 0 with some fixed 

line in the plane of motion. Then 

r cos 6 = acos(p + b cos 
T sin 6 = asin<j> + b sin x- 
But (l> and % increase uniformly. Hence 
(p — mt + oL, 

where m, n, a, /3, are constants. Thus 

r cos 0 = acos (mt + a) -i- J cos {iit + /3), 
r sin i9 = a sin (mt 4- a) + i sin {nt 4* /3). 

These are the general equations of Epicycloids and Hypo- 
cycloids; and from them all their properties may’|be derived. 


We confine ourselves to one or two very simple cases. 

(1) Let m = n, a = 6. (This is the composition of two- 
equal circular motions, in the same direction and of equal 
period.) We have 


a — ^ 


cos ( mt -h 


whence 


r cos 0 = 2a cos 


r sin ^ = 2a cos sin ( mt 4- 


r = 2a cos 


a 4- /3 
2 

a_4- /3 
“2 


a — /3 


d — mt 




This also denotes uniform circular motion, and of the same- 
period, and in the same direction, as the components. 

(2) Let m — — n, a = K (Here we compound equal 
circular motions, of equal period, but in opposite directions.) 
As before we have 


r cos 0 = 2a cos 


cc + 1 3 
2 


cos mt 4” 


r sin 0 = 2a sin 


. a +/3 


111 / 5 ' 
2 

a-/3 


cos (mt + . 
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Therefore 

r = 2a cos {mt + » 

^ = “ 2~5 

and this denotes vibratory motion in a definite straight line. 

31. In any system of moving points, to determine the rela- 
tive from the absolute motions ; and vice versa. 

Let 2 / 1 , ^ 1 , y^i ^2 co-ordinates of two of the points, 
X, y, z the relative co-ordinates of the second with regard to 
the first, v , w^, u^, v^, the velocities of each parallel to the 
axes, u, V, w the velocities of the second relatively to the first. 

Then x = x^ — x^, 

y=y^-yv 

The second group may be derived from the first by differ- 
entiation with respect to t. 

Now, when the actual motions of the two are given, all 
the subscribed quantities are known. Hence the above 
equations give the circumstances of the relative motion. 

Or if the actual motion of the first, and the relative motion 
about it of the second, be known, we have xyz,uvw, 

to find the other six quantities for the actual motion 
of the second in space. 

A second differentiation proves the statement in § 26 
regarding relative acceleration. 

32. Some of the best illustrations of this part of our sub- 
ject are to be found in what are called Curves of Pursuit. 

These questions arose from the consideration of the path 
taken by a dog, who in following his master always directs 
his course towards him. 

In grder to simplify the question the rates of motion of 
both master and dog are supposed to continue constaiit ; or at 
least to have a constant ratio. 
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33. As an instance of the curve of pursuit, suppose it be 
required to determine the path of a point P which continually, 
with constant velocity u, moves towards another point Q which 
is describing a straight line with constant velocity v. 

The curve of course is plane. Take the line of motion 
of the second point Q as the axis of x, and let x denote 
its position at the instant when the co-ordinates of the first, 



P, are x, y. The axis of y is chosen as that tangent to the 
curve of pursuit which is perpendicular to the axis of x, and 
the distance between the points in that position is called a. 


Let ~ by the conditions of the problem we have 


eAP = 0Q, 


and PQ ^ tangent at P. 


Expressed analytically these lead to 
tions ; 


es = x = x—y 


dx 

dy' 


the following equa- 


The mode of solution is precisely the same whether x ovy 
be taken as independent variable : but y is to be preferred as 
it leads to less cumbrous expressions. 


Differentiating therefore with respect to y, we have 




ds d^x 
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whence 


But s increases as y diminishes, 

-rx 6 

Hence - = — 77 — ’—TTTrr- 

^ ^Ht)} 


Integrating, and noting that y = co,^-~- 0 , together, 

ay 


e W - = W 
^ a ^ 




Hence, 


dx 

dyj J dy 


a) “\/ r ^ \dy)\^dy' 


and therefore, taking reciprocals. 


dxV] dx 


dy) ) dy^ 


Subtracting, we have finally 


9 ^ = (u\ - f ® 


dy V( 


a/ \y. 


ox 2 {x + C)= d _j. . 

^ a\e + l) y" (e-1) 

But x=Q, y = a, together ; which gives (7 = - 


Hence 2 

V e'-iy a®(e + l) 2 / (^“ 1 ) 

This is the correct integral for all values of e except unity, 
when it ceases to have any meaning. To this case we will 

presently recur. 

« 

There are two cases of curves represented by equation (2), 
1st, e > 1, 2nd, e<l. 
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In the first case Q moves the faster, and P can never over- 
take it ; the curve therefore never meets the axis of w, which 
indeed will he seen by (2) to be an asymptote. 

In the second case equation (2) becomes 


2(x — 


ae 


. . , y 

a" (1 + e) 


a 2 / 
1-e 


and for x = 


have y = 0, and also by (1) infinite. 
1-6“ ^ ^ ^ ^ dy 


Hence the curve touches the axis at this point. The re- 
mainder of the curve satisfies an obvious modification of the 

question, whence it is called the Curve of Flight jit is to be 


ae 


observed, however, that x gives also y — ± a 

The distance between P and Q, being 


1 -1- e' 
1 - 6. 


f}- 


is easily seen by the fundamental equations to be 

ds 


±y 


or, by (1), 


dy^ 


+y 

- 2 


where the sign is to be chosen so as to make the expression 
positive. 

When 6 >1, this expression is infinite both for ?/ = oo and 
for y = 0. The minimum value is easily found to be 


ae le - 
7^\eTl) 


When 6 < 1, the distance vanishes, as we have seen it 
must, when y = 0. 

34. When 6=1, the corrected integral of (1) is 


2(^ + |) = |^-alog; 


y 
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This is the only case in which we do not obtain an alge- 
braic curve. Here again the axis of x is an asymptote, and 
we easily find 






which shews that the limit to which the distance tends is 

2 

The same result may at once be obtained by putting e = 1 in 
the expression for the minimum distance found above in the 
case of e > 1. 


35. As an instance of relative motion let us consider the 
path of P with regard to Q. It will be easy to see that this 
corresponds exactly to the following question. 

A boat, propelled {relatively to the water) with constant 
velocity u, starts from a point A in the bank of a river which 
runs with velocity v parallel to Qx, and tends continually to^ 
the point Q, on the other hank, directly opposite to to find 
its path. 

The constant velocity of the stream in this case com- 
municated to P corresponds to the constant velocity of Q in 
the last example, but is in the opposite direction. In fact,, 



■X 


if the earth were to be supposed moving in the direcljon xQ 
with constant velocity v, the river would be at rest in space,. 
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und the actual motions of P and Q would be the same as 
the last example. (See § 26.) 


To investigate . the path, take Q as origin, Qcc, QA as 
axes. Then the component velocities of P are v parallel 
Qo) and u along PQ, and the tangent to its path is in 
direction of the resultant of these two, Putting 0 for PQ 


•we have 


whence 


cos 0, and ^-- — u sin 0, 
dt at ' 


dy _ w sin ^ _ sin 0 
dx V — UCOS0 e — cos0 


y 

e\i {(P + yo - X ‘ 


This, being a homogeneous equation, is easily Integra 
and we have, taking x = 0, = a, as co-ordinates of Ay 

^(^■■‘+2/“)-® (i; 

or 2x = ay — a“‘’ 

(t sin 1 ~ cos 0 
or j ^ ’ 

in polar co-ordinates. This evidently gives a parabola ab 
Q as focus, if e = 1. 


[Note. The student is not unlikely to be led into a curi 
error in looking at this problem from a geometrical poin 
view. Thus, the velocity along PQ is always in a defii 
ratio to that in ilfP produced ; why is not the path alw 
a conic section of which Q is a focus ? The idea is c< 
pletely erroneous (as in fact the above investigation she" 
but it forms the very best training in a science like KFiema 
to serfs: to explain such difficulties without any aid fi 
analysis.] 
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36. To find the time of crossing tlie'stream,. ■ 

This may easily be effected by considering the actual 
velocity parallel to the axis of 2 / : 'if- 

dy ■ n 
-£=-usm6 


= — w 


y 


V -t f) 

Now taking quotients of by both sides of ( 1 ), 

aY~° = fQx? + y'‘).+ X. 

Hence 2^(a?'* + 2 /^) = ay'’ + a-y+“; 
and therefore — (a.y + a"y ■^“) = — 2udt. 

y 

Taking the integral from a to 0, and putting for the 
time of crossing, 


l—e ^ 


But, if there had been no current, we should have had 
for the time of crossing, 

A = -; whence 

In the integration we have, of course, e< 1, else the boat 
could not reach Q. 

If 6 = 1, the boat will (after an infinite time) reach the 
farther bank, but not at Q, The solution of this case 
presents no special difficulty. 


37. If the motion of a point in a plane be considered 
with reference to a fixed point in that plane, the rate of 
increase of the angle made by the line joining the two points, 
with some fixed line in the plane, is called the Angular 
Velocity^ of the former point about the latter. Unit of 
angular velocity corresponds to the description of unit angle 
(arc equal to radius) in unit of time. ^ ^ a ---k 

5386 
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Suppose the above-mentioned angle to be represented 
by 6 at time t ; then at time St it has the value 6 + SO, 
and it may be shewn as before (§ 7), that if co represent the 
angular velocity required, then 

dO 

Ex. A point moves with constant velocity v in a straight 
line; to find at any instant its angular velocity about a fixed 
point whose distance from the straight line is a. 

Taking as initial line the perpendicular from the fixed 
point on the line of motion, the polar equation of the path is 

r = a sec 6. 

Also, if 6= Q, when i = 0, we have 
r sin ^ = vt 


Hence, a tan 0 = vt, 


and 


dO 


va 


va 


Q) = -97 = 


dt + vH^ r^ * 

do 

Or thus, by § 24 ; whence co = avjr^ 


38. A point describes a circle with constant velocity ; it 
is required to find the actual velocity, and the angular velocity 
(about the centre) in any orthograp)hic projection. 

Let ApA' be an ellipse and APA' the auxiliary circle. 
Then the former will be the orthographic projection of the 
latter if its axes be made in the ratio of the cosine of the 
angle (a) between the planes of projection. Also if PpM be 
perpendicular to A A', P and p will be corresponding points 
in the two. Draw the tangents pT, PT] then 

a«»al_vel^at| . it TOP = «, 

velocity at jp __ \/(PT^siT^ 0 -f- PT^ cos^ 6 cos^ a) 

T . ..P ~FT ^ 

= v'(sin‘'* 6 -h cos^ 6 cos’* a) 

^ = \/(l — sin** OL cos’* 6). . 
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Now, if TOp = 4>, 


angular velocity dXp _d<i) 

p ~de 



_ cos OL 

cos**^ 6 + cos*^ a sin"* d 
_ cos a 
i — sin® a sin® 6 ’ 

This is a maximum if ^ when its value is sec a, 

minimum ... =0 cos a. 

Hence, if and be the greatest and least angular 
velocities in the projection, 

sj{(o^o}^ is the angular velocity in the original path. 

39 . Evidently, the product of the radius-vector into the 
angular velocity is the velocity perpendicular to the radius- 
vector. (§ 11.) This is to the whole velocity as the perpen- 
dicular on the tangent is to the radius-vector ; and therefore 
the product of the square of the radius-vector by the angular 
velocity is equal to the’ product of the whole velocity by the 
perpendicular on the tangent, i.e. to the moment of velocity 
about the pole, § 24, (1). 

40 . When the angular velocity is variable, its rate of 
change per unit of time is called the Angular Accelerg^tion, 
and is measured with reference to the same unit angle. 


32 


KINEMATICS. 


Thus, in the Ex. § 37, the angular acceleration is 


d(D __ 2va dr 
"dt ” dt 



Jr^ — d\ 


41. The motion of a point in a plane being given with 
respect to fixed axes, to investigate expressions for its velocity 
and acceleration relative to axes in the same plane, which re- 
volve about the same origin with constant angular velocity. 

Let ft) be this angular velocity ; then, if at time ^ = 0 the 
fixed and revolving axes coincide, at time t they will be 
inclined to one another at an angle cot. Hence, if x, y, rj be 
the co-ordinates of the point at time t, referred to the fixed 
and to the revolving axes respectively, we have by the 
ordinary formulae for transformation of co-ordinates 

^ — x cos cot + y sin cot 
rj —ycoscot — x sin cot 



These give, by differentiation, 

dP dx ^ dy . 

cos ft);i -h sin cot • 
dt dt dt 


ft) {x sin (ot — y cos cot) 


dx , dy . 

= -y- cos cot + -yy SlU Cot 4” 0071 , 

dt dt 

Similarly, ^ ^ ^ ^incot — oo^, 


■] 


•(2), 


which determine the velocities relative to the revolving axes. 
Again, 


d^^ d\x 


d^y . 

V 


fdx . 


dy 








d^r, d^y , , c 


dy . ^ . dx \ 2 

Sm ft)^-|-“,; COSft)^ — (0 7 ) 

dt dt y 




or 


^ = 5:5 cos u>t+ sin (ot +2tu + to"? 


dt‘ 

dfy 

df 


d^x 


dy . 


dr) 

dt 


d^y 


dt 


I cos (xot- 


d?x . , 

• -y-5 sm OOt - 

df 


dt ^ '} 




the relative accelerations. 
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w the component accelerations along fixed axes, with 
at the time t the moving axes coincide, are evidently 
nted by the first two terms of the right-hand sides of 
quations ; or, in terms of the co-ordinates with respect 
moving axes, by 


df 


“ 2a) 


dr} 

dt 


% 





If the point he at rest, x and 1 / are constant, and 
dr) „ 


d^ 

df 


= -0)% 


df 


— 0)^7} . 


3se expressions are obvious, as in this case the relative 
. of the point with respect to the moving axes is a 
n circular motion about the origin, in the negative 
3n, i.e. from the axis of rj to that of 


Suppose the new axes not to revolve ibuiformly. 

this case the investigation is precisely the same as the 
with the exception that 9, a given function of t, must 
stituted for cot If co, now no longer constant, be put 

the student will have no difficulty in verifying the 

ng expressions, which take the place of (2), (3') and (4) 
preceding section. 

dx 

= T- cos 0 + 
dt 

= cos 6 — 
dt 


dy . ^ 1 

^^sme + cov ^ 

dx 


di 


sin 9 ■ 


co^ 

J 


•( 2 .). 




d?y 


dr] dan 


= :;cos^+^;:sm^ + a,=^+2c«^ + 
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d?y o 
^co,e- 
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di 

d^x . ^ o 


dt dt 
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d^ da> 
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0,^ 


r) dt 


d:^v 
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These expressions might have been deduced at once from 
the expressions in |16, by the consideration of relative 
accelerations as in § 26. Let OM = MP = rj, be the 
co-ordinates of the point referred to the moving axes. Then, 
by § 16, the acceleration of M along OM is 


Also, as MP revolves with angular velocity co, the ac- 
celeration of P relative to M, in the direction perpendicular 
to MP, is 


1 d 

7] dt 


{W)- 


This is in the direction of the negative part of the axis of 
Hence the resolved part parallel to Of, of the accelera- 
tion of P with respect to 0, is 


d^^ 

df 




Id 

7] dt 




43. The principles already enunciated, and the examples 
given of their application, will suffice for the solution oi' 
problems on this part of the subject. 

Other examples of the application of these principles, 
such as the kinematical part of the investigations of tlu^ 
Hodograph, &c., will be more appropriately introduced in 
future chapters. 


EXAMPLES. 

(1) A point moves from rest in a given path, and ii.:t 
velocity at any instant is proportional to the time elapst‘(l 
since its motion commenced ; find the space described in a 
given time. 

(2) If a point begin to move with velocity v, and n.( 
equal intervals of time a velocity u be communicated to it 
in the same direction; find the space described ih n such 
intervals. 
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(3) A man six feet high walks in a straight line at the 
Tate of four miles an hour away from a street lamp, the height 
of which is 10 feet ; supposing the man to start from the 
lamp-post, find the rate at which the end of his shadow 
travels, and also the rate at which the end of his shadow 
separates from himself. 


(4) If the position of a point moving in a plane be 
•determined by the co-ordinates p and (j>, p being measured 
from a fixed circle (radius a) along a tangent which has 
revolved through an angle <j) from a fixed tangent ; investi- 
gate the following expressions for the accelerations along and 
perpendicular to p respectively, 


;and 




+ a 


d^d> 
^ df 

.dt) • 


(5) Prove that it is not possible for a point to move so 
that its velocity in any position may be proportional to the 
length of the path which it has described from rest : also that 
if its velocity be proportional to the space it has to describe, 
however small, it will never accomplish it. 

(C) The velocity of a point parallel to each of three 
rectangular axes is proportional to the product of the other 
two co-ordinates; what are the equations of the path, and 
what is the time of describing a given portion when the 
•curve passes through the origin ? 

(7) A point moves in a plane, so that its velocities 
parallel to the axes of and 2/ are 

u-{-ey and v + ex respectively, 
show that it moves in a conic section. 

(8) Two points are moving with constant velocity in two 
straiglit lines, 1st in a plane, 2nd in space ; given the initial 
circumstajices, find when they are nearest to each other. 
Shew also that in both cases the relative path is a straight 
line, described with constant velocity. 


3—2 
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(9) A number of points are moving, each with constant 
velocity, in straight lines in space ; determine the motion of 
their common centre of inertia. (§ 58.) 

(10) A cannon-ball is moving in a direction making an 
acute angle d with a line drawn from the ball to an observer ; 
if V be the velocity of sound, and nV that of the ball, prove 
that the whizzing of the ball at dilferent points of its course 
will be heard in the order in which it is produced, or in the 
reverse order, according n <> sec 6. 

(11) A particle, projected with a velocity u, is acted on by 
a force, which produces a constant acceleration /, in the plane 
of motion, inclined at a constant angle a to the direction of 
motion. Obtain the intrinsic equation of the curve described, 
and shew that the particle will be moving in the opposite 
direction to that of projection at the time 


u 

/cos a 


TTCOta 



(12) Shew that any infinitely small motion given to a 
plane figure in its own plane is equivalent to a rotation 
through an infinitely small angle about some point in the 
figure. 

Hence shew that the relative motion of two figures in a 
plane may be produced by rolling a curve fixed to one figure 
on a curve fixed to the other figure. (These curves are 
called Centroids.) 


(13) The highest point of the wheel of a carriage rolling 
on a road moves twice as fast as each of two points in the 
rim whose distance from the ground is half the radius of the 
wheel. 


(14) A rod of given length moves with its ends in two 
given lines which intersect ; shew how to draw a tangent to 
the path described by any point of the rod. 

(15) Investigate the position of the instantaneous centre 
about which the rod is turning, and apply this also to solve 
the preceding question. 

fT 

(J6) One circle rolls on another whose centre is fixed. 
From the initial and final positions of a diameter in each 
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■determine what portions of their circumferences have been in 
contact. 

(17) One point describes the diameter of a circle 
with constant velocity, and another the semi-circumference 
AB from rest with constant tangential acceleration ; they 
start together from A and arrive together at B ; shew that 
the velocities at B are as tt : 1. 

(18) In the example of § 33 find in the case of e> 1 the 
length of time occupied in the pursuit. 

(19) In the example of § 35 find the greatest distance 
the boat is carried down the stream, and shew that when 
it is in that position its velocity is — v'^). 

When = shew directly that the curve described is a 
parabola. 

(20) Shew that if p be the radius of curvature of the 
curve of pursuit, we have in the figure of § 33, 

(21) In the case of a boat propelled with velocity ii 
relatively to the water in a stream running with velocity v, 
shew that the boat passes from one given point to another in 
the least possible time when its actual path is a straight 
line. 

(22) The velocity of a stream varies as the distance from 
the nearest bank ; shew that a man attempting to swim 
directly across will describe two semi parabolas. (Shew that 
the sub-normal is constant.) Find by how much the mean 
velocity is increased. 

(23) A point moves with constant velocity in a circle ; 
find an expression for its angular velocity about any point 
in the plane of the circle, 

(24) If the velocity of a point moving in a plane curve 
vary as the radius of curvature, shew that the direction of 
motion revolves with constant angular velocity. 

(25) Two bevelled wheels roll together ; having ^iven 
the inclinations of the axes of the cones, find their vertical 


38 


KINEMATICS. 


angles that the wheels may revolve with angular velocities' 
in a given ratio. 

(26) Supposing the Earth and Venus to describe in the- 
same plane circles about the Sun as centre ; investigate art', 
expression for the angular velocity of the Earth about Venus 
in any position, the actual velocities being inversely as the- 
square roots of their distances from the Sun. 

(27) A particle moving uniformly round the circular base 
of an oblique cone is projected by generating lines on a sub- 
contrary section ; find its angular velocity about the centre of’ 
the latter. 


(28) If Tj denote the co-ordinates of a moving point re- 
ferred to two axes, one of which is fixed and the other rotates 
with constant angular velocity g), prove that its component 
accelerations parallel to these axes are 


df 


— 2a) cosec cot 


drj 

dt^ 


df 


■ of 7) + 2a) cot cot 


dr} 
dt ‘ 


(29) Two lines are moving in their own plane about 
their point of intersection with constant angular velocities 
0), co' ; if the co-ordinates of a moving point referred to them 
be 00, 2 / at a time t, prove that its accelerations parallel to the- 
axes are 


^2 "" ^ ^ 260 cot (o) ^ cosec (co — co) t , 




dx 


df 


^ — ofy — 1(0 cosec {co —(o)t-^ — lo> cot(a)' — (o)t 


Aj 

' dt * 


(30) Employ the formulae of § (30) to trace approximately 
the form of the path of G about A, when m is nearly, but not 
exactly, equal to -f 7i or to — 

(31) If an odd number n of rods OA^, A^A^, A^A . whoso- 
lengtlxS are a, ", ~ are hinged together at A^, A^,,,. and 
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revolve with constant angular accelerations a, 2a, Sa,...na, 
about their extremities 0 shew that the direc- 
tion of motion of the point A^ at any time is perpendicular 
to the direction of the middle rod ; the motion commencing 
from rest with the rods in a straight line. 

(32) A man is in a boat, on a river, at a distance a 
from the shore, and b from a fall of water ahead. If the velo- 
city of the stream be V, prove that he cannot escape the fall 

unless he can row with a velocity - :.-fL .:rr F; and that in case 

-j- ¥ 

he can just row at this pace, the direction in which he must 
row is at right angles to the line joining his position with the 
point of the bank opposite the fall. Find also the direction 
in which he will have the least distance to row to reach the 
bank, supposing his velocity greater than this minimum. 

(33) If a point is moving in a hypocycloid with velo- 
city and v, V represent the velocities of the centre of 
curvature and the centre of the generating circle corre- 
sponding to the position of the point, prove that 

{c-by'^ (c + by~(c-by' 

c being the distance between the centres of the generating 
circles, and b the radius of the moving circle. 

(34) N particles are arranged equably along the circum- 
ference of a circle of radius a; each continually moves towards 
the next in order with a constant velocity v ; shew that they 
will all arrive together at the centre of the circle in the time 

a TT 

-• cosec 

V N 

(35) A point P moves with constant velocity in a circle; 
Q is a point in the same radius at double the distance from the 
centre, PR is a tangent at P equal to the arc described by P 
from the beginning of the motion: shew that the acceleration 
of the point R is represented in direction and magnitude 
by RQ. ^ 

(36) If a point move in an orbit so that the aisea de- 
scribed in any time by the radius of curvature is proportional 
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to that time, prove that the direction of the acceleration of the 
point is perpendicular to the line joining the point to the 
corresponding centre of curvature of the evolute, and its 
magnitude (F) is given by the equation 



where u is the index of curvature at the point, and c is twice 
the area described in a unit of time. 

(87) A body P is describing an ellipse in any manner : 
Q is a fixed point on the major-axis and PG the normal at 
P. Shew that at the moment when G coincides with Q, the 
angular velocity of P about Q is to its angular velocity about 
G as GD^ to GB\ 


(38) A plane is moving about an axis perpendicular to it, 
and a point is moving in a given curve traced on the plane ; 
in any position co is the angular velocity of the plane, v the 
velocity of the particle relative to the plane, r its distance 
from the axis, p the perpendicular on the tangent, s the arc 
described along the plane ; prove that the acceleration along 
the tangent to the curve is 


fdv . dco\ . dr 
^ \ds ds) ds' 


(39) A particle moves on a surface : -y, v' are the com- 
ponents of its velocity along the lines of curvature, p, p' the 
principal radii of curvature ; prove that the acceleration along 

the normal to the surface = - + ^ . 

P P 

(40) The intrinsic equation of a curve being s=f((p), 
the curve is described by a point with accelerations XY 
parallel to the tangent and normal at the point for whicli 
<;£> = 0; prove that 

cos*(^-3x)-sm^(|| + 3F) 

^ (Fcos sin ^) = 0. 
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(41) Obtain expressions for the accelerations of a moving 
point whose co-ordinates are r, 6, <j£», (1) in the direction of r, 
(2) in the direction perpendicular to the radius vector and in 
the plane of 6, (3) in the direction perpendicular to the plane 
of 6. 

A point describes a rhumb line on a sphere in such away 
that its longitude increases uniformly; prove that the re- 
sultant acceleration varies as the cosine of the latitude, and 
that its direction makes with the normal an angle equal 
to the latitude. 

(42) A rigid plane sheet is deprived by guide-pieces of 
all freedom of motion save parallel to a fixed line in its plane. 
If it be set in motion by the end of a crank, describing a 
given path in a given manner and working in a slot of given 
form cut in the sheet, form the equation of rectilinear motion 
of the sheet. 

(43) Investigate completely the cases of Example (42) 
when 

(a) the slot is straight, 

(b) the slot is a circular arc, 

the motion of the crank being circular and uniform. 


( 42 ) 


CHAPTER II. 


LAWS OF MOTION. 

44. Having, in the preceding chapter, very briefly 
considered the jiurely geometrical properties of the motion of 
a point, we must now treat of the causes which produce 
various circumstances of motion of a Particle; and of the 
experimental laws, on the assumed truth of which all our 
succeeding investigations are founded. And it is obvious 
that we now introduce for the first time the ideas of Matter, 
and of Force, 

We commence with a few definitions and explanations, 
necessary to the full enunciation of Newton’s Laws and their 
consequences. 

45. The Quantity of Matter in a body, or the Mass of 
a body, is proportional to the Volume and the Density 
conjointly. The Density may therefore be defined as the 
quantity of matter in unit volume. 

If M be the mass, p the density, and V the volume, of a 
homogeneous body, we have at once 

M^Vp) 

if we so take our units that unit of mass is the mass of unit 
volume of a body of unit density. 

As will be presently explained, the most convenient unit 
mass is an Imperial Pound of matter. 

# 

4Q-. A Particle of matter is supposed to be so small that, 
though retaining its material properties, it may be treated, so 
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far as its co-ordinates, &c. are concerned, as a geometrical 
point. 

47. The Quantity of Motion, or the Momentum, of a 
moving body is proportional to its mass and velocity con- 
jointly. 

Hence, if we take as unit of momentum the momentum 
of a unit of mass moving with unit velocity, the momentum 
of a mass M moving with velocity v is Mv, 


48. Change of Quantity of Motion, or Change of Momen- 
tum, is proportional to the mass moving and the change of 
its velocity conjointly. 

Change of velocity is to he understood in the general 
sense of § 10. Thus, with the notation of that section, if a 
velocity represented by OA be changed to another represented 
by OC, the change of velocity is represented in magnitude 
and direction hy AC. 


49. Rate of Change of Momentum, or Acceleratioyi of Mo- 
mentum, is proportional to the mass moving and the accelera- 
tion of its velocity conjointly. Thus (§ 17) the acceleration 

of momentum of a particle moving in a curve is M along 

the tangent, and M — in the radius of absolute curvature. 

P 


50. The Kinetic Energy of a moving body is proportional 
to the mass and the square of the velocity, conjointly. If 
we adopt the same units of mass and velocity as before, there 
is particular advantage in defining kinetic energy as half the 
product of the mass into the square of its velocity. 

,51. Rate of Change of Kinetic Energy (when defined as 
above) is the product of the velocity into the component of 
acceleration of momentum in the direction of motion. 
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52. Matter has the innate property of resisting external 
influences, so that every body, as far as it can, remains at rest, 
or moves with constant velocity in a straight line. 

This, the Inertia of matter, is proportional to the quan- 
tity of matter in the body. And it follows that some cause 
is requisite to disturb a body’s uniformity of motion, or to 
change its direction from the natural rectilinear path. 

53. Im'pressed Force, or Force simply, is any cause which 
tends to alter a body’s natural state of rest, or of uniform 
motion in a straight line. . 

The three elements specifying a force, or the three ele- 
ments which must be known, before a clear notion of the force 
under consideration can be formed, are, its place of application, 
its direction, and its magnitude. 

54. The Measure of a Force is the quantity of motion 
which it produces in unit of time. According to this method 
of measurement, the standard or unit force is that force 
which, acting on the unit of matter during the unit of time, 
generates the unit of velocity. 

Hence the British absolute unit force is the force which, 
acting on one pound of matter for one second, generates a 
velocity of one foot per second. 

[According to the common system followed till lately in 
mathematical treatises on dynamics, the unit of mass is g 
times the mass of the standard or unit weight; g being the 
numerical value of the acceleration produced (in some par- 
ticular locality) by the earth’s attraction on falling bodies. 
This definition, giving a varying and a very unnatural unit 
of mass, is exceedingly inconvenient. In reality, standards of 
weight are masses, not forces. They are employed primarily 
in commerce for the purpose of measuring out a definite 
quantity of matter; not an amount of matter which shall 
be attracted by the earth with a given force.] 

55. To render this standard intelligible, all thaj; has to 
be done is to find how many absolute units will produce, in 
any particular locality, the same effect as gravity. The way 
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to do this is to measure the effect of gravity in producing 
acceleration on a body unresisted in any way. The most 
accurate method is indirect, by means of the pendulum. 
The result of pendulum experiments made at Leith Fort, by 
Captain Kater, is, that the velocity acquired by a body falling 
unresisted for one second is at that place 32 ‘207 feet per 
second. The variation in gravity for one degree of difference 
of latitude about the latitude of Leith is only ’0000832 
of its own amount. The average value for the whole of 
Great Britain differs but little from 32'2 ; that is, the 
attraction of gravity on a pound of matter in this country is 
32*2 times the force which, acting on a pound for a second, 
would generate a velocity of one foot per second ; in other 
words, 32*2 is the number of absolute units which measures 
the weight of a pound. Thus, speaking very roughly, the 
British absolute unit of force is equal to the weight of about 
half an ounce. 

56. Forces (since they involve only direction and mag- 
nitude) may be represented, as velocities are, by vectors, 
that is, by straight lines drawn in their directions, and of 
lengths proportional to their magnitudes, respectively. 

Also the laws of composition and resolution of any number 
of forces acting at the same point, are, as we shall presently 
shew, § 67, the same as those which we have already proved 
to hold for velocities ; so that, with the substitution of force 
for velocity, § 10 is still true. 

57. The Component of a force in any direction, sometimes 
called the Effective Compoyient in that direction, is therefore 
found by multiplying the magnitude of the force by the cosine 
of the angle between the directions of the force and the 
component. Tlie remaining component in tins case is per- 
pendicular to the other. 

It is very generally convenient to resolve forces into 
components parallel to three lines at right angles to each 
other ; each such resolution being effected by multiplying by 
the cosime of the angle ^concerned. 

The magnitude of the resultant of two, or of three^ forces 
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in directions at right angles to each other, is the square root 
of the sum of their squares. 


58. The Centre of Inertia or Mass of any system of 
material points whatever (whether rigidly connected with 
one another, or connected in any way, or quite detached), 
is the point whose distance from any plane is equal to the 
sum of the products of each mass into its distance from the 
same plane divided by the sum of the masses. 

The distance from the plane of yz, of the centre of inertia 
of masses m^, etc., whose distances from the plane are 
etc., is therefore 

_ __ + ^ 2^2 + S (rnx) 

+ 4“ etc. %m 

And, similarly, for the other co-ordinates. 


Hence its distance from the plane 

h = Xx fjby vz — a = 0, 
is D = + yy + vz — a, 

__ 2 [m {\x 4- yy -\-vz- a)} _ 2 (mS) 
2«i 2m ’ 


as stated above, 
plane is 


dD 

di 2m 


And its velocity perpendicular to that 

d8\ 


dx dy 


dz' 


dt^ dt 


m 


dt 


Vni 


from which, by multiplying by 2m, and noting that S is the 
distance of x, y, z from 8 = 0, we see that the sum of the 
momenta of the parts of the system in any direction is 
equal to the momentum in that direction of the whole mass 
collected at the centre of mass. 

• 

59.'“ By introducing,- in the definition of moment of 
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velocity (§ 21), the mass of the moving body as a factor, we 
have an important element of dynamical science, the Moment 
of Momentum, The laws of composition and resolution are 
the same as those already explained. 

60. A force is said to do Work if it moves the body to 
which it is applied, and the work done is measured by the 
resistance overcome, and the space through which it is over- 
come, conjointly. 

Thus, in lifting coals from a pit, the amount of work done 
is proportional to the weight of the coals lifted ; that is, to 
the force overcome raising them ; and also to the height 
through which they are raised. The unit for the measure- 
ment of work, adopted in practice by British engineers, is 
that required to overcome the weight of a pound through 
the height of a foot, and is called a foot-pound. 

In purely scientific measurements, the unit of work is not 
the foot-pound, but the absolute unit force (§ 54) acting 
through unit of length. 

If the weight be raised obliquely, as, for instance, along 
a smooth inclined plane, the distance through which the force 
has to be overcome is increased in the ratio of the length to 
the height of the plane ; but the force to be overcome is not 
the whole weight, but only the resolved part of the weight 
parallel to the plane ; and this is less than the weight in the 
ratio of the height of the plane to its length. By multiplying 
these two expressions together, we find, as we might expect, 
that the amount of work required is unchanged by the 
substitution of the oblique for the vertical path. 

61. Generally, if s be an arc of the path of a particle, S 
the tangential component of the applied forces, the work 
done on the particle between any two points of its path is 

jsds, 

taken between limits corresponding to the initial and^ final 
positions. 
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Eeferred to rectangular co-ordinates, it is easy to see, by 
the law of resolution of forces, § 67, that this becomes 



% 

ds 



ds. 


Thus it appears that, for any force, the work done during 
an indefinitely small displacement of the point of application 
is the product of the resolved part of the force in the direction 
of the displacement into the displacement. 

From this it follows that, if the motion of a body be 
always perpendicular to the direction in which a force acts, 
such a force does no work. Thus the mutual normal pressure 
between a fixed and a moving body, the tension of the cord 
to which a pendulum bob is attached, the attraction of the 
sun on a planet if the planet describe a circle with the sun 
in the centre, are all cases in which no work is done by the 
force. 


In fact the geometrical condition that the resultant of 
X, Yy Z shall be perpendicular to ds is 

+ + z'^^=^o, 

ds ds ds 

and this makes the above expression for the work vanish. 


62 . Work done on a body by a force is always shewn 
by a corresponding increase of kinetic energy, if no other 
forces act on the body which can do work or have work 
done against them. . If work be done against any forces, 
the increase of kinetic energy is less than in the former case 
by the amount of work so done. In virtue of this, however, 
the body possesses an equivalent in the form of Potential 
Energy, if its physical conditions are such that these forces 
will act equally, and in the same directions, when the motion 
of the system is reversed. Thus there may be no change of 
kinetic energy produced, and the work done may be wholly 
stored up as potential energy. 

Ti^us a weight requires work to raise it to a height, a 
spring requires work to bend it, air requires work to com- 
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press it, etc. ; but a raised weight, a bent spring, compressed 
air, etc., are stores of energy which can be made use of at 
pleasure. 

These definitions being premised, we give Newton's Laws 
of Motion. 

63. Law I. Every body continues in its state of rest or of 
uniform motion in a straight line, except in so far as it is 
compelled by forces to change that state. 

We may logically convert the assertion of the first law 
of motion as to velocity into the following statements : — 

The times during which any particular body, not com- 
polled by force to alter the speed of its motion, passes through 
equal distances, are equal. And, again — Every other body 
in the universe, not compelled by force to alter the speed of 
its motion, moves over equal distances in successive intervals, 
during which the particular chosen body moves over equal 
distances. 

64. .The first part merely expresses the convention 
universally adopted for the measurement of Time. The 
earth, in its rotation about its axis, presents us with a case 
of motion in which the condition of not being compelled by 
force to alter its speed, is more nearly fulfilled than in any 
otirer which we can easily or accurately observe. Hence the 
numerical measurement of time practically rests on defining 
equal intervals of time, as times during which the earth turns 
through equal angles. This is, of course, a mere convention, 
and not a law of nature ; and, as we now see it, is a part, of 
Newton’s first law. 

The remainder of the law is not a convention, but a great 
truth of nature, which we may illustrate by referring to small 
and trivial cases as well as to the grandest phenomena we 
can conceive. 

65. Law II. Change of motion is proportional to the 
force, and takes place in the direction of the straight line 'in 
which th^ force acts. 

We have considered change of velocity, or acceleration, as 

4 
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a purely geometrical quantity, and have seen how it may be 
at once inferred from the given initial and final velocities of 
a body. By the definition of motion, or quantity of motion 
(§ 47), we see that, if we multiply the change of velocity, 
thus geometrically determined, by the mass of the body, we 
have the change of motion (§ 48) referred to in Newton’s 
law as the measure of the force which produces it. 

It is to be particularly noticed, that in this statement there 
is nothing said about the actual motion of the body before it 
was acted on by the force : it is only the change of motion 
that concerns us. Thus the same force will produce precisely 
the same change of motion in a body, whether the body be 
at rest, or in motion with any velocity whatever. 

66. Again, it is to be noticed that nothing is said as to 
the body being under the action of one force only ; so that we 
may logically put part of the second law in the following 
(apparently) amplified form : — 

yi/hen any forces whatever act on a body, then, whether 
the body he originally at rest or moving with any velocity 
and in any direction, each force produces in the body the 
exact change of motion which it would have produced if it 
had acted singly on the body originally at rest 

67 . A remarkable consequence follows immediately from 
this view of the second law. Since forces are measured by 
the changes of motion they produce, and their directions 
assigned by the directions in which these changes are pro- 
duced ; and since the changes of motion of one and the same 
body are in the directions of, and proportional to, the changes 
of velocity — a single force, measured by the resultant cliange 
of velocity, and in its direction, will be the equivalent of any 
number of simultaneously acting forces. Hence 

The resultant of any number of forces {applied at one 
point) is to be found by the same geometrical process as the 
resultant of any number of simultaneous velocities. 

From this follows at once (§ 10) the construction of 
the Sarallelogram of Forces for finding the resultant of two 
forces acting at the same point, and the Polygon of Forces for 
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the resultant of any number of forces acting at a point. And, 
:so far as a single particle is concerned, we have at once the 
whole subject of Statics. 

68. The second law gives us the means of measuring 
force, and also of measuring the mass of a body. 

For, if we consider ^the actions of various forces upon 
the same body for equal times, we evidently have changes 
ot velocity produced, which are proportional to the forces. 
'The changes of velocity, then, give us in this case the means 
of comparing the magnitudes of different forces. Thus the 
velocities acquired in one second hy the same mass (falling 
freely) at different parts of the earth’s surface, give us the 
relative amounts of the earth’s attraction at these places. 

Again, if equal forces be exerted on different bodies, the 
■clianges of velocity produced in equal times must be inversely 
iis the masses of the various bodies. This is approximately 
the case, for instance, with trains of various lengths drawn by 
the same locomotive. 

Again, if we find a case in which different bodies, each 
acted on by a force, acquire in the same time the same 
■changes of velocity, the forces must be proportional to the 
masses of the bodies. This, when the resistance of the air 
is removed, is the case of falling bodies ; and from it we 
conclude that the weight of a body in any given locality, 
or the force with luhich the earth attracts it, is proportional to 
its mass. The student must be careful to observe that this 
is no mere truism, but is an important part of the grand Law 
of Gravitation. Gravity is not, like magnetism for instance, 
a force depending on the quality as well as the quantity of 
matter in a particle. 

69. It appears, lastly, from this law, that every theorem 
of Kinematics connected with acceleration has its counter- 
part in Kinetics. Thus, for instance (§ 18), we see that 
the force, under which a particle describes any curve, may 
bo resolved into two components, one in the tangent to the 
curve, th^ other towards the centre of curvature; their 
magnitudes being the acceleration of momentum, and the 
j)roduct of the momentum into the angular velocity about 
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the centre of curvature, respectively. In the case of ur 
form motion, the first of these vanishes, or, the whole for 
is perpendicular to the direction of motion. When there 
no force perpendicular to the direction of motion, there is i 
curvature, or the path is a straight line. 


Hence, if we resolve the forces, acting on a particle 
mass m whose co-ordinates are y, z, into the three rec 
angular components X, F, Z\ we have 


m 


d^x 


X, m 


d^y 
df ' 


711 


^Z 

df 


z. 


In many of the future chapters these equations will 1: 
somewhat simplified by assuming unity as the mass of tl 
moving particle. When this cannot be done, it is sometinn 
convenient to assume X, F, Z as the component forces c 
unit mass, and the previous equations become 


cfx 

^df 


mX, &c. ; 


from which m may of course be omitted. 


[Some confusion is often introduced by the division c 
forces into acceleratmg” and ''moving’’ forces; and it i 
even stated occasionally that the former are of oiie, and th 
latter of four linear dimensions. The fact, however, is tha 
an equation such as 

d^x 


may be interpreted either as dynamical, or as merely kine 
matical. If kinematical, the meanings of the terms ar^ 
obvious ; if dynamical, tlie unit of mass must be understoo< 
as a factor on the left-hand side, and in that case X is th' 
^-component, per unit of mass, of tbe whole force exerted oi 
the moving body.] 


If there be no acceleration, we have of course equilibriun 
among the forces. Hence the equations of motion of a partich 
are changed into those of equilibrium by putting 


df 


= 0 , 


&c. 
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70. We have, by means of the first two laws, arrived 
■at a definition and a measiore of force ; and have fonnd how 
to compound, and therefore how to resolve, forces ; and also 
how to investigate the conditions of equilibrium or motion 
■of a single particle subjected to given forces. But more 
is required before we can completely understand the more 
■complex cases of motion, especially those in which we have 
mutual actions between or amongst two or more bodies; such 
as, for instance, tensions or pressures or transference of energy 
in any form. This is perfectly supplied by 

71. Law III. To every action there is always an equal and 
contrary reaction: or, the miutnal amotions of any tivo bodies are 
always equal and oppositely directed in the same straight line. 

If one body presses or draws another, it is pressed or 
drawn by this other with an equal force in the opposite 
direction. If any one presses a stone with his finger, his 
finger is pressed with an equal force in the opposite direction 
by the stone. A horse, towing a boat on a canal, is dragged 
backwards by a force equal to that which he impresses on the 
towing-rope forwards. By whatever amount, and in what- 
ever direction, one body has its motion changed by impact 
upon another, this other body has its motion changed by the 
f:aine amount in the opposite direction ; for at each instant 
during the impact they exerted on each other equal and 
opposite pressures. When neither of the two bodies has 
any rotation, whether before or after impact, the changes of 
velocity which they experience are inversely as their masses. 
When one body attracts another from a distance, this other 
attracts it with an equal and opposite force. 

72. We shall for the present take for granted, that the 
mutual action between two particles may in every case be 
imagined as composed of equal and opposite forces in the 
straight line joining them, two such equal and opposite forces 
constituting a stress^’ between the particles. From this it 
follows that the sum of the quantities of motion, parallel to 
any fixed direction, of the particles of any system influencing 
one anotdier in any possible way, remains unchanged by their 
mutual action; also that the sum of the moments of T]e¥)men- 
tuni of all the particles round any line in a fixed direction in 
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space, and passing through any point moving uniformly in 
a straight line in any direction, remains constant. From 
the first of these propositions we infer that the centre of 
mass of any system of mutually influencing particles, if in 
motion, continues moving uniformly in a straight line, unless, 
in so far as the direction or velocity of its motion is changed 
by stresses between the particles and some other matter not 
belonging to the system ; also that the centre of mass of 
any system of particles moves just as all their matter, if con- 
centrated in a point, would move under the influence of forces 
equal and parallel to the forces really acting on its different 
parts. From the second we infer that the axis of resultant 
rotation through the centre of mass of any system of par- 
ticles, or through any point either at rest or moving uniformly 
in a straight line, remains unchanged in direction, and the 
sum of moments of momenta round it remains constant if the 
system experiences no force from without. [This principle is- 
sometimes called Conservation of Areas, a very misleading 
designation.] These results will be deduced analytically in. 
Chap. XIL 

73. What precedes is founded upon Newton's own 
comments on the third law, and the actions and reactions 
contemplated are the pairs of forces, of which each pair 
constitutes a ^'stress." In the scholium appended, he makes- 
the following remarkable statement, introducing another 
specification of actions and reactions subject to his third 
law : — 

Si cBstimetur agentis actio ex ejns vi et velocitate conjunc- 
tim; et similiter resistentis reactio cestimetur conjunctim ex' 
ejus partmm singulariim velocitatihus et virihus resistendi ah- 
earum attritione, cohcesione, ponder e, et acceleratione oriundis; 
erunt actio et reactio, in omni instrivmentormi usu, sibi mvicem 
semper cequales. 

In a previous discussion Newton has shewn what is to 
be understood by the velocity of a force or resistance ; i.e.,. 
that it is the velocity of the point of application of the force 
resolved in the direction of the force. Bearing this^in mind, 
we m^y read the above statement as follows : — 

If the Activity of an agent be measured by its amount and 
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iU mlocity conjointhj ; and if, similarly, the Counteractimty 
of the resistance he measured by the velocities of its several 
parts and their several amounts conjointly, whether these arise 
from friction, cohesion, weight, or acceleration Activity and 
Q ounter activity , in all combinations of machines, will be 
equal and oqyposite. 

74. Newton here points out .that resistances against 
acceleration are to he reckoned as reactions equal and oppo- 
site to the actions by which the acceleration is produced. 
Thus, if we consider any one material point of a system, its 
reaction against acceleration must he equal and opposite to the 
resultant of the forces which that point experiences, whether 
by the actions of other parts of the system upon it, or by the 
influence of matter not belonging to the system. In other 
words, it must be in equilibrium with these forces. Hence 
Newton’s view amounts to this, that all the forces of the 
system, with the reactions against acceleration of the material 
points composing it, form groups of equilibrating systems for 
these points ■ considered individually. Hence, by the prin- 
ciple of superposition of forces in equilibrium, all the forces 
acting on points of the system form, with the reactions 
against acceleration, an equilibrating set of forces on the 
whole system. This is the celebrated principle first explicitly 
stated and. very usefully applied by D’Alembert in 1742 and 
still known by his name. 

Newton in the sentence just quoted lays, in an admirably 
distinct and compact manner, the foundations of the abstract 
theory of Energy, which recent experimental discovery has 
raised to the position of the grandest of known physical laws. 
He points out, however, only its application to mechanics. 
The actio agentis, as he defines it, which is evidently equiva- 
lent to the product of the effective component of the force, into 
the velocity of the point at which it acts, is simply, in modern 
English phraseology, the rate at which the agent works, called 
the Power of the agent. The subject for measurement here 
is precisely the same as that for which Watt, a hundred years 
later, introduced the practical unit of a '' Eorse-poiueyf or the 
rate at which an agent works when overcoming 33,000 times 
the weight of a pound through the distance of a fo(?b in a 
minute; that is, producing 550 foot-pounds of work per 
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second. The unit, however, which is most generally conve- 
nient is that which Newton’s definition implies, namely, the 
rate of doing work in which the unit of work or energy is 
produced in the unit of time. 

75 . Looking at Newton’s words in this light, we see by 
I 51 that they may be logically converted into the following 
form : — 

“Work done on any system of bodies (in Newton’s state- 
ment, the parts of any machine) has its equivalent in work 
done against friction, molecular forces, or gravity, if there be 
no acceleration ; but if there be acceleration, part of the work 
is expended in overcoming the resistance to acceleration, and 
the additional kinetic energy developed is equivalent to the 
work so spent.” 

When part of the work is done against molecular forces, 
as in bending a spring ; or against gravity, as in raising a 
weight ; the recoil of the spring, and the fall of the weight, 
are capable, at any future time, of reproducing the work 
originally expended (§ 62). But in Newton’s day, and long 
afterwards, it was supposed that work was absolutely lost by 
friction. 

76 . If a system of bodies, giv^en either at rest or in 
motion, be influenced by no forces from without, the sum of 
the kinetic energies of all its parts is augmented in any time 
by an amount equal to the whole work done in that time by 
the mutual actions, which we may imagine as acting between 
its points. When the lines in which these actions act remain 
all unchanged in length, the forces do.no work, and the sum 
of the kinetic energies of the whole system remains constant. 
If, on the other hand, one of these lines varies in length during 
the motion, the mutual actions in it will do work, or will 
consume work, according as the distance varies with or 
against them. 


77 . Experiment has shewn that the mutual actions be- 
tween the parts of any system of natural bodies always per- 
form, or always consume, the same amount of work during 
any nrotion whatever, by which the system can pass from one 
particular configuration to another: so that each configuration 
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corresponds to a definite amount of kinetic energy. [For the 
apparent violation of this by friction, impact, &c., see § 78^.] 
Hence no arrangement is possible, in which a gain of kinetic 
energy can be obtained when the system is restored to its 
initial configuration. In other words, '‘The Perpetual Motion 
is impossible^ 


78. The potential energy (§ 62) of such a system, in the 
configuration which it has at any instant, is the amount of 
work that its mutual forces perform during the passage of the 
system from any one chosen configuration to the configura- 
tion at the time referred to. It is generally convenient so to 
fix the particular configuration, chosen for the zero of reckon- 
ing of potential energy, that the potential energy in every 
other configuration practically considered shall be positive. 

To put this in an analytical form, we have merely to 
notice that by what has just been said, the value of 

xf(xp + rf+£^)ds 

J \ as as dsj 


is independent of the paths pursued from the initial to the 
final positions, and therefore that 

tiXdoj-^Ydyi^Zdz) 


is a complete differential. If, in accordance with what has 
just been said, this be called —dF, Fis the potential energy, 
and 


^L = - 


dV 
dx^ ' 


Also, by the second law of motion, if m be the mass of 
a particle of the system whose co-ordinates are x, y, z, we 
have 




d\ 

df 


&c. = &c. 


and 


t 


m 


dt df cit df dt df 


The integral is 


fj^dt = ^ [Xdx+ Ydy+Zdz) 
=--dV. 




58 


LAWS OF MOTION. 


that is, the sum of the kinetic and potential energies is con- 
stant This is called the Conservation of Energy. 

In abstract dynamics, with which alone this treatise 
is concerned, there is loss of energy by friction, impact, &c. 
This we simply leave as loss, to be afterwards accounted for 
in physics. 

78^. [The theory of energy cannot be completed until we 
are able to examine the physical influences which accompany 
loss of energy. We then see that in every case in which 
energy is lost by resistance, heat is generated ; and we learn 
from Joule’s investigations that the quantity of heat so gene- 
rated is a perfectly definite equivalent for the energy lost. 
Also that in no natural action is there ever a development of 
energy which cannot be accounted for by the disappearance 
of an equal amount elsewhere by means of some known phy- 
sical agency. Thus we conclude that, if any limited portion 
of the material universe could be perfectly isolated, so as to 
be prevented from either giving energy to, or taking energy 
from, matter external to it, the sum of its potential and kinetic 
energies would be the same at all times. But it is only when 
the inscrutably minute motions among small parts, possibly 
the ultimate molecules of matter, which constitute light, heat, 
and magnetism ; and the intermolecular forces of chemical 
affinity; are taken into account, along with the palpable 
motions and measurable forces of which we become cognizant 
by direct observation, that we can recognise the universally 
conservative character of all natural dynamic action, and per- 
ceive the bearing of the principle of reversibility on the whole 
class of natural actions involving resistance, which seem to 
violate it. It is not consistent with the object of the present 
work to enter into details regarding transformations of energy. 
But it has been considered advisable to introduce the very 
brief sketch given above, not only in order that the student 
may be aware, from the beginning of his reading, what an 
intimate connection exists between Dynamics and the modern 
theories of Heat, Light, Electricity, &c.; but also that we may 
be enabled to use such terms as ''potential energy,'' &c. in- 
stead-.of the unnatural Fo7xe functions," &c. which disfigure 
some of the modern analytical treatises on our subject.] 


CHAPTER III. 


RECTILINEAR MOTION. 

79 . The simplest case of motion of a particle wliich we 
have to consider is that in a straight line. This may be caused 
by the applied force acting at every instant in the direction 
of motion ; or the particle may be supposed to be constrained 
to move in a straight line by being enclosed in a straight 
tube of indefinitely small bore. As already mentioned, § 69, 
we shall in every case suppose the mass of the particle to be 
unity. 

80 . A particle moves in a straight line, under the action 
of any forces, whose resultant is in that line; to determine 
the motion. 

Let P be the position of the particle at any time t, f the 
resultant acceleration along OP, 0 being a fixed point in the 
line of motion. 


Let OP = X, then the equation of motion is (by § 69) 
d^x __ . 

In this equation / may be given as a function of x, of 


dx 
dt ^ 


or of t, or of any two or all three combined ; but in any case 
the first and second integrals of the equation (if they can be 

doo 

obtained)" will give ^ and x in terms of t ; that is, the position 
and velocity of the particle at any instant will be known. 
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The only one of these cases which we will now consi 
is that in which / is given as a function of x ] those in wl; 
dx dx 

/ is a function of ^ , or of ^ and x, being reserved for 

Chapter on Motion in a Eesisting Medium : while those 
which / involves t explicitly possess little interest, as t'. 
cannot be procured except by special adaptations ; and 
even then appear only in an incomplete statement of the ' 
cumstances of the particular arrangement. 

The simplest supposition we can make is that /is const^ 

81, A particle, projected from a given point with a gi 
velocity, is acted on by a constant force in the line of its motk 
to determine the position and velocity of the particle at any tk 

Let A be the initial position of the particle, P its posit; 
at any time t, v its velocity at that time, and f the consti 


o 


A 


JP 


A 


acceleration of its velocity. Take any fixed point 0 in t 
line of motion as origin, and let OA = a, OF = x. T 


equation of motion is 


d\x 

W 


=/• 


.( 1 ). 


Integrating once, we have 


dx 

dt 


= v=ft + G, 


G being a constant to be determined by the initial circur. 
stances of the motion. Suppose the particle projected fro 
A in the positive direction with velocity F, then when t = 
v= V; hence (7 = F, and 


dx 


= V+ft 


( 2 ). 


Integrating again, 
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But when t = 0^ x=^a\ hence C' = a, and 

x = a '^ff (3). 


Equations (2) and (8) give the velocity and position of the 
particle in terms of t ; and the velocity may be determined in 
terms of x by eliminating t between them : but the same 
result will be obtained more directly by multiplying (1) by 
dx 

and integrating. This gives the equation of energy 


1 /dxV 

2 \dt) 


= i^;^ = 0"+./k 


But when x = a, v V; hence C' = — fa, and 


(4). 


82. The most important case of the motion of a particle 
under the action of a constant acceleration in its line of 
motion is that of gravity. For the weights of bodies at a 
given latitude may be considered constant at small distances 
above the Earth’s surface, and therefore if we denote the 
acceleration due to the Earth’s attraction by g, and consider 
the particle to be projected vertically downwards, equations 
(2), (3), (4) of § 81 become 

v=V gt 

^.a+Vt + ige , 

= | V^ + g(a:-a)^ 

it? being measured as before from a fixed point 0 
in the line of motion. As a particular instance 
suppose the particle to be dropped from rest at 0. 

At that instant A coincides Avith 0, and a = 0, 

F=0. 


0 

A 

JP 
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Hence 

11 

(1), 


oa^igf 

(2). 


= 

....(3). 


The last of these equations may also be obtained from 

drx dv ^dv dx _ dv 
^ df dt dx dt dx 

by a single integration. 


83. As another particular instance, suppose the particle 
to be projected vertically upwards. Here it must be re- 
membered that if we measure x upwards from the point of 
projection, the acceleration tends to diminish x and the 
equation of motion is 

d^x 

df ~ 

In other respects the solution is the same. Taking, 
therefore, a = 0 in equations (A) and changing the sign of g, 


we obtain 

v^V-gt (4), 

( 5 ), 

lv^ = ^V^-gai ( 6 ). 


From equation (4) we see that the velocity continually 

diminishes, and becomes zero when t = —: and from (6) that 

9 

the height corresponding to ?; = 0, or the greatest height to 

which the particle will ascend, is — . After this the velocity 

becomes negative, or the particle begins to descend, and 
(5) shews that it will return to the point of projection when 

t = — , as X then becomes 0 ; and the velocity with which 
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it returns to that point is, by (6), equal to the velocity of 
projection. 

84. A particle descends a smooth inclined plane under 
the acceleration of gravity, the motion taking place in a vertical 
plane perpendimlar to the intersection of the inclined with any 
horizontal plane ; to determine the motion. 

Let P be the position of the particle at any time t on the 
inclined plane OA, OP =• x its distance from a fixed point 0 


0 



in the line of motion, and let a be the inclination of OA to 
the horizontal line AB. The only impressed force on the 
particle is its weight g which acts vertically downwards, and 
this may be resolved into two, g sin a along, and g cos a 
perpendicular to OA. Besides these there is the unknown 
force ii, the pressure on the plane, which is perpendicular 
to OA : but neither this nor the component g cos a can affect 
the motion along the plane. The equation of motion is 
therefore 

the solution of which, as g sin a is constant, is included in 
that of the proposition of § 82, and all the results for particles 
moving vertically under the action of gravity will he made 
to apply to it by writing sin a for g. Thus, if the particle 
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start from rest at 0, we get from equations (1), (2), (3) of 


§ 82 by this means, 

v = g ^mcL.t (1), 

x — ( 2 ), 

^ gmia.x (3), 

Ji 


85. Equation (3) proves an important property with 
regard to the velocity acquired at any point of the descent. 
For, draw PN parallel to AB, and let it meet the vertical line 
through 0 in N, then if v be the velocity at P, we have 

^ ^ sin a . OP 

^g,0N. 

Comparing this with equation (3) of § 82, we see that 
the velocity at P is the same as that which a particle would 
acquire by falling freely from rest through the vertical dis- 
tance ON ; in other words the velocity at any point, of a 
particle sliding down a smooth inclined plane, is that due to 
the vertical height through which it has descended ; a par- 
ticular case of the conservation of energy. 


86. Again from (2) we derive immediately the following 
curious and useful result. 

The times of descent down all chords draio7i through the 
highest or lowest point of a vertical cwcl^ are eqihal. 

Let AB be the vertical diameter of the circle, AG any 
chord through A ; join BG ; then if T be the time of descent 
down AG, we have by equation (2) of § 84, 

AG^lgr cos BAG, 

But AG = AB cos BAG ; whence 


AB^lgT\ 
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which, being independent of the position of the chord, gives 
the same time of descent for all. 


A 



It may similarly be shewn that the time of descent down 
all chords through B is the same. In fact parallel chords, 
drawn through A and B respectively, are of equal length. 



To find the straight line of stviftest descent to a given curve 
from any point in the same vertical plane^ all that is required 
is to draw a circle having the given point as the upper ex- 
tremity of its vertical diameter, and the smallest which can 
meet the curve. Hence if BG be the curve, A the point, 
draw AJD vertical ; and, with centre in AD, describe a circle 
passing through A and touching BG. Let P be the point of 
contact, then AP is the required line. For, if we take any 
other point, p, in BG, Ap cuts the circle in some point ^ and 
time down Ap > time down Aq, i.e. > time down AP. 


T. D. 


5 


66 bectilineab motion. 


If the given curve be not plane, or if it be required 
to find the straight line of swiftest descent to a surface, 
a sphere must be described passing througli A, with centre 
in AD, so as to touch the curve or surface ; and the proof 
is precisely as before. 


87. In § 84 we have supposed the inclined plane to bc^ 
smooth, but the motion will still be constantly accelerated 
when the plane is rough, for since^ there is no motion, 
and therefore no acceleration, perpendicular to OA (see fig-. 
§ 84), we must have 

0 = jB - 5 ^ cos a. (§ 60). 

If fjb then be the coefficient of kinetic friction, which is 
known by experiment to be independent (>1: tlie velocity of the 
particle, the retardation due to friction, will be fxR or ya^cosa, 
and the equation of motion will become 


(ffx 

df 


g Bin a— iig cos a, 


the second member still being constant, and the solution there- 
fore similar to those we have already considered. 


88. When a particle moves under an aUniotion in its line 
of motion, varying directly as the distaAice of the particle front 
a fixed point in that line, to determine the motion. 

Let 0 be the fixed point, P the positioTi of the particle at 
any time t, v its velocity at that time, and let OR = x. Then 



if fL be the acceleration of a particle due to the attraction at 
a unit of distance from 0, which is supposed known, and iR 
called the strength of the attraction, tlio a,C(;el oration at P 
will^ be fix, and if it be directed towards 0 will tend to 
diminish x. Therefore the equation of motion is 

* d^x 
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• • • • dec 

Multiplying this equation by — , and integrating, we 

obtain 



the equation of energy. This may be written 

_ L ^ 

dx v'ft' 

the negative sign being employed if we suppose the motion 
to be towards 0, and a being the distance from the centre at 
which the velocity is zero. Integrating again, 

— — 

a 

or x = a COB r) (3), 

the complete integral of (1_); involving two arbitrary constants 
a and r, the values of which are to be determined from the 
. initial distance, and the velocity of projection. Thus from (3), 

-y = — ./ycta sin V/i. (t — t) (4). 

Clt 

89. Suppose the particle to be projected from A in the 
positive direction with the velocity F", and let OA^b; then 
when t=Oy we have /r = v=V] and therefore from (3) 
and (4) 

h = a cos JfMT ; 
y — ajfji sin>/^T, 

which determine a and r, and then (3) and (4) give the 
position and velocity of the_ particle at any instant. The 
velocity in terms of x is obtained directly from (2), for when 
//; = h, vre have v—Y', whence F"* = /<• (a^ — V)> and , 
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90. Equations (3) and (4) give periodical values of on 
i;, such that all the circumstances of motion ai’e the same 


o_ 

the time i + - 7 - as at the time t They also shew that " 

velocity becomes zero when i^ = T, and that the correspon^^”^ 
ing value of x is the greatest possible. Hence the 
tide will move in the positive direction to a distance a ^ 

0, and then begin to return. Also, since when x//x ^ r) == 'Tt*, 
we have v = 0 again, and — a, it will pass through 
move to an equal distance on the other side, and so on : 
time of a complete oscillation, that is, the time from its 
ing any point until it passes through it again in the sax> x<^ • 


direction, being This result is remarkable, as it she-WH 

that the time of oscillation is independent of the velocity a>xx< I 
distance of projection, and depends solely on the strength < > ^ 
the centre of attraction. 


The above proposition includes the motion of a parti oh v 
within a homogeneous sphere of ordinary matter, in a straight 
bore to the centre. For the attraction of such a sphere orx ix 
particle within it is proportional to the distance from 
centre, and the equation of motion is therefore the same u.h 
that which we have just considered. 


91., . Suppose 0 itself to be in motion in the line OA, I 
let ^ denote its position at time t. The equation of motio i t 

d^x . - . 

IS = 

and is integrable when f is given in terms of t. This 
be at once changed into the equation of relative motion 


df ■ 


which is the same as when the point 0 is at rest if 4 -f == <> 

• -j? 1 - df 

i.e. if the velocity of 0 be constant. If 0 move with conststii t. 

acceleration, a, the oscillatory motion will be the same jxh* 


before, hut the mean position will he - behind 0 . 
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92. If we have a repulsion from the centre, the equation 
of motion becomes 

d^x 


the integral of which is known to be 

and the motion is not oscillatory. If, when ^ = 0, x = a, 
— a \/iJb, the particle constantly approaches the centre but 
never reaches it. 

93. It is to be remarked that we cannot always apply 
the same equation of motion to the negative and positive sides 
of the origin as we have done in the case of § 88. Our being 
able to do so arises from the fact that the expression, fjux, for 
acceleration changes sign with x\ for by looking at the figure 
it will be seen that when x is negative the acceleration tends 
to increase x algebraically, and the equation ought properly 
to be written 

d^x . . 

In general, when the acceleration is proportional to the 
power of the distance, the equations of motion for the posi- 
tive and negative sides of the origin are respectively 


and ^^2 = - M ( - «) • 

The only cases, therefoi^e, in which the same equation of 
motion will apply to both sides of the origin, occur when n is 

of the form . where m, m' are any whole numbers in- 

eluding zero, since it is only in these cases that we have 

-{-xy==x\ 

94. In other cases the investigation of the motiorf will 
generally consist of two parts, one for each side of the origin; 
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and in one case even when n is of the form _l_ 

necessary to consider these parts sepaiately, because the 
of the integral is not sufficiently general to include bo-tli^ 
This is when m = 0 and m' = 1, lor in that case the equatioi ^ 

of motion becomes 

^ 

de'^ x' 
dx 

Multiplying this by and integrating we have 

which becomes impossible when a; is negative. But it 
evident that we may then write the integral 

which is, of course, the proper form for the negative side oi" 
the origin. These equations cannot generally be integrates 1 
farther, but we will shew towards the end of the Chapter* 
how the time of reaching the origin may be determined. 

95. A particle, constrained to move in a straight line, 
acted on hy an attraction always directed to a point outsicli"" 
the line, and varying directly as the distance of the particlt'^ 
from that point ; to determine the motion. 

The constraint here contemplated may be conceived 
considering the particle either as an indefinitely small rin.^' 
sliding on a thin smooth wire, or as a material particle slidini^ 
in a smooth tube of indefinitely small bore. 

Let AB be the straight line, P the position of the particle’- 
at any time, 0 the point to which the attraction on P 
always directed. Draw ON perpendicular to AB, and lo1» 
NP = 00 ; then if OP = r, and if fi as formerly be the attractioi i 
at a unit of distance, the attraction on P along PO is yar. TlTi^> 
may^be resolved into two, one along and the other perpen- 
dicular to AB, of which the latter has no effect on the motioxx 
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of the particle. The equation of motion is, therefore, since 
the acceleration is fir cos OPW or fjuPNj 

<Px 

the same as in § 88. The motion of the particle will there- 
fore be oscillatory about IP, the time of a complete oscillation 



bein^ and all the circumstances of motion the same as 

for a free particle moving in AB under the action of an equal 
centre placed at N, 

96. A particle moves in a straight line under the action 
of an attraction always directed to a point in the line and 
varying inversely as the square of the distance from that point; 
to determine the motion. 

Let 0 be the fixed point, P the position of the particle at 

P A 

~d ^ ' ' 

time ty OP = X ; the equation of motion is 

d^x _ p 

fjL being, as before, the acceleration at unit distance from 0, 
or the strength of the centre. 

dx ^ 

Multiplying by and integrating, we get 



72 


BECTILINEAE MOTION. 



the equation of energy, supposing the particle to start toioa 
rest at a point A distant ci frona U, 



which gives the velocity of the particle at any distance 
from the origin. Again from (1) 


dx 

dt 



the negative sign being taken, since in the motion towards O, 
0 } diminishes as t increases. This gives 


/a 

dx sj ^ix.' >J {ax- x') 

_ /® {1 a- 2x a 1 

"" V ^ ■ (2 J{ax -x^) 2 V (ax - x'). 


Integrating, we have 


.-1 2x 


nvers 
2 a 


Hence ^ = V {clsg — ^ ^ 


2x Tra 
"2 > 


which is the relation between x and t. 


97. Putting x = 0,we find that the time of arriving ixi. 

3 

r W / g” 

2 V 2/t’ 
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and (1) shews that the velocity at 0 is infinite On tl' 
account we are precluded from applying our formulse 
determine the motion after arriving k 0; hut it is to i 
observed that, although at any point very near to 0 there is 
very great attraction tending towards 0, at the point 0 itsi 
there is no attraction at all : and therefore the particle, a 
proaching the centre with an indefinitely great velocity, mr 
pass through it. Also, everything being the same at ’eqr 
distances on either side of the centre, we see that the moti 
must be checked as rapidly as it was generated, and therefc 
the particle will proceed to a distance on the other side of 
equal to that from which it started. The motion will th 
continue oscillatory. 

98. The above case of motion includes that of a be 
falling from a great height above the Earth’s surface. Fo 
sphere attracts an external particle with an intensity varyi 
inversely as the square of the distance of the particle fn 
its centre, and therefore if x be the distance of a body fri 
the Earth’s centre, H the Earth’s radius, and g the kinc 
measure of gravity on unit of mass at the Earth’s surface, 1 
equation of motion will be 

df ^ x'‘ ’ 

tlic same equation as before, if we write fi for The 

suits just obtained will therefore apply to this case. Thu 
we wish to find the velocity which a body would acquire 
falling to the Earth’s surface from a height h above it, 
luwe from (1), putting ya = gE", 



and therefore if F be the velocity when x = R, i.e. the 
<|uired velocity, 

If h be small compared with M, this may he written 
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from which we see the amoiiTit of error introduced by ^ 
ordinary formula, § 82, in wirich the acceleration due 
gravity was treated as constant. 

If the fall be from an infinite di^fcauce, a=oo, and 
have 

J 

Expressed in terms of the ra-dius mid the mean density 
the Earth, this becomes 



which is the kinetic energy acquired hy unit of mass falli 
from rest in infinite space to tb.e Earth’s surface. 

99. A particle is constrairhcd to m.ove in a straight Iv. 
and is acted on by an aUractio'rt,, always directed to a po'i 
outside that line, and varying inversely ns the square of i 
distance from that point; to detawndne the motion. 

Let .45 be the straight line, 2^ the. position of the parth 
at any time, 0 the point to wliich the attraction is alwa 


A 


li 


directed, y the strength of the cent 
to AB and let ON=h, NP = cg ; 

along^PO is and, as in § 


re. 1 )ra\v ON perpcndicul 
thon the attraction on 

05, the only part of tl 
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which produces motion is the resolved part along PJV". 
fore the equation of motion is 


df 


6P 


cos OPN 


There- 


flX 

{ar + Jrf 


Multiplying by 


dx 

dt 


and integrating, we have 


(!)• 


1 fdxV _ 1 n 

2\dt) ~ 2 " “ ~ (a- + 6-)* ’ 

where a is the distance from N to the poinf where the velocity 
is zero. 


100. This equation cannot generally be integrated farther, 
but in this and every similar case the integration can be per- 
formed if we suppose x always very small. Suppose the 
particle to have been at rest at N, and to have been slightly 
displaced from this position of equilibrium, the displacement 

x^ 

being so small that throughout the motion ^ may be neglected 

SC ^ 

in comparison with ^ . We have from (1), 


d^X _ fJLX 

df~~l/ 

^ fXX 

Jf 



_3^ 
^ 2 6 " 


&c. 


or 


LUX 



nearly; 


the same form of equation of motion as that of § 88. The 
motion will therefore be oscillatory, the time of each small 
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101. A particle moves m a straight line under the action 
of attraction varying inversely as the power of the distance 
of the particle from a fixed point in that line; to determine 
the onotion. 


Measuring x as before, the equation of motion will be 
d^x __ fjb 

dx 

Multiplying by ^ and integrating, we have 

1 /&Y _ 1 = - ^ ( '^ '1 n ^ 

2 \dt) “ 2 ^ “ n - 1 ^ 

supposing the particle to start from rest at a distance a from 
the fixed point. 


102. This equation cannot generally be integrated farther, 
but if we suppose the particle to have started from a point at 
an infinite distance, we have a == oo , and 


V 


2 


n-l 


where v is the velocity from infinity, at the distance x. 


We have therefore in tliis particular case 
dx _ / 2yu, Y' 1 

It ~ U - 1/ 


or 


dt 

dx' 


X - . 


2/x 


Integrating this between the limits x x = /3, we have 
for the time of moving from to = /3, 


T=~ 




?i+l 


n + 1 
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103. To find T, the time of oscillation, when the ampli- 
tude of oscillation is 2n, 


Put 


and 


1 

2\Jt 

dt 

dx 


7 - 1 U”"" a”'V ’ 

jn-l 

V 2;C4 V 

. /ii — 1 /■“ / a”“* a;”"^ - 

“ ^ V J,V 


zij. 

dx _ 

n — 1 


<x 


. z"- 


w+l 

4a - 


— r 

-iWc 


y2/i(n-l) 

rt+l 

4a ^ 


B 


(1 - ^) ^ dz. 


1 1 


y2^(K-l) \«-l 2’ 2 

r 


n+l 

4a 


1 j- ^ 

.7^ -- 1 ^ 2 


rfi) 




«+! / 


n — 1 

r 


L_ 1 

n-l'^2. 


2/^ p / 

U - 1 

104. The above solution fails when n = \, but the time 
of falling to the centre may be found as follows. The equation 
for this case, as given in § 94, is 

1 fdxV , a 

i\dt) "'‘‘“S,' 

dx 

since when x=^a, = 0. Hence 

dt 
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the negative sign being taken since x diminishes as t in- 
creases. Put F for the required time, then 

dx 

To transform the integral, put ^log‘^ = y. Then wt? 


have 


dy' 


a, = a6-^;andl>-2ae-*'V, 


and the limits of y are 0 and oo . Hence 

J¥y.T=2a\ e-'-’"dy 
0 

=:2a. 

Hence 

and is therefore directly as the distance traversed. 


105, A particle is constrained, to move in a straight line^ 
and is acted on hy an attraction directed to a point not in, 
that line, and expressed by a functmi (j> {?') of the distance; to 
determine the time of a small oscillation. 


Employing the same notation as in § 99, the acceleration 

oc 

along PO being ^(r), its component along PN is 
therefore the equation of motion is 


df 




X 

r ’ 


But r = JQF + x^)=-hj{l + 'I5) 

r 

= h approximately. 
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<f>(b) 


df ‘ b 


Hence H~ ■ 

z 

and therefore hy § 90, the time of a small oscillation is 


27r 




<t>{b)‘ 


EXAMPLES. 

( 1 ) A body is projected vertically upwards with a velocity 

wKich will carry it to a height 2g ; shew that after three 
seconds it will be descending with a velocity g. 

(2) Find the position of a point on the circumference of 
a vertical circle, in order that the time of rectilinear descent 
from it to the centre may he the same as the time of descent 
to the lowest point. 

(3) The straight line down which a particle will slide in 
th<3 shortest time from a given point to a given circle in the 
sarae vertical plane, is the line joining the point to the upper 
or lower extremity of the vertical diameter, according as the 
point is within or without the circle. 

(4) Find the locus of all points from which the time of 
roctilinear descent to each of two given points is the same. 
Sinew also that in the particular case in which the given 
points are in the same vertical, the locus is formed by the 
revolution of a rectangular hyperbola. 

(5) Find the line of quickest descent from the focus to 
parabola whose axis is vertical and vertex upwards, and 

show that its length is equal to that of the latus rectum.__^^,,. 

(6) .Find the straight line of quickest descent from the 
focns of a parabola to the curve when the .axis is horizontal. 

(7) The locus of all points in the same vertical plane as 
a given circle, for which the least time of sliding dowi^ an 
inclined plane to the circle is constant is another circle. 



80 


.RECTILINEAR MOTION. 


(8) Two bodies fall in the same time from two given 
points in space in the same vertical down two straight lines 
drawn to any point of a surface ; shew that the surface is an 
equilateral hyperboloid of revolution, having the given points 
as vertices. 

(9) Find the form of a curve in a vertical plane, such 
that if heavy particles be simultaneously let fall from each 
point of it so as to slide freely along the normal at that point, 
they may all reach a given horizontal straight line at the 
same instant. 

(10) A semicycloid is placed with its axis vertical and 
vertex downwards, and from different points in it a number of 
particles are let fall at the same instant, each moving down 
the tangent at the point from which it sets out; prove that 
they will reach the involute (which passes through the vertex) 
all at the same instant. 

(11) A particle moves in a straight line under the action 

/ 3 \«^ 

of an attraction varying inversely as the f ^ ) power of the 

distance ; shew that the velocity acquired by falling from an 
infinite distance to a distance a from the centre is equal to the 
velocity w’’hich would be acquired in moving from rest at a 

distance a to a distance ^ • 

4 

(12) A particle moves in a straight line from a distance a 
towards a centre of attraction varying inversely as the cube 
of the distance ; shew that the whole time of descent 

__ 

(13) A particle is placed at a given point between two 
centres of equal intensity attracting directly as the distance ; 
to determine 'the motion and the time of an oscillation. 

Let %a be the distance between the centres, x the distance 
of the particle at any time from the middle point between 
them, then the equation of motion is 
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d^x / \ / \ 

— = ^ (a + /a?) + (a 

= — ^fJLX. 

Hence, the time of an oscillation = - 77 ^. . 

(14) If a particle begin to move directly towards a fixed 
centre which repels with an intensity = (distance), and 
with an initial velocity = (initial distance), prove that it 
will continually approach the fixed centre, but never attain 
to it. 

(15) A particle acted upon by two centres of attraction, 
each attracting with an intensity varying inversely as the 
square of the distance, is projected from a given point be- 
tween them, to find the velocity of projection that the particle 
may just arrive at the neutral point of attraction and remain 
at rest there. 

If fju, fx be tiie strength of the centres ; a,, the distances 
of the point of projection from them; and V the initial velo- 
city ; we have 

1 ]7'2 — ^ ^ 

(16) Supposing the earth a homogeneous spheroid of 
equilibrium, the time of descent of a body let fall from any 
point P on the surface down a hole bored to the centre G, 
varies as GP, and the velocity at the centre is constant. 

(17) A material particle placed at a centre of attraction 
varying as the distance, is urged from rest by a constant force 
which acts for one-sixth of the time of a complete oscillation 
about the centre, ceases for the same period, and then acts as 
before, shew that the particle will then be retained at rest, 
and that the distances moved through in the two periods are 
equal. 

(18) A l)ody moves from rest at a distance a towards 
a centre of attraction vai’ying inversely as the distance, shew 
that the time of describing the space between /3a and /3"a will 

be a maximum if /3 = \ 

() 
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(19) If the time of a body’s descent in a straight line 
towards a given centre of attraction vary inversely as the 
square of the distance fallen through, determine the law of 
the attraction. 

(20) Assuming the velocity of a body falling to a centre 

of attraction to be as ^ , where a is the initial and x 

the variable distance from the centre, find the law of the 
attraction. 

(21) Find the time of falling to the centre when the 
attraction cx (dist.)“^. 

(22) Shew that the time of descent, to a centre of 
attraction o= (dist.)“^ through the first half of the initial- 
distance, is to that through the last half as tt + 2 : tt — 2. 

(23) A particle descends to a centre of attraction, inten- 
sity cc (dist.")”. Find n so that the velocity acquired from 
infinity to distance a, shall be equal to that acquired from 
distance a to distance from the centre. 

(24) A particle is placed at the extremity of the axis of a 
thin attracting cylinder of infinite length and of radius a, 
shew that its velocity after describing a space x is propor- 
tional to 

^log 

(25) A particle falls to an infinite homogeneous solid 
bounded by parallel plane faces, find the time of descent. 

(26) Every point of a fine uniform ring repels with an 
intensity cc (dist.)”*^, find the time of a small oscillation in its 
plane, about the centre. 

(27) Shew that a body cannot move so that the velocity 
shall vary as the distance from the beginning of the motion. 
And if the velocity vary as the cube root of that distance, 
determine the acceleration, and the time of describing a given 
distance. 
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(28) Shew that the time of quickest descent down a 
focal chord of a parabola whose axis is vertical is 

/zh 

V g’ 

where Z is the latus rectum. 

(29) An ellipse is suspended with its major axis vertical, 
find the diameter down which a particle will fall in the least 
time, and the limiting value of the excentricity that this may 
not be the axis major itself. 

(30) Particles slide down chords from a point 0 to a 
■curved surface, under the attraction of a plane whose attrac- 
tion is as the distance, and they reach the surface in the same 
time; shew that the surface is generated by the revolution 
(about a line whose length is a through 0 perpendicular to 
the plane) of the curve whose polar equation about 0 is 

p cos 9 = a [1 — cos (k cos 0)}. 

(31) If the particles commence their motion at the 
surface, and reach 0 after a given time, the equation of the 
generating curve is 

p cos 0 = a {sec {Jc cos 6) - 1}. 

(32) Prove that the times of falling through a given dis- 
tance A C towards a centre S, under the action of two attrac- 
tions, one of which varies as the distance, and the other is 
constant and equal to the original value of the first, are as the 
arc (whose versed sine is AG) to the chord, in a circle whose 
radius is AS, 

(33) The eartli being supposed a thin uniform spherical 
shell, in the surface of which a circular aperture of given radius 
is made, if a particle be dropped from the centre of the aper- 
ture, determine its velocity at any point of the descent. 

(34) If a particle fall down a radius of a circle under the 
•action of an attraction cc (Df in the centre, and ascend the 
opposite radius under the action of a repulsion of equal in- 
tensity at equal distances from the centre, shew that it will 
acquire a velocity which is a geometric mean betwer^n the 
radius and the intensity at the circumference. 


G--2 
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(35) If a particle fall to a centre of attraction of inten- 
sity oc (jD) ; determine the constant attraction which would 
produce the effect in the same time, and compare the final 
velocities. 


(36) Find the equation of the curve down each of whose 
tangents a particle will slide to the horizontal axis in a given 
time. 

(37) A sphere is composed of an infinite number of free 
particles, equally distributed, which gravitate to each other 
without interfering ; supposing the particles to have no initial 
velocity, prove that the mean density about a given particle 
will vary inversely as the cube of its distance from the centre. 

(38) Prove that if PQ be a chord of quickest descent from 
one curve in a vertical plane to another, the tangents at P 
and Q are parallel and PQ bisects the angles between the 
normals and the vertical. 


(39) A rough horizontal plane has the coefficients of fric- 
tion at any point proportional to the distance from a fixed 
point S to which an attraction tends whose intensity is 
yL6 (dist.)-^ prove that if a particle be placed at a distance 
a tan a from 8 it will arrive at S in time 

2“^ log (sec 2a). 

a being the distance at which the particle must bo placed so 
as to be on the point of moving. 


(40) If a particle P move from rest under the action of 
an attraction tending to a point 8 measured by the accelera- 
tion n^>SP, determine the time from rest to rest ; and shew 
that, if a small constant retardation /act through a portion of 
the path extending equally on each side of 8 the .time will be 
unaltered, and the diminution of the amplitude of one oscilla- 

tion will be ™ cos nr, r being the time when the disturbance 

begins. 
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(41) A fine thread having two masses each equal to P 
suspended at its extremities is hung over two smooth pegs in 
the same horizontal line ; a mass Q is then attached to the 
middle point of the portion of the string between the pegs, 
s,xii allowed to descend under gravity; shew that the velocity 
■of Q at any depth x below the horizontal line is 


ij sP -j- 



(42) An elastic string has its ends fastened to the ends 
of a rod of equal length. The middle point of the string is 
fastened, and at that point is placed a centre of repulsion, 


which repels evei'y particle of the rod with an intensity • 

The rod is then moved parallel to itself through a distance 
•equal to half its length. If in this position the elasticity of 
the string is such that the rod is in equilibrium, shew that if 
slightly displaced perpendicular to its length, the time of a 
.small oscillation 


= 47r 


(6 4 * -\/ 2 ) 


(48) A particle moves in a straight line under an 

a-ttraction to a .centre in the straight line iix -f 2//,' , and 

starts from rest at a distance a from the centre ; shew that 
after a time t the distance from the centre will be 


^ 4- 2/x'a’^ * 


where 
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CHAPTER IV. 

PAEABOLIC MOTION. 

106. In this chapter we intend to treat principally of the 
motion of a free particle which is subject to the action of 
forces whose resultant is parallel to a given fixed line. 

The simplest case of course will be when that resultant is 
constant. The problem then becomes the determination of 
the motion of a projectile in vacuo and unresisted, since the 
attraction of the earth may be considered within moderate 
limits as constant and parallel to a fixed line. This we will 
now consider. 

107. A free pa7'ticle moves wider the action of a ve^^tical 
att7'actio7i whose intensity is C07ista7it ; to determine the form 
of the path, and the circumstances of its description. 

Taking the axis of x horizontal and in the vertical plane 
and sense of projection, and that of y vertically upwards, it 
is evident that the particle will continue to move in the plane 
of xy, as it is projected in it, and is subject to no force which 
would tend to withdraw it from that plane. 

The equations of motion then are 
d'^x _ dSf 

if g be the kinetic measure of the attraction per unit of mass. 

Suppose that the point from which the particle is projected 
is taken as origin, that the velocity of projection is V, and 
that the direction of projection makes an angle a with the 

axis of X. 

»• 

The first and second integrals of the above equations will 
then be 
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^=Fcos«, -£=Vsina-gt. (1). 

x= F cos oL.t, y — Vsixi a .t — (2). 

These equations give the co-ordinates of the particle and 
its velocity parallel to either axis for any assumed value of 
the time. 

Eliminating t between equations (2) we obtain the equa- 
tion of the trajectory, viz. 

y = X tan a (3), 

2F^cos^a ^ 

which shews that the particle will move in a parabola whose 
axis is vertical, and vertex upwards. 


108. Equation (3) may be written 

2 2 F^ sin a cos a 2 F^ cos'^ a 

-- ■ - - x^ 

d 9 


or 


F^ sin a cos aV 


9 


2F^ cos'^a 


y-- 


F^ sin^ a' 
^9 


By comparing this with the equation of a parabola re- 
ferred to its vertex as origin, we find for the co-ordinates x^y y^ 
of the vertex 

_ F^ sin a cos a __ F“sin^a 
•«„ - ^ . Uo - — 2g ' ■ 

Hence we obtain the equation of the directrix 

, , , - F“sm=a F^cos^a F^ 

y=y. + i (parameter) = ^ . 

Now if V be the velocity of the particle at any point of 
its path, 

Ulx\^ . fdy\ 


dt 


\dt) ^ 


or by (1) 


: ( V'^ cos^ a) -h ( F^ sin- a — 2 F^r sin a . ^ 4- gV) 
: F^ — 2^^ (F sin a . — ^gf) 

:r^^2gyy ■ by (2). 
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To acquire this velocity in falling from rest, the particle 

must have fallen (§ 82) through a height ^ , or i.e. 

Ig Ig 

through the distance from the directrix. 

109. To find the time offiight along a horizontal ‘plane. 

Put 2/ = 0 in equation (3). The corresponding values of 
2F^ 

X are 0 and sin a cos a. But the horizontal velocity is 
F cos a. Hence the time of flight is ^ ; and, ceteris 

to g 

paribus, varies as the sine of the elevation (inclination to the 
horizon) of the direction of projection. 

110. To find the time of flight along an mclined plane 
passing through the point of projection. 

Let its intersection with the plane of projection make an 
angle /3 with the horizon ; it is evident that we have only to 
eliminate y between (3) and y=^x tan (3. 

This gives for the abscissa of the point where the pro- 
jectile meets the plane, 

X. =■ (sm a cos a — tan B cos a) 

_ 2 F^ cos a sin {a — /3) 

~ g QOS (3 


Hence time of flight 


V cos a 


2F sin (a— /3) 
g cos /? ' 


111. To find the direction of projection which gives the 
greatest range on a given plane. 

y2 

The range on the horizontal plane is sin 2a. For a 
given value of F this will be greatest when 

- g. TT TT 
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That on the inclined plane is — Sr 

cos p 


or 


g /3 


cos a sin (a — /3). 


That this may be a maximum for a given value of V we 
must equate to zero its differential coefficient with respect to 
a, which gives the equation 

cos a cos (a — — sin a sin (a ~ /3) == 0, 

or cos(2a — ^) = 0; 


whence 



Hence the direction of projection required for the greatest 
range makes with the vertical an angle ' 



that is, it bisects the angle between the vertical and the plane 
on which the range is measured. 


112. To find the elevation necessary to the paTticle's pass- 
ing through a given point 

Suppose the point in the axis of x and distant a from the 
origin. Then we must have 

F" 

— sin 2a = a, 

9 

Y2 

so that a must not be greater than — . 

9 

Let a! be the smallest positive angle whose sine is . 


The admissible values of a are ^ and ^ - ; so that we 

see there are two directions in which a particle may be pro- 
jected so as to reach the given point, and that these are 

equally inclined to the direction of projection which 

gives the greatest range. 
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Suppose the given point to lie in the plane \vhich ^ 
an angle /3 with the horizon. Then ii its abscissa be co^ 
must have 

cos a sin (a — ^) = a. 

cj cos p 

If o.\ be the two values of cl which satisfy this 
tion, we must have 

cos cz' sin - /3) = cos a^' sin {a!' ^ /3 ) ; 
and therefore ^ ^ 

or + 

Hence; as before, the two directions of projection, 
enable the particle to strike a point in a given plane throiiM'^\ 
the point of projection, are equally inclined to the direction ' ^ *1* 
projection required for the greatest range along that plaxio. 


113. To find the envelop of oil the tyxijeotories correspo’^f>(^^ 
ing to different values of a. 

Differentiating equation (3) with respc'.ct to a, we get 


„ qx sin a 
sec a — = 0, 

K " cos’^ a 


tan a = 


The elimination of a between (3) and (4) gives us as thf 
equation of the required envelop 

^ 2g 2F“’ 


or 


2Vf 

9 



This represents a parabola, whose axis is vertical, whoHi* 
focus is the point of projection, and whoso vortex is in 1,1 
common directrix of the trajectories. 
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It will easily be seen from what has gone before that there 
are two directions of projection, so that the particle may pass 
through any given point within this parabola, only one for a 
point on it ; and of course there is no possibility of its reaching 
(with the given velocity V) any point without this parabola. 


114. By a somewhat simpler method of considering the 
problem we might easily have arrived at some of the more 
obvious properties of the trajectory, thus 

Take the direction of projection as the axis of co, and the 
vertical downwards from the point of projection as that of y. 
By the second law of motion we may consider the velocity 
due to projection to be maintained constant (= V) parallel to 
the axis of while we have in addition parallel to the axis 
of y the portion due to gravity as investigated in § 82. 


Hence 


and therefore 


x=Vt[^ 

. at any time, 

y = 


2F^ 

9 


y. 


the equation of a parabola referred to a diameter and the 
tano-ent at its vertex. The distance of the origin from the 

directrix, being of the coefficient of y, is - , and the 

ig 

velocity due to a Ml through that height is as before 




■ 2y, 


V. 


115. Many properties of parabolic motion are more 
easily obtained by geometry than by analysis. We give a 
few examples. 

Thus suppose 0 in the figure to be the point of projection, 
MN the directrix common to the trajectories of all particles 
projected from 0 in tho plane of the figure with a given velo- 
city, and suppose it be required to determine the direction of 
projection for the greatest range along the plane OS. Since 
0 is a point in each trajectory and MN the common directrix. 
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the foci of all possible trajectories lie in the circle MFFF'" 
described with centre 0 and touching MN in M. 

Take any point F' in this circle, then the path whose 
focus is F' will intersect OS again in a point P' such that if 
P'N' be drawn perpendibular to MN, F'P' = P'N'. Now in 
order that P' may be as far as possible from 0, at P suppose, 
it is evident (ex absurdo) that the focus must be taken at the 
point F where OS meets the circle. But the tangent at 0 
bisects the angle between the diameter MO and the focal 
distance OF. Hence the direction of projection for the 
greatest range on an inclined plane bisects the angle between 
the plane and the vertical. 

Again, if with centre P' and radius P'P' an arc be de- 
scribed cutting F'FF" in P", it is evident that the trajectories 



w'hose foci are F', F", will intersect OS in the same point P'. 
Hence, since the directions of projection for these cases will 
bisect the angles MOF', MOF^' respectively, we see that to 
strike a given object there are in general two directions of 
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projection, and that these are equally inclined to the direc- 
tion which gives the greatest range on the plane passing 
through the object and the point of projection. 

Again, for the envelop of all the trajectories. It is evi- 
dent that P must be a point in the envelop ; since it is the 
ultimate position of P\ when the two parabolas which inter- 
sect in that point have become indefinitely nearly coincident. 
Draw PN perpendicular to MN, and produce it till NQ = FO. 
Draw QR parallel to NM, and cutting OM in i?. ^ is a 

fixed line since RM — MO, and as OP = PQ we see that the 
envelop is a parabola whose focus is 0 and directrix RQ. 

It may be seen at once that it touches in P the only tra- 
jectory which can pass through that point. For the tangent 
to either curve at P bisects the angle OPQ or FPFf. 

116. Ex. It is required to throw a shell with given 
velooity so as to strike at right angles an inclined plane through 
the point of proyeotion. 

The letters being the same as before, join BT cutting 



MF'F^ in F'. Draw F'P'A' perpendicular to MB cuttin 
OB in F, Find F' m that FF = P'P" = FF. F is 
point in the trajectory whose focus is F', Hence the tangent 


b/3 ^ 


94 


PARABOLIC MOTION. 


at F bisects F'FF, But OF bisects FF'F\ Hence the 
trajectory at P' is perpendicular to OS. 

Also as F" is the focus of the other path by which the 
point F might be reached, P' will be the vertex of that path, 
and therefore the particle will be moving horizontally when 
it reaches P'. 

117. Even if the plane along which the range is measured 
do not pass through the point of projection, a somewhat similar 
construction will enable us to find the direction of projection 
for the maximum range. Thus, 

Let it be required to find the direction of projection from 


A P 



0 with velocity due to AO in order that the range on a hori- 
zontal line MFf may be a maximum. 


Suppose Q the point where the projectile falls. Join 
QF\ F' 0, P" being the focus of the path. Then if QP' be 
vertical and meet the horizontal line through A in P\ we 
have F'Q' = QF. This is true of each of the paths, and 
Q'P' is constant. The farthest point Q which can be reached 
will therefore be determined by inflecting OQ to MN, where 
OQ = OA -f PQ, and therefore if AO = a, AM = h the cosine 


of double the requisite angle of elevation will be 



Should MN be an inclined plane, we must evidently draw 
a line QO, and the corresponding vertical QP; such tliat if 
QO meet the circle in P, FQ = QP. 
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This resolves itself into the well-known geometrical 
problem of describing a circle whose centre is in a given line, 
and which touches a given circle, and a given straight line. 


J F 



Of the two solutions, which this problem admits of, one 
belongs to MN, the other to MN produced to the other side 
of the point of projection. 

118. Perhaps, however, the most satisfactory method of 
solving all such problems about the maximum range, is to 
describe the parabola which envelops all the trajectories. 
The point where this cuts the plane, &c. on which the range 
is estimated, gives the maximum value of the range, and it is 
then easy from known properties of the envelop to construct 
for the required path. 

119. Let P be any point in the trajectory, B its focus, 
BN, AL, the directrix, and the tangent at the vertex. 



F 
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Then (velocity at Pf = 2g PN = 2g SP 


= (by a property of the parabola) 



ff 

2SA 


sm 


Hence velocity at P^c SN " ; and, since by the figure 
SL = LN, PL is the tangent at P and is perpendicular to 
SN, 

Hence as SN is perpendicular to the direction of motion 
at P, proportional to the velocity at P, and drawn from a 
fixed point S, the locus of N is the Hodograph (§ 20) turned 
through a right angle about S. As this is a horizontal 
straight line, the Hodograph is a vertical line. 

This result will be found of considerable utility in solving 
various problems in the common vacuum theory of projectiles. 
It is evident that SB, BN represent the horizontal and vertical 
velocities at P, on the same scale on which SN" represents the 
entire velocity at that point. 


120 .' It may be interesting to anticipate a little here, by 
introducing matter properly belonging to the next chapter. 
We wish to shew that the above geometrical constructions 
can easily be extended to paths of projectiles when they are 
so large as to require us to take account of the Variations in 
the direction and amount of gravity. The following sections 
are taken from the Proc. R. S, E. 1865-6. 

LJ21. When, instead of supposing gravity to be of constant 
amount, and to act in pai^allel lines, we take the more accurate 
assumption that it tends to the centre of the Earth, and varies 
inversely as the square of the distance from tliat point, Chap- 
ter V. sliews us. that in general the path of the projectile is an 
Ellipse, one of whose foci is at the Earth’s centre, and the 
length of whose major axis depends only on the velocitjj of 
projection. | The following propositions (among many others 
analogous to those just given) may then be enuntiated. 

1. The locus of the second foci of tlie paths of all pro- 
jectiles leaving a given point, with a given velocity, in a 
vertical plane, is a circle. 
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2. The direction of projection., for the greatest range on 
a given line, passing through the point of projection, bisects 
the angle between the vertical and the line. 

3. Any other point on the line, which can be reached at 
all, can be reached by two different paths, and the directions 
of projection for these are equally inclined to the direction 
which gives the maximum range. 

4. If a projectile meet the line at right angles, the point 
which it strikes is the vertex of the other path by which it 
may be reached. 

5. The envelop of all possible paths in a vertical plane 
is an ellipse, one of whose foci is the centre of the earth, and 
the other the point of projection. 

The proofs of these propositions are extremely simple. 
Thus, let E be the earth’s centre, P the point of projection, 


A 



7 
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circle in the common plane of projection. This, the circle of 
zero velocity, corresponds to the common directrix of the 
parabolic paths in the ordinary theory. If F be the second 
focus of any path, we must have EP + PF constant, be- 
cause the axis major depends on the velocity, not the 
direction, of projection. Hence (1) the locus of F is the 
circle AFO. Again, since, if F be the focus of the path 
which meets PR in Q, we must have FQ = QS, it is obvious 
that the greatest range Pq is to be found by the condition 
Oq — qs. 0 is therefore the second focus of this trajectory, 
and therefore (2) the direction of projection for the greatest 
range on PR bisects the angle APR. If QF == QF' = QS, F 
and F' are the second foci of the two paths by which Q may be 
reached; and, 2,^ /.FPO — aF'PO, we see the truth of (8). 
If Q be a point reached by the projectile when moving in 
a direction perpendicular to PR, we must evidently have 
PQF' — zPQF=zSQR = zFQP; i.e. EQ passes through 
F'. This case is represented on the other side of the diagram 
— where f^g = gh = fg. The ellipse whose second focus is / 
evidently meets Pr at right angles : and that whose second 
focus is/' has (4) its vertex at g. The locus of q is evidently 
the envelop of all the trajectories. Now 

Pq = PO+ Oq-PA H- Oq, 

Fq = Es — sq^ EA - Oq. 

Hence 

Pq + Eq = PA+ AE, 

or (5) the envelop is an ellipse, whose foci are E and P, and 
which passes through A. 

122. When a particle moves subject to the action of two 
centres, one attractive and the other repulsive, where the law is 
the direct distance and the strengths the same, its motion will 
he the same as that of a projectile in vacuo. 

For the whole force on the particle resolved perpendicular 
to the line joining the centres is evidently zero, and that 
parallel to this line is equal to that which would be exerted 
by either of the centres on a particle placed at the other; and 
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.always tends in the direction parallel, to that from the re'pel- / 
ling, to the attracting, centre. It "‘ corresponds therefor^ 
exactly to gravity, within moderate e©va 
•earth's surface. 

123. Again, if a particle moves on a plane inclined to the 
horizon at an angle B, the acceleration is, by § 84, g sin 6 
parallel to the line of greatest slope on the plane, and there- 
fore the trajectory will still be a parabola, whose dimensions 
will depend upon 6. 

Ex. A particle is projected from a given point with a 
given velocity, and moves on an inclined 'plane ; find the locus 
of the directrices of its path for different inclinations of the 
plane. 

It will be easily seen that when a particle moves on an 
inclined plane, the velocity at any point is equal to that 
which would have been acquired by sliding from the direc- 
trix ; that is (§ 85) equal to the velocity due to the fall from 
a liorizontal plane through the directrix. Now the velocity 
is given constant, hence the locus of the directrices is a hori- 
zontal plane. 



124. A particle moves subject to an attraction always 
perpendicidar to a given plane, its intensity being a function 
of the distance of the particle from the plane : to determine 
the motion. 


It is evident that the motion will be confined entirely to 
a plane thraugh tho direction of projection perpendicular to the 
.attracting plane. Let us take the plane of motion as that of 
xy, the axis of x lying in the attracting plane. Let (ID) be 
the acceleration at distance D, where is the derived func- 
tion of 0. Then the e(j[uations of motion are 


d^x 

df 


= 0 , 


dfjj 




Suppose the particle projected from a point {a, b), in a 
•direction making an angle a with the axis of and with a 
velocity V. 


7—2 
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Multiplying by f ^ integrating we get 

1 (dxY , 1 T7-2«ric!**a 

iU) =const.=2^cos «, 

\ = sin^ a + (f>(b)-<l> (y). ^ 


.(I 


K 


Hence 

2 ^ 

or I (y) = I V'^+ ({> (h), 

a particular case of conservation of energy. 

To find the differential equation of the |)ath, wo have 

£ ^ ^ + 2 {cl> (h) ^ <!> Q/)]] 

dx dx V cos a 

dt 


an equation integrable for particular forms only of the fiiru ’ 
tion 

An interesting case is that in which tlie attraction of tl i « - 
plane is inversely as the cube of the distance, 


or 


(}>' {y) = ^, and therefore <f> (y) — — | 




The differential equation becomes 


dx 


y©+r-»m>.- 

V cos a 



or 


ydy 

V cos a / ( / 





;aiid integrating 
a 

V cos a 

sin^ « - j - y j/. + [v^ sin^ a - -g) V } 

Ir 

the equation of a conic; an ellipse, parabola, or hyperbola, 
according as 

sin^ p 

is negative, zero, or positive. 

We might have obtained the above results by integrating 
separately the two equations of motion, and then eliminating 
t between them. 


For a repulsion, instead of an attraction, it is easy to see 
that we must simply change the sign of ya, and thus that the 
ourve described is a hyperbola whose conjugate axis lies in 
the intersection of the plane of projection and the attracting 
plane. 

From this we see that the conic sections are the only 
•curves which can be described by a free particle moving in 
a plane with acceleration in the direction, and inversely as 
the cube, of the perpendicular distance from a given line in 
that plane. 


The converse of either of the above propositions is easily 
investigated ; thus, taking the first, our problem becomes 

A 

^ 125. To find the law of force perpendicular to an axis 
that a free particle 'may describe a conic section. 


Take the axis as that of x, and the vertex as origin, then 
the equation 


qf = 2mx + 


( 1 ) 
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will represent by properly taking m and ji, any parabol*^-; 
any b^erbok reUed to its transverse axis, or any ellxJ)--‘ 

referred to either axis. 

Since the attraction is perpendicular to the axis, we b-J 

doo _ 
dt 


Hence 


and 


From these 


y^ = mc + nxc ; 

y df \dt) 

df y\ \dtj 

If (m + nxy j, 

= -\nc ^-.^—6 

y\ ^ 


y 


cm 

'If 


by equation (1). 


This indicates an attractive force, invorsoly as the cube of 
the distance from the axis. 

For a hyperbola with its conjugate axis in the axis oC 
X, the equation is 


Hence 


y •'t'* -h <J • 
dy o d.r 


— y^cai, 

from which we have immediately 

, fdy\ 


y 


df ^ 


’S^Sut- 
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— I- — 


y 


r 


V' 


which indicates a repidsion inversely as the cube of the 
distance from the conjugate axis. 


126. To find the force which must act perpendicularly to 
a plane, in terms o f the distance from that plane, that a given 
(plane) path may be described. 

Take the axes as before ; then, T being the acceleration 
due to the repulsion (a function of y only), we have 


drx 

df 


0 


dx 

, 0 T-j- — const. = a, suppose ; 


df 


= Y 


(!)• 


Let y =f(x) be the equation of the given curve, then 


dy 

dt 


= af{x), 


df 


dfXx), 


orby (1), Y^aY(x) 

^ciTiriy)], 

by the equation of the curve. Hence, as /is a given function, 
the acceleration and the repulsion are found. 


127. It is necessary to observe that, in the case of § 124, 
when the particle actually reaches the axis, it will not proceed 
to describe the portion of the same curve which lies on the 
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Other side of the axis, as this would involve a change iu 
of the constant horizontal velocity, it is, in. fact, evident 



in such cases the particle having described ABC will, inst<3c^<l 
of pursuing the course Ghct^ actually describe CDE siinil^^^'* 
and equal to Gba, but turned in tlio opposite directxori. 
And a similar remark applies to the general problem 
§ 126. 

Although, in the case of ABO being a conic, one of whoBC'. 
axes is CG, and therefore cutting it at rigdit angles in Gy it 
might seem that at G the horizontal velocity vanishes, yet it 
is to be recollected that the velocity at C is infinitely gre^xf> ; 
and it may easily be shewn by independent methods, such a.H 
the method of limits, if the foregoing analysis do not apperx-i" 
satisfactory, that the velocity parallel to GG is really constaiiiti 
throughout the motion, 

128. It may he useful to notice that cases of this kixi< l 
are reduced at once to investigations similar to tliose of the la.Ht:/ 
Chapter, by considering, separately, the cciuatioris of motion 
parallel and perpendicular to the attracting plane. 

Whenever, then, we can completely determine the motion 
of a particle in a straight line towar<Ls a centre, we can alno 
completely solve the problem of the motion of a particle 
anyhow projected, and attracted by an infinite plane; tlae 
intensity in terms of the distance being the same in the two 
cases. 


PAEABOLTC MOTION. 


105 


129. Generally, when a particle is anyhow projected and 
subject only to an acceleration whose direction is perpen- 
dicular to a given plane, and whose magnitude depends solely 
on the distance from the plane; the velocity parallel to that 
plane is constant ; and, in passing from any point to another, 
the square of the velocity is altered by a quantity depending 
only upon the distances of those two points from the given 
plane. 


Take the axis of y perpendicular to the given plane, and 
the axis of x in it, so that the direction of projection lies 
in xy. This will evidently be the plane of motion ; and the 
equations are 

d^x - d^y f . 

^ = 0, = F = - (;6 (y) suppose. 


Hence 


dx 

dt 


= 0 , 






or 




F being the velocity of projection, and y^ the co-ordinate of 
the point of projection ; which proves the proposition. 

This is, of course, merely a particular case of the general 
principle of Conservation of Energy (§ 78); ^ (y) being the 

Potential, and v^ the Kinetic, Energy of unit mass. 


130. As another example of the motion of a particle 
under the action of forces whose direction is constant, let us 
consider the motion of a particle of light in the corpuscular 
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theory, at the confines of two homogeneous isotropic media 
whose hounding surface is plane. 

In this theory the hypothesis is that the attractions or 
repulsions, exerted by the particles of any medium on a 
particle of light passing through it, are insensible at sensible 
distances but enormously great at infinitely small distances. 
Hence of course the path of such a particle in a homogeneous 
medium will be a straight line, and will be described with 
constant velocity, until the particle is infinitely near to the 
bounding surface of the medium. 

Thus, suppose AB to be the common plane surface of two 
such media. Draw GB at a distance from AB equal to that 
at which the intensity of the attractions of the particles of 
the medium begins to be sensible ; and draw JEF parallel to 
GD and equidistant from it with AB. By what we have just 
noticed, a particle of light moving along PQ will arrive at Q 
without any change of velocity or direction. Also from the 
symmetry of the figure, the resultant of all the sensible 
attractions or repulsions on it will always be perpendicular 
to AB. This shews, § 129, that the velocity resolved parallel 
to AB is constant throughout the motion, and also that 
whatever be the direction of PQ, the change in the square 
of the velocity in passing from Q to any point of the path 
will depend only on the distance of that point from AB. 

Let PQR represent a portion of the path. 

We have no means of determining its actual form, since 
the extent through which the attraction is sensible, tlie law 
of its variation, and whether it change from attraction to 
repulsion with the distance, are unknown. 

Through any point R draw KRL parallel to AB, and let 
Gli be equidistant from KL with AB. 

Then at R the particle is subject only to the actions of the 
upper medium beyond GH, and of the lower medium. 

If the resultant effects of these two should, at a point S 
in the superior medium, destroy the velocity perpendicular 
to AB, the particle will evidently pursue a course SR'Q'P' 
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similar and equal to SRQP, and the angles FQ'G and PQi> 
will be equal, as also the velocities in PQ and P'Q'. (§ 129.) 

Here we have the case of a ray 7'eflected at a plane surface. 

If, however, the attraction of the lower medium should 
so prevail that the particle actually enters it, then we may 
consider its motion, while it is still within the range of 
action of both media, precisely as before ; but there will be 
two cases. 

I. At some point as S whose distance from AB (the 
bounding surface) is less than that of AB from CD, the 
velocity perpendicular to AB may be destroyed; then, as 



before, the particle will pursue the path STQ'P', similar and 
equal to STQP, arui will be reflected at an angle equal to 
that of incidence and with its original velocity. 

II. The particle may pass into the lower medium so far 
as to be independent of the action of the upper medium. 
After this it will move in a straight line as before, and the 
change of the square of its velocity will bc,§ 129, independent 
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of the path pursued. Hence, if F be the velocity, and a the 
angle, of incidence ; F, a! those of refraction, we have, by the 
condition that the velocity parallel to the surface is unaltered, 

F sin a ~ F' sin ol. 


Also by the fixed amount of change in the square of the 
whole velocity, 


7^=F'^±a^ 


where a is a constant depending on the nature of the two 
media. 


Hence, 


sin a _ F' _ // _ o? \ 

V r ^ rv’ 


and, therefore, for particles of light which have the same 
velocity the ratio of the sines of the angles of incidence and 
refraction is constant. This is the known law of ordinary 
refraction. Unfortunately, however, in order that a ray may 
be bent, at refraction, towards the normal to the refracting 
surface (i.e. so that ol < a) we must have F' > F ; a result 
lately shewn to be inconsistent with experiment. 


We have introduced this example, although belonging 
to a theory now completely exploded, as it forms a good 
illustration of the application of the results of this Chapter, 
and afforded the first instance of the solution of a problem 
connected with molecular actions. It is due to Newton. 


EXAMPLES. 

(1) The time of describing any portion FQ of the para- 
bolic path of a particle under gravity, is proportional to the 
difference of the tangents of the angles which the tangents at 
P and Q make with the horizon. (| 119.) 

(2) If a shell burst, all the fragments receiving equal 
velocities from the explosion ; shew that the locus of the foci 
of the paths of the fragments is a sphere, of the vertices an 
•oblate spheroid, and that the particles themselves at any 
instant will lie on a sphere. 
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V(3) Two bodies, projected from the same point A, in 
directions making angles a, a' with the vertical, pass through 
the point B in the horizontal plane through A ; prove that 
if t, t' be the times of flight from A to B, 

sin (a — ol) _ — f 

sin (a + ol ) -1- f ‘ 


(4) If and v be the velocities at the ends of a focal 
chord of a projectile’s path, the horizontal velocity, shew 
that 


1 




( 1 119 -) 


< ' (5) From a point in an inclined plane two bodies are 
projected with the same velocity in the same vertical plane 
in directions at right angles to each other ; prove that the 
difference of their ranges is constant. 


(6) If V, v\ v'\ be the velocities at three points P, Q, i2, 
of the path of a projectile where the inclinations to the hori- 
zon are a — /3, a, a + jS ] and if t, t' be the times of describing 
PQ, QR respectively, shew that 


,, , ,1 1 2 . cos /3 

V t = vt , and ^ = ; ■ 

V V V 


(§ 119.) 


'/ (7) If two particles be projected from the same point at 
the same instant in the same vertical plane, with velocities v 
and in directions making angles a and with the horizon; 
shew that the interval between their transits through the 
other point which is common to their paths is 

2 sin (a - aj)__ 

g ' cos oc^ + v cos a * 

J (8) Particles slide from rest at the highest point of a 
vertical circle down chords, and are then allowed to move 
free.ly ; shew that the locus of the foci of their paths is a 
circle of half the radius, and that all the paths bisect the 
vertical radius. 


no 
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(9) If the particles slide down chords to the lowest 
point, and be then suffered to move freely, the locus of the 
foci is a cardioid. 

(10) Down what chord from the vertex of a vertical 
circle must a particle slide so as to have when falling freely 
the greatest range on a given horizontal plane ? 

(11) Find the locus of the foci of all trajectories which 
pass through two given points. 

(12) Particles fall down diameters of a vertical circle ; 
the locus of the foci of their subsequent paths is the circle. 

(13) If a body describe a cycloid under an attraction 
to the axis, shew that the attraction varies inversely as 
2 sin ^ sin 28, 6 being the corresponding arc of the gene- 
rating circle measured from the vertex. 

(14) If the acceleration be perpendicular to a plane and 
vary as the distance, shew that the curves described have 
equations of the form 

y = | for a repulsion or attraction 

01 y — A cos {mx H- B)] respectively. 

Find the circumstances of projection in the two cases that 
the curves may be the catenary, and the companion to the 
cycloid, respectively. 

(15) Particles are projected in the same plane and from 
the same point, in such a manner that the parabolas de- 
scribed are equal; prove that the locus of the vertices of these 
parabolas will be a parabola. 

(16) Find the direction of projection, with a given velo- 
city, from a given point, so that a given plane, not passing 
through the point, may be reached in the least possible time. 

(17) Particles slide down radii vectores of the curve 
whose equation is r=/(6), the plane of the curve being 
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vertical and Q being measured from a horizontal line, prove 
that the locus of the foci of their future paths is the curve 

(18) Through a point an inclined plane is drawn, and 
from that point a particle is projected with a given velocity so 
that its direction of motion when it meets the plane again cuts 
it at right angles; shew that the locus of the point of meeting 
for different positions of the inclined plane is an ellipse. 

(19) The attraction between two particles is , where 

m is the mass of each particle, and r the distance between 
them, and they are projected with equal velocities on the 
same side of the line (c) joining them in directions not 
parallel but equally inclined to that line; prove that the 
path of each will be an ellipse, parabola, or hyperbola, ac- 
cording as the initial component of each velocity in direction 

of the line (c) is less than, equal to, or greater than 

(20) A perfectly elastic particle is projected so as to 
strike on the inside a surface of revolution of which the axis 
is vertical and given in position. Shew that the vertices of 
all the parabolic orbits described after successive rebounds 
lie on a surface which is independent of the surface of 
revolution. 

^(21) If a be the angle of elevation required in order 
that a bullet may have a certain range on a liorizontal plane, 
6 the additional elevation required above a plane inclined to 
the horizon at an angle /3, 

, . sin B sin^ a 

tan 6 = xr . 

sin (2a + 

^(22) A particle is projected from a given point with a 
given velocity u so that the range on a given inclined plane 
may be the greatest possible: prove that, if v be its final 
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velocity, and a perpendicular be let fall on the given plane 
from the point of intersection of the initial and final directions 

'UfO 

of motion, the length of the perpendicular is ^ . 

ig 

(23) A cycloidal arc is placed with its axis vertical and 
vertex upwards, and a particle is projected so as, after moving 
in contact with the arc for a finite distance, to describe a 
parabola freely ; prove that the focus of the parabola lies on 
a cycloid of half the dimensions having the same base. 

(24) Shew that the whole area commanded by a gun 
on a hill-side is an ellipse whose focus is at the gun, whose 
excentricity is the sine of the inclination of the hill to the 
horizon, and whose semi-latus-rectum is twice the greatest 
height to which the gun could send a ball. 


CHAPTER V. 


CENTRAL ORBITS. 


131. In this part of the subject we consider the motion 
of a particle under the action of an attraction or repulsion 
whose direction always passes through, and whose intensity 
is some function of the distance from, a fixed point. The 
fixed point is called the Centre. The case of attraction, as 
including the most important applications of the subject, we 
will take as our standard case; but it will be seen that a 
simple change of sign will adapt our general formulae to 
repulsion. If the centre of attraction be itself in motion, 
the methods of §§ 26, 31, enable us easily to treat it as 
fixed ; but in this case the relative acceleration is not in 
general directed to the centre, so that the problem no longer 
belongs to Gentoxd Orbits strictly so called. It will be con- 
sidered later. If the centre be moving with constant velocity 
in a straight line, the results of this chapter are at once 
applicable to the relative motion. 

132. A particle is projected in a plane, and is acted on 
by an attraction P directed to the fixed point 0 in that plane ; 
to determine the motion. 

The whole motion will clearly take place in the plane, as 
there is nothing to withdraw the particle from it. Let Ox, 
Oy, any two lines through 0 at right angles to each other, be 
taken as the axes of co-ordinates. Let M be the position of 
the particle at the time t\ and draw iO" perpendicular to 
Ox, and join MO. Let ON—x, I[M=-y, OM = r,^ojxd the 

angle iV”Oif= 0. Then, since cos 0 = ~ , sin 6^-, the com- 
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^ o(j ?y 

ponents of P, parallel to the axes, are — P P^. But by 
the second law of motion we may consider the accelerations 



in the directions of x and y sejoarately, and we have therefore 


(Px 

df r 

<iy^_py 

df T, 


(A). 


In these, since P is a function of r, and therefore of x 
and y, the second members will generally contain both these 
variables, and the equations must be treated as simultaneous 

dx dy 


differential equations. Tlieir integrals will give x, y, 


dt^ dr 


in terms of t ; from which the position and velocity of the 
particle at any instant will be known, and the problem com- 
pletely solved. In one case, however, viz. when P is pro- 
portional to r, the first equation will involve x and t, and the 
second y and t, only, and each equation may be integrated 
by itself. As it is the simplest example of its class, and of 
great importance in its applications, especially to Acoustics 
and to Physical Optics, we will begin by considering it. 

^ 133. A moves about a centre of attraction vary- 

ing directly as the dista^ice : to determine the motion. 


Let fa be the acceleration at unit of distance, called the 
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strength of the centre, then P = fjir, and equations [A) 
, become 


drx 

df 


= — fix 


df 


=--fiy 




the integrals of which, see § 8S, are 

^ = cos {Vyat + (1), 

y==A'cosyfit-hB'} (2), 


A, i?, A\ B' being the constants introdLiced in the integration, 
to be cletermined by the initial circumstances of motion. 
Consider the particle projected from a point on the axis of x, 
at distance a from the centre, with velocity V, and in a 
direction making an angle a with Ox. When = 0, we have 
dx rr dy _ 




Fsina. Hence, 


', = A cos B, 




0 = A' cos jB', 

F cos a = — JL Via sin jB, 
F sin a = — Ay ji sin B . 


Expanding the cosines in (1) and (2), and substituting 
these expressions for the constants, we obtain 


X 


V cos a 
Vya 


sin Vya^ + a cos fit 


(3), 


F sin a . 

2/.-= 


(4), 


which contain the complete solution of the problem. Elimi- 
nating t, we have 

[x sin a — y cos a)^ -1- ^ = cf sin® a. 


8—2 
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the equation of the path of the particle ; which is therefore an 
ellipse whose centre is 0. Equations (3) and (4) give periodic 
dso dv 

values for y> such that all the circumstances of 


motion will be the same at the time t H- as at the time t 
f" Stt 

/ The period of revolution is therefore a most remarkable 

result, as it is independent of the dimensions of the ellipse, 
and depends solely on the intensity of the force. 


By taking fi negative in equations (i?), we may apply 
them to the case of a repulsion varying as the distance from 
0. In the integration for this supposition the sines and 
cosines would be replaced by exponentials, and the curve 
described would be a hyperbola having 0 as centre; but 
the motion would not be one of revolution, as the particle 
would necessarily always remain on the same branch of the 
hyperbola. 


134 . Eecurring to equations (A), it will in all cases but 
the one we have just considered be more convenient to trans- 
form them to polar co-ordinates, especially as the general 
polar differential equation of the orbit described by a particle 
under the action of a central force can be easily formed, as 
follows. 


vf 135.) A particle being acted on by a central attraction; 
it v^'Ttquired to determine the polar equation of the path. 


Multiplying the second of equations {A), § 132, by x, and 
the first by y, and subtracting, we obtain 


d^y d^x . 

cu " / y ~ 7,2 0. 


df 


df 


Integrating, 


dy dx 


— y-j 7 = constant = h suppose. 


dt dt 


Changing the variables from x, y, to r, 9, where x^r cos 6, 
y = r sin 9, we get, as in § 24, 
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2 1 . 


or, substituting - for r, 


dO j 2 


Again, 


and therefore 


x = r cos 6 — - 


which gives 


. ^ ^du 
H sine' + cos 0-77i 

dd dd 


h(udi[xd cos 6 by (2) ; 


— — hi u cos 6 4- cos 6 


d%\ dd 


dev dt 


= — hV (21 cos 0 + cos 0 ^ 2 ^ , by (2). 


But, by the first of equations (A), 


— — P cos d. 


Equating these values of , and dividing by cos d, we 






This is the differential equation of the drbil “described ; 
and as, in any particular instance, P will be given in terms 
of r, and therefore in terms of u, its integral will be the polar 
equation of the required path. 
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136. It may easily be obtained by the formulae of § IG^ 
and, as this method is instructive as well as useful, we give it 
for the case, when in addition to the central acceleration due 
to the attraction P there is a transverse acceleration T im- 
pressed on the particle. 

Instead of equations (A) we may evidently write (by 
16, 69), 

d^r 


di' 


_ r 


) 


1 

r dt V 


di\_n. 

dt) 


Putting r 


,d£ 

dt 


1 dO 

■ L and u = ~ , then and tl'ie second 

' r dt 


equation becomes 


or 


dt 

dJl 

de 


T 

u ’ 

rr 

■ * 


Also 


du 


d^_dr dd , 

dt dd di ^ d6 ' 


d\ 

W 


7 2 

■'‘“ie*- 


1 du 
udd' 


and 


= AV. 


Therefore 


- A V 


2 ^dhi 


dd^ 




or 


^ - P 


1 d%(, _ 

udO 

^du 

KVdd' 


1\ 


137. The general integrals of (^4.), (§ 132), whicli are 
difierential equations of the second order, ouglit to contain 
four constants. One of these has been already introduced in 
(1), and two more will be introduced by the integration of (4). 
If the value of r in terms of 6 deduced from the integral of 
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(4) be substituted in (1), and that equation be then integrated, 
the remaining constant will be introduced, and the path of 
the particle and its position at any time will be obtained. 
The four constants involved in the resulting equations must 
be determined from the initial circumstances of motion ; 
namely, the initial position of the particle (depending on two 
independent co-ordinates), its initial velocity, and its direction 
of projection. 


138. Equation (3) may be used to ascertain the law of 
central attraction which must act upon a particle to cause it 
to describe a given curve. To effect this we must determine 
the relation between and 8 from the polar equation of the 
proposed orbit referred to the required centre as pole : we 
must then differentiate u twice with respect to 6, and substi- 
tute the result in the expression for P; eliminating 0,if it be 
involved, by means of the relation between lo and 8, In this 
way we shall obtain P in terms of ii alone, and therefore of r 
alone. 

When we know the relation between r and 8, from (4), we 
make use of equation (1) to determine the time of describing 
a given portion of the orbit ; or, conversely, to find the posi- 
tion of the particle in its orbit at any time. 

139. The equation of the orbit between r and p, the 
radius vector and the perpendicular on the tangent at any 
point, may be easily obtained from (4). For by Diff. Gale. 
we have 

dj^u . _ 1 ^ 

and therefore P ='^ . 

p ar 

i/ 140. The sectorial area swept out by the radius vector of 
the particle in any time is proportional to the time (§ 24). 

If A denote this area, we have, by Diff. Calc., 
dA 1 .d9 
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and therefore, by equation (1) of § 135, 

dA_l. 

dt~ 2 ^ 

whence A = 

if A and t be supposed to vanish together. 

Therefore the areas described in different intervals are 
proportional to these intervals. 

We also see, by taking ^ = 1, that the value of h is twice 
the area described in a unit of time. 

141. The velocity of the particle at each point of its path 
is inversely proportional to the perpendicular from the centre 
on the tangent at that point. (§ 23.) 

For V elocity ^ ^ 

_ ds d9 
dd dt 


(p being the perpendicular on the tangent from the centre) 
= ~, by equation (1) of § 135. 

Hence, as above, oc ^ . 

P 


142. This equation enables us to express h in terms of 
the initial circumstances of the motion. For, let li be tlie dis- 
tance of the point of projection from the centre, V the velocity, 
and /3 the angle which the direction of jjrojection makes with 
that of R. Then evidently the perpendicular on tangent at 
point of projection = jR sin /3 ; 
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~Esm/3’ 

•whence h = VR sin /3. 

Again, since by JDiff. Calc., 

1 j /duV 

we have 

another important expression for the velocity. 

143. The velocity at any point of a central orbit is 
independent of the path described, and depends solely on the 
intensity of the attraction, the distance of the point from 
the centre, and the velocity and distance of projection. 

dso dn 

Multiply equations (J.) § 132, by -^respectively, and 


add, then 

dx ^30 dy d^y _ ( dx dy 

dt df dt df "" r\di~^^ dt, 

— 

~ df 

(since + y^ = r^, we have + = 

1 d (v^) j^dr 


^Vdt 


hence 


pdr 

~ df 


Also, since P is a function of r alone, let P = (^ (r), tlien 


^v'‘ - -f (j> (r) dr 

J n 


= 01 (-K) - 01 

if at the point of projection v=V,r = R. 
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If the velocity vanishes afc a distance a from the centre, 

and a is called the radius of the circle of zero velocity. 
(Compare § 78.) 

/ 

144. The velocity of a 'particle at any point of a central 
orbit is the sa'nie as that 'ivhich luould he acquio^ed by a par- 
ticle 'moving freely fro'in rest along one-fourth of the chord of 
curvature at the point, drawn through the centre, under the 
action of a constant force 'whose intensity is equal to that of 
the central attraction at the point. 

By § 148, 

1 d (v^) p 

2"Tt ~^ Tt 

dv ^ 

or roj-- — r. 

dr 

And by § 141, 

h 

V — -. 

P 


Taking the logarithmic differential, we obtain 

Idv _ 1 dp 

vdr'~^ pdr’ 


and, dividing the. former equation by this, 
12 1 73 73 P 


where q is the chord of curvature through the centre. Hence 
the proposition, § 82. 


From this it follows that the velocity, V, of a particle 


CENTRAL ORBITS. 


123 


moving in a circle of radius R, under the action of an attrac- 
tion P to the centre, is given by the equation 

V^^PR, 

a simple, and most useful expression 

Y 145. Def. An Apse is a point in a central orbit at 
which the radius vector is a maximum or minimum, and the 
corresponding value of the radius vector is called an A'psidal 
Distance. 

The analytical conditions for such a point are that 

should vanish, and that the first succeeding differential 
(Lu 

coefficient which does not vanish should be of an even order. 
The first condition ensures that the tangent at an apse is 
perpendicular to the radius vector. 


* The results of the last few Articles may he obtained in the following 
manner. 

By §§ 49 and 65 

Resolved part of P along the tangent to the orbit = ~ P .. 

"== Resolved part of P along the normal=P^ 

dS 

Multiply (1) by ^ and integi-ate, then 


From (2) 


m-h- 


= ^-|- 


Also if in (2) we put ^ for v, § 141, and r for p, we obtain 


,.(• 2 ). 




dr 

dp 




or P=-;. , 

, p-* dr 

which is the result contained in Art. 139. 
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Every apsidal line divides the orbit into two farts which 
are equal and similar. 

For the acceleration at any point being a function of the 
distance from the centre of attraction, when the particle has 
reached an apse it must proceed to describe on the other 
side of the apse a path equal, similar and symmetrical with 
the path it has already described, and hence an apsidal line 
divides the orbit into two parts which are equal and similar. 
(Compare, however, Ex. 80 at end of Chapter.) 

146. In a central orbit there cannot be more than two 
apsidal distances. 

For, since the parts of the orbit on opposite sides of an 
apse are similar, the particle after passing two apses must 
come next to one at an equal distance with that of the first*, 
then to one at an equal distance with that of the second, and 
so on. Hence there can be but two apsidal distances. 


147. When the central attraction varies as a power of the 
distance, we may obtain the above result, as well as the 
equation for determining the apsidal distances, directly from 
equation (4) of § 135. Suppose P = then we have 


+ M -- 


Multiplying by ¥ and integrating, we have 

Suppose the particle projected with a velocity equal to 
q times the velocity from infinity at the same distance, and 
let c be the initial value of u, then when u = c, 
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whence 


a = (2*^-1) -^ c- 
du\^ 


n-1 


and therefore j + ^ + (2^ 1) ^l- 

du 

To determine the apsidal distances we must put ^ 
which gives 

_ 1 ) = 0 . 

IfJb 


The form of this equation shews that it can have at most 
two positive roots, which are therefore the two apsidal dis- 
tances. 


Although there can he hut two apsidal distances, there 
may be any number of apses, and the angle between two 
consecutive apsidal distances is called the apsidal angle. 
Generally, to determine this angle, the equation of the orbit 
must first be found for the particular case considered; but 
the apsidal angle may be determined approximately for any 
law of attraction, without first finding the form of the orbit, 
if we assume that it does not differ much from a circle. 


148. A particle revolves in an orbit which is very nearly 
circular, and is acted on by aji attraction varying as any 
function of the distance and directed towards the centre of 
the circle : to determine the apsidal angle. 


If we put P in the form fm^ ^ (u) the differential equation 
of the orbit is ^ 


d\ ^ />6 . / V . 


r- 




If the orbit were circular, we should have 


and 

in which case 


ic = c, 
dh(j _ . 
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When the orbit is very nearly circular we may put 
ii — c-Vx, where x is always very small. Hence 

+C +«;- ;>^(C +«)=0, 


I + c + .« - {<)!> (c) + x^,' (c)} = 0, nearly ; 


and (a) enables us to reduce this to 

or, by a second application of (a), 


the integral of which is (§ 88) 




Hence the general value of 0 which renders = 0, is 

du 


given by the equation 




^ + J? = UTTy 


n being any integer; and consequently the difference between 
any two such successive values of 6 is 


vpm’ 


the approximate apsidal angle. 
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Thus if the attraction vary directly as the power of 
the distance, we have 

<p (u) = ; and cf) (u) = 

whence (f>' (u) = — (n + 2) 

and the apsidal angle is i 

V(3 + n) 

This shews that n cannot be less than — 3, or that the 
attraction must vary according to a lower inverse power 
of the distance than the third, if the circle with the centre 
of attraction at its centre is to be an approximation to the 
path of the particle : and the investigation furnishes a simple 
example of the determination of the conditions of Kinetic 
Stability, which we cannot discuss in this elementary treatise. 

To find the law of attraction that the apsidal angle in 
the nearly circular orbit, whatever be its radius, may be 
equal to a given angle, a suppose, we have 


TT 


_ c4>' (c)| 
-J(c)] 


= a; 


•from which 
or, by integration, 


v'l 

-1/^T _ . 

'^(c) CV aV’ 


lot 


:*W = (l-5).og. 


whence (p (c) = ; 

,and therefore the law of attraction, ixu^ <p (u), is . 

Thus for a = TT we have the law of the inverse square of 


tlie distance, for a = ^ the law of the direct distance, while 

Ji 

TT 

a = corresponds to a constant central attraction. 


V3 


c<p'c 


If 1 — be zero or negative, the form of the integral of 
(b) above shews that w does not remain infinitely small ; i.e. 
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that a circle is not a kinetically stable path under the con- 
ditions. In this case all that (b) can furnish is an account of 
the way in which the orbit begins to differ from a circle in 
consequence of a slight disturbance. 

I 

^ 149. A particle is projected from a given point in a given 

direction and with a given velocity, and moves under the action 
of a central attraction varying inversely as the square of the 
distance ; to determine the orbit. 


We have P = and therefore 


dhi 

d6^ 


+ «-g=0, 



or ^^,(u + 0; 

the integral of which is 

u — = A cos {0 + B), 


or, as it is usually written, 


M = pll + ecos(0-a;)} (1). 


This is the polar equation of a conic section, the focus 
(the centre of force) being the pole. 


It gives by differentiation 

^ ^ e sin (61 - a) (2), 

Let R be the distance of the point of projection from the 
centre; yS the angle, and V the velocity, of projection ; then 
when 0 = 0, 



Hence, by (1), 


If 

fiR 


l=e cos a, 


^ cot /3 = — e sin a. 


and by (2), 
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From these, tan a. == (3), 

/(.* . 2^ 

^ cosec“^ -^ + 1 (4). 

ButA^=F^iJ^sin^A§142; 

1 f .i sin B cos B 

wherefore tan a = • .. ^ f3 ) 

fj.— V It sin' B 

, , , sin^,8 /2 F^ 

— T. — U“7) 

Now (1) is the general polar equation of a conic section 
focus the f)ole; and, as its nature depends on the value of 
the excentricity e given by (4'), we see that 

if F“ > ^ , 6 > 1, and the orbit is a hyperbola, 

, e = 1, a parabola, 

2ya 

F^ < , e < 1, an ellipse. 

J 

^ 150. By § 102, the square of the velocity from infinity at 
distance for the law of attraction we are considering, is 

2yU, 

, and the above conditions may therefore be expressed 

more concisely by saying that the orbit will be a hyperbola, 
a parabola, or an ellipse, according as the velocity of pro- 
jection is greater than, equal to, or less than, the velocity 
from infinity. Illustrations of this proposition are found in 
the cases of comets and meteor swarms. 

/' 

^ The velocity of a particle moving in a circle is also often | 
taken as the standard of comparison for estimating the velo~\ 
cities of bodies in their orbits. Bor the gravitation law of ‘ 
attraction the square of the velocity in a circle of radius R | 

is ^ ; and the above conditions may be expressed in another | 

JUL. , 
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form by saying that the orbit will he a hyperbola, a parabola, 
or an ellipse, according as the velocity of projection is greater 
than, equal to, or less than, times the velocity in a circle 
at the same distance. 

I,, 151. Supposing the orbit to be an ellipse, we shall obtain 
its major axis and latus rectum most easily by a different pro- 
cess of integrating the differential equation. Multiplying it 
dit 

by ^ and integrating, we obtain 


(/duV 

iUJ 




G H- fjiu. 


But when u — j., V\ which gives 




0 = - ■ 
2 li’ 


= = I F=' 

2 2 


Now to determine the apsidal distances, wo must put 
clu ^ 


and this gives us the condition 



which is a quadratic equation whose roots are the reciprocals 
of the two apsidal distances. But if a be the semi-axis 
major, and e the excentricity, these distances are 

a(l — e) and a (1 -i- e). 

Hence, as the coefficient of the second term of (6) is the 
sum of the roots with their signs changed, we have 

1 I 

a (i ~ a (i -b ’ 

= f (0- 
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And, as the third term is the product of the roots. 



1 2/i 


or 

1_2 _ F* 

a R [Jb 

■(8), 

or 

^ -pra ^ 

2 R 


and therefore 

1 ^,2 

2 r 2a 

•(9). 


Equations (7) and (8) give the latus rectum and major axis 
of the orbit, and shew that the major axis is independent of 
the direction of projection. 

Equation (9) gives a useful expression for the velocity at 
any point, and shews that the radius of the circle of zero 
velocity is 2a. 


152. The time of describing any given angle is to be 
obtained from the formula, 



= A/{yaa (1 ““ e^)}y by equation (7). 

From this, combined with the polar equation of a conic 
section about the focus, we have 


dt^ 


V 


a® (1 — ey 


(1 + e cos Oy 


measuring the angle from the nearest apse. To integrate 
this, let 


i + 6 cos 0 ‘ 


9—2 
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Then 


- (1 + e cos 0) — ^ ^ 

cos 0 + e e e 


m 

dd (1 + e cos 6f (1 + e cos 6)- 

1 1 l-e^ 1 

~el+ecos0 e (l + ecos0)'^ 


■■■/ 


de 

(l+ecos 6) 


e(Hj _1 r 

e sin 0 


d0 ^ 
i -j- 6 cos ^ 


1—6“ 1+6COS ^ 1 — 6“ 


sin 0 ^ X -1 

H tan 


sec“ ~ dd 
2 


(H-6)“F (l~6)tan‘ 




1 — e^ 1 + e cos 0 I'x— e^f 

(if6<l); 


1-6' 
1 + 6, 


tan ; 


d 


or= 


sin 0 


l+6cos^ 


;:4 


9 6'' 

V (e + 1 ) cos I + VCe - 1 ) sin 2 


6 0 
4- 1 ) cos - - VC*? - 1 ) sin ^ 


(if 6 > 1). 

Hence the time of describing, about the focus, an angle 0 
measured from the nearer apse is, in the ellipse, 


•Ji 


2 tan" 


1—6 

14-6, 


tan ; 


9' 


• 6 V(1 


sin 0 

1 + 6 cos 0 


that is, ^ of the sectorial area ASP (figure to § 160); and, 
in the hyperbola, 




V(e+ 1) cos “ \/(e- 1) sin 

' " 0 0 
V(<3+l)cos^+\/(6-l)sin- 


, , 2 „ . sin 0 


. 3 


that is, ^ of the sectorial area ASP of the hyperbola. 
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Hence these expressions for the time through any area 
of an elliptic or hyperbolic orbit about a focus might have 
been written down from the known expressions for the area 
of an elliptic or hyperbolic sector. 


153. In the parabola, if d be the apsidal distance, the 
integral becomes 

(since e = 1, a (1 — e) = d, a (1 — e^) = 2cZ}, 


de 

(1 + cos O f 


4 2 


-j 

=^~J 


1 + tan^ 


& 

V 


^ d tan ^ 


\JL54. From the result for the ellipse we see that the 

. This might also have been found 

from the consideration of equable description of areas by the 
radius vector. 


Thus 


2 area of ellipse 

I - 

__ 27ra^ V (1 — 

” V {/Mt (1 - e'O] 


= 2,rv/' 


In the notation commonly employed we write 

n ' 

where which is called the 3Iean Motiorij is 
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155. By laborious calculation from an immense series of 
observations of the planets, and of Mars in particular, Kepler 
was led to enuntiate the following as the laws of the planetary 
motions about the Sun. 

I. The planets describe, relatively to the Sun, Ellipses 
of which the Sun occupies a focus. 

II. The radius vector of each planet traces out equal 
areas in equal times. 

III. The squares of the periodic times of any two planets 
are as the cubes of the major axes of their orbits. 


156. From the second of these laws we conclude that 
the planets are retained in their orbits by an attraction 
tending to the Sun. For, 

If the radius vector of a particle moving in a plane de- 
scribe equal areas in equal times about a point in that plane^ 
the resultant attraction on the particle tends to that point 

Take the point as origin, and let x, y be the co-ordinates 
of the particle at time t; X, Y the component accelerations 
due to the attraction acting on it, resolved parallel to the 
axes ; the equations of motion are 


= Y - y 
df 


( 1 ). 


But by hypothesis, if A be the area traced out by the 


radius vector, is constant. 
dt 


Hence, 


- dA dy dx ^ 
-y— = G, 
dt dt ^ dt 


d^x 


Differentiating, ^ = 0 ; 


or, by (1), 


d\ 

'' df' 

^F-2/Z = 0. 
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Hence, , 

■Xx. CD 

and by the parallelogram of forces (§ 67) the resultant of X 
and T passes through the origin. 


157. From the first of these laws it follows that the law 
of the intensity of the attraction is that of the inverse square 
of the distance. 


The polar equation of an Ellipse referred to its focus i 
2 

u = j{l-{-ecos> 6), 


IS 


where I is the latus rectum. 

dhi _ 2e 


Hence, 


cos 6, 


and therefore the attraction to the focus requisite for the 
description of the ellipse is (§ 135) 


d6^ ■ 


I ' 


Flence, if the orbit he an ellipse, described about a centre 
of attraction ai the focus, the law of intensity is that of the 
inverse square of the distance. 


158. From the third it follows that the attraction of the 
Sun (supposed fixed) which acts on unit of mass of each of 
the planets is the same for each planet at the same distance. 

For, in the formula in § 154, will not vary as unless 
fjb be constant, i.e. unless the strength of attraction of the 
Sun be the same for all the planets. 

Wo shall find afterwards that for more reasons than one 
Kepler's laws are only approximate, but their enuntiation 
was sufficient to enable Newton to propound the doctrine of 
Universal Gravitation ; viz. that every particle of matter in 
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the universe attracts every other with an attraction whose 
direction is that of the line joining them and whose magnitude 
is as the ‘product of the onasses directly, and as the square of 
the distance inversely ; or according to Maxwell’s “Matter 
and Motion/’ between every pair of pa7'ticles there is a stress 
of the nature of a tensio^i, proportional to the joroduct of the 
masses of the particles divided by the square of their distance. 

On this hypothesis, neglecting the mutual attractions of 
the planets, Kepler’s third law should be stated (Chap. XI.) : 
The cubes of the major axes of the orbits are as the squares of 
the joeriodic times and the sums of the masses of the Sun and 
the planet 


159. Suppose APA'io be an elliptic orbit described about 
a centre of attraction in the focus S. Also suppose P to be 
the position of the particle at any time t. Draw PM per- 
pendicular to the major axis AG A', and produce it to cut the 
auxiliary circle in the point Q. Let G be the common centre 
of the curves. Join OQ. 

When the moving particle is at A, the nearest point of 
the orbit to S, it is said to be in Perihelion, 


The angle ASP, or the excess of the particle’s longitude 
over that of the perihelion, is called the True Anomaly. Let 
us denote it by 6. 


The angle AGQ is called the Excentric Anomaly, and is 

Stt 

generally denoted by u. And if ~ be the time of a complete 


revolution, 7it is the circular measure of an imaginary angle 
called the Mea^i Anomaly ; it would evidently be the true 
anomaly if the particle’s angular velocity about S were 
constant. 


160. It is easy from known properties of the ellipse to 
deduce relations between the mean and excentric, and also 
between the true and excentric, anomalies ; this we proceed 
to. do. 


ELLIPTIC MOTION. 


137 


To find the relation between the mean and excentric ano- 
malies. 



In the figure QGA is the excentric anomaly, and the 
mean anomaly is evidently to 27r as the area FSA is to the 
whole area of the elliptic orbit (§| 154 — 159), or as area 
QSA to area of auxiliary circle. 

Now area QSA = area QCA — area QOS 

— \a\b — \a.ae . sin u 

{a being the major semi-axis of the orbit and e the excentricity) 
= 2 ^ sin ■?/.). 

nt I 


Hence 
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161. To find the relation between the true and excentrio 
anomalies. 


We have 

(by Conics) 


QJp ^ (1 ^ ) 

1 H- c cos ^ ‘ 

But 

SP = a — eCM = a (1 — c cos u). 

Hence 

1-c^ 

= 1 — 6 cos 

1 + e cos ^ 

Hence 

^ cos ii’-e 

cos 6 = r , 

1—6 cos U 

and 

, 6 /I— COS0 

1 + C0S(9 


/I — 6 COS u — cos u + e 


V 1 — 6 cos u + cos ii — e 


/(I + 6) (1 — cos u) 

V (1 — e) (1 + cos u) 

therefore 



^ sin 6 


substituted in nt = u — e sin u give tbe expressions obtained 
in § 152. 

162. By far the most important problem is to find the 
values of 9 and r as functions of t, so that the direction and 
length of a planet's radius vector may be determined for any 
given time. This generally goes by the name of Kepler's 
Problem. 

Before entering on the systematic development of u, r 
and 6 in terms of t from our equations, it may be useful to 


ELLIPTIC MOTION. 


139 


rcKiaik, that if e be so small that higher terms than its 
sciuare may be neglected, we may easily obtain developments 
correct to the first three terms. 

Thus u = ni + e sin -14 

= 72 ^ + e sin {jht + e sin in£) nearly, 

— sin sin %%t. 


Also 


And 


- = 1 — e cos ic 


= 1 - e cos (nt + e sin nt) 

= 1 - e cos 72J5 + 2 (1 “ COS 27lt\ 


,de 

^ dt 


= V'{/Aa(l-e% 


which may be written (§ 154) 


. f ^ = (1 _ e^)l, 

(1 4- ^ cos 6) dt 


or 


de 


or 


(l-e*)^(l + ecos^)-*^ = n. 

Keeping powers of e lower than the third 

3 "N dO 

l — 2e cos 6 + cos 26 j = n, 

3 

nt = 6 — 2e sin 6 + sin 26 ; 

4 


whence 6 = nt + 2e sin 6 - sin 26 


= nt + 2e sin (nt + 2e sin nt) sin 2nt 


= nt + 2e sin nt 4- 4e“ cos nt sin nt - sin 2nt 


=-nt + 2e sin nf + -r sin 2nt. 
4 


140 


ELLIPTIC MOTION. 


163. Kepler’s Problem. To find r and 6 as functions 


oft from the equations 

r = a(l—e cos u) (1) ; 



nt — u — e sin u (3). 


These equations evidently give r, 6, and t directly for any 
assigned value of u, but this is of little value in practice. 
The method of solution which we proceed to give is that 
of Lagrange, and the general principle of it is this — 

We can develop 6 from equation (2) in a series ascending 
by powers of a small quantity, a function of e, the coefficients 
of these powers involving w and the sines of multiples of u. 
Now by Lagrange’s Theorem we may from equation (3) 
express — e cos sin u, sin 2% &c. in series ascending 
by powers of e, whose coefficients are sines or cosines of 
multiples of nt. Hence by substituting these values in 
equation (1) and in the development of (2), we have r and 
6 expressed in series whose terms rapidly decrease, and 
whose coefficients are sines or cosines of multiples of nt 
This is the complete practical solution of the problem. 


164. To express the true, as a function of the excentric, 
anomaly. 

Substituting in (2) the exponential expressions for the 
tangents, and writing ^ for V— 1, we have 

if 10 iu iu 

. = 7/ 1 + 

id id \/ i 1 pj iu iu ’ 

whence 


or, putting X 


6^‘^{V(l + g)H-V(i-g)} + fV(i- 
{V(l — e) — + ^)} + l'\/(l ' 

~ 4- e) ~ \/(l — 6) _ 


-e) -f V(i + ' 

e 


V(i + 6) + V(i ~ 

i~X€-^'^ 


1 + a/( 1 ^ 


1 -X6"“ 
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Taking the logarithm of each side and dividing by i, 
2%' 


(9 = ^ {6'“ - e““‘} + ^ - 6-2“} + . . . 


= -w 4- 2 (\ sin 4- sin 2^^ + ~ sin 3w + &c.) (4). 

165. To develop u in terms of t. 

If we have 

y = z + x<f>{y) (. 5 ), 

we obtain, by Lagrange’s Theorem, the development 

/&) - /» +>-4 M /' W + 1*2 £ Ml 

+ rx3(£)’ffwl’-^ 

Now equation (3) may be put in the form 

li -nt-^-e sin n, 

which is identical with (5) if 

y = z = 7itj ir = e, and (y) = sin y. 

Also, as it is the development of ii that we require, we must 
put 

f{u) = u, and f {u) = 1. Hence, by (6) 

y = , + a^smz + ^^ (sm ^ ^ (sin' + &c. ; 

and, substituting for the powers of sin z their corresponding 
expressions in sines and cosines of multiples of 2 ;, 

x~ d /I— cos2.sr\ /cZNVSsin^— sin3^\ 

y-z + xsmz+^^j^i^ ^ + ( 4 


X 


■^172. 3.4 


f d\^ — cos 4 cos 4^\ 


8 


+ &c. 


tX/ (Xj 

: 2 ! 4- ir sin js + ^ sin ’Iz -h (3 sin Sz — sin z) 4 

-6 O 
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or, substituting for x, y, z tlieir values as above, 

u — 7it + e sin nt + sin 2nt + ^ (3 sin Znt — sin nt) 

Z o 

-p — (2 sin 4^nt — sin 2 ? 2 ^) + (7). 

To develop sin u, we recur to equation (3), which gives, 
after the elimination of m by means of (7), 

sin iL = sin nt + - sin 2nt + — (3 sin Znt — sin nt) + &c.. . .(8). 

By the application of Lagrange's theorem to equation (3), 
it is easy to deduce the following expressions : 

sin 2u = sin 2nt + e (sin Snt — sin nt) + (sin 4}nt — sin 2nt) 

+ (4 sin nt — 27 sin ^nt + 25 sin ^nt) + &c. 

Ze 

sin 3w = sin Znt + (sin 4int — sin 2nt) 

gS 

+ -g (15 sin bnt 18 sin Znt + 3 sin nt) + &c. 

&c. = &c. 

Substituting these values in (4), we obtain the value 
3f 6, containing however the quantity X. If we take as its 
& 6 ^ 

approximate value ^ g ^ make the requisite substitu- 
:ions, we obtain 

1 5 13 

6 = nt + (2e — -^ e^) sin + sin 2nt + ~e^ sin Znt + 

vhich is correct as far as e\ 

[The development of u in terms of t is 

m=oo 

u = nt~\-2'% ^ (me) sin m nL 

1 

vhere (me) = - cos m(t — e sin t) dt 

0 

s Bessel's function of the order.] 
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For the development of r and 6 in terms of t, the co- 
^fEcients being Bessehs functions, see Todhunter’s Treatise 
on Legendre' Sj Laplace's, and BesseVs Functions. 


166. In proceeding farther with the development, it 
loecomes necessary to expand \ and its powers in series 
SLScending by powers of e. This is readily done as follows. 

We have 


X = 




— ^ suppose. 


Hence 




E' 


from which, by Lagrange’s Theorem, 


P-P -t- 4- g4 ■ . 


Sind thus the value of X^, being e^E~^, is known. 

The correct value of 6 to the fifth power of e is thus 
found to be 

5 • 

nt + 2e sin nt + sin 2nt + (I^ sin Snt — 3 sin nt) 

+ 2 ® 3 

+ QQ—j- -4 (1097 sin 5nt — 645 sin 3?zi + 50 sin 7it). 

li . 0.0 


167. To develop r m terms of t. 

From (1) it is evident that all we have to do is to 
develop by Lagrange’s Theorem, 1 — e cos as a function 
of t, from nt = Uj — e sin u. 

To develop (1 — e cos u) in terms oft. 

IIe7'e f (y) = l — e cos jr, 

f{y)^esmyi 
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and the form of <]> is the same as before ; hence 

1 — e cos 2 / = (1 — e cos z) 4- x sin z (e sin. z) 



Hence, as before, Substituting for the powers of sines their 
equivalent expressions in sines and cosines of multiple arcs, 
differentiating, and substituting u for y, for z, and e for 
we have 

T 

1 — 6 C 0 S'W = - = 1 — e cos + ~ (1 —cos 2nt) 

CL 

+ -r (3 cos nt — 3 cos Znt) 

o 

+ -g (cos - cos 4<nt) H- &c. 
which gives the radius vector in terms of the time. 

168. Lambert's Theorem. The area of cl focal elliptic 
sector and therefore the time through any arc of the ellipse, 
described about the focus, can he expressed in terms of the 
chord and the focal distances of the ends of the arc. 

If r^, Tg be the focal distances of the ends and c the chord 
of the arc, it is proved in Williamson's Integral Calculus, 
§ 137, that the sectorial area is 


I- ah -4>^- (sin 4 ,^ - sin 


where <(!)j and <p^ are given by the equations 


sinJ-<^, = 2 


r\+_4\ + c 


sin 




and therefore if t denote the time in the arc, 
= (sin 4>^ - sin 
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EXAMPLES. 

(1) A particle describes an ellipse under an attraction 
always directed to the centre, to determine the law of the 
attraction. 


Fi*om the polar equation of the ellipse, centre pole, 



If 1 


and therefore the law is that of the direct distance. 


(2) A particle describes a conic section under an at- 
traction always directed to one of the foci, to find the law of 
attraction. 


In this case 


and therefore 




{1 + e cos {d — a)}. 


P = A V 



AV 1 

a (1 — e^) r'" ‘ 


T. D. 


10 
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. (3) Find the attraction to the pole under which a 

particle may describe an equiangular spiral. 



•■ (4) Find the attraction by which a particle may describe 
the lemniscate of Bernouilli;, the centre being the node. 



/ (5) Find the attraction by which a particle may describe 
a circle, the centre of attraction being in the circumference 
of the circle. 


P 


1 


oc - 
r 


* 


(6) Find the attraction to the pole under which a 
particle will describe the curve 

0 '^ = a'' cos nd, 

and interpret the result when n = — 1. Deduce the law of 
attraction for (1) a rectangular liyperbola, (2) a lemniscate, 
(3) a circle about a point in the circumference, (4) a cardioid, 
(5) a parabola. 


(7) Prove tliat the attraction to the pole mider wliich a 
particle will describe the pedal of a cardioid varies a,s 

_8nJ;;8 

r Deduce tlio law of attraction for a circles ‘about a 

point on the circumference. 


(8) A particle is projected from a given point in a given 
direction with the velocity from an infinite distaiujc, and is 
\mder an attraction varying inversely as the powen; of the 
distance, to determine the orbit. 


Here P= fjbu'\ and therefore 


('eu 


71 - 


U 


= 0 . 
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d'ti/ 

Multiplying by and integrating, 


I ,2 (fdiMV , 2 

s'* Cls) +“ 


1 s r“ 


(laV 2 __ 

Now if a bo the apsidal distarico, 

h: = ifyr^ ^ , a“= - ^ ; 

n — 1 7^ — 1 


therefore 


integrating 


f(ln.V 

\(Wj + 

(^) -i}> 

(le ^ 1 

5m' //y(m^.)’‘-='-l’ 

77. — 

0 = sec"^ (a//<)“ 2 , 


7 - 2 = ar 2 cos O' 


the polar (M] nation of the. rccpiircd orbit. 


(0) A particilo, under aii attraction varying inversely a.s 
t.ho cube of the (lista.nco, is pi'ojocted from a given point with 
any velocity in a,ny direction ; to classify tlxo paths described 
according to th(‘. (urcumstaticcis of projection. 1'’hc curves in 
question arc calh'.d (hte,'i' tipimh. 


The e<iuatiou of motion is 


(Vu 


//“ 




(I). 


The integral of this equation involves exponential or 
circular functions according as ^2 greater or less than 
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unity, that is, according as the velocity at an apse is less or 
greater than the velocity from infinity. 

L Let ™ be > 1, and let ~ — 1 = F ; then 



the integral of which is 

« = ( 2 ). 

Species 1. Let A and B have the same sign ; tlien 

and ~ = ^). 

The values of A and B may in these ccpuitions be ex- 
pressed in terms of the initial distance, and angle of projection; 
but we may put the equation of the curve in a simpler form 
as follows. Let a be the value of 6 coiTOsponding to an apse, 

then when 6 = a, ^ = 0; 

OjU 

or 0 = 

which always gives a possible value of a ; and therofonj 

1 

A^kik ^ , suppose. 
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Substituting, au = ~ -f- 

Hence when ^=a, ai!6= I, or a is the apsidal distance. 
As 9 increases, u increases, or r diminishes ; and when 0 = cc , 
u = cc , or r = 0. Hence the curve forms an infinite number 
of convolutions about the pole ; and, as it is symmetrical on 
both sides of the apse, it must be as represented in the figure, 
where A. is the apse and 0 the centre of attraction. 

Spkcies 2. Let ii = 0, then the equation (2) 

becomes 

aio = 

the equ.'ition of the lo^uxrithmic spiral The nature of the 
curve will be the same if A, instead of B, vanish. 


Species 3. Let i, and B negative, then by equa- 
tion (2), 

Putting // = 0, when ^ = a, we obtain as for Species 1, 

Hence, when 0 = a, a = 0 or r = cc . As 0 increases r 
<kicreases, and when 0 is infinite r = 0 ; so that there is an 




B 
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iulluiU^ muubor of eonvohitlons round tin* poh*. 1’1 h* t*urvi‘ 
luiH an aHynii)l()t<^ pa, railed to OA, n(. a elistanco , 


II. Srueui'is -k k<'t yt 


I, tlu’ii oquatiuii 


InToiitt'a 



1 


teu 

</(P 


(I. 


tlm iiit.t'gral of wliitdi is 

the eajuat-ion of tho reeiproeal spiral. 


111. Sl’Ki'iKs .■), Li'l, < I, anil Iff 1 (t /,*, tli.-u 1. 

// // 


(njnuli<iii (I ) 

,/fP *'■ 

tint iuU\54’ral ol' wlurh Is 

(/// ros /t’ { d "4 i ; 
<ht 


wlu' 


nee 


a L' AwkiO <<). 


Tlaui a is tin? value of 0 (’f>rr<’SpoiHlin|^ to aii up.^^e, and a 
is tin* apsidal (listanee. Thr asympfotrs fa flus eurvr are 
easily found for {iny assigned vuliu' of k, Om • ea.sr e-i re 
prewniteul in the atun‘XiMl tij^pua*. 



T 
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'tllfjb 


(10) A particle of mass m under a central repulsion 
y is projected from an apse at a distance a with velocity 


Jim 


. Find the orbit, and prove that the time from the 


/- ^ Cl 

apse to the distance asJ2 is 


(11) A particle under an attraction inversely propor- 
tional to the fourth power of the distance from a centre is 
projected in any manner; for instance, from an apse with 
velocity n times the velocity from infinity : determine the 
orbit. 


(12) A particle under a central attraction varying in- 
versely as the fiftli power of the distance is projected in any 
manner, determine the orbit. 


Here F = and we have 
Fu 




-f“ ‘IC ’ 




0 ; 


whence 



'0^ 

2 


1 

4 


-f- (7. 


If tlio particle be projected from an apse at a distance n> 
with velocity n times the velocity fi'oin infinity, then 


I 



1 , , /•“ „ , 1 W.> 

and therefore 

4 ^ ^ a/ ’ 

and 

2 

Therefore 

(du\^ ahk* — 1 

\du/ n nar 
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du\’‘ 0^ 


nV —1 


+ ■ 


a 


- l\ 


or 




M) ri^ 

and therefore r is an elliptic function of 6. 

For instance, suppose n < 1, we have 
T — a on mdj 


where 


— _ . _ k = £ 


2-7r* 

(13) A body moves under a central attraction 

^{(a“ + 6‘'* + c“)M'’-2aW}, 
c 

being projected from air apse whoso distance is a (> h) 
velocity ~ , shew that it will proceed to describe th* 
whose equation is 

= a^cn^ --- + V air — , 

G c 

the modulus of the elliptic functions being the exccntri 
an ellipse whose semi-axes are a and &. 


This may be written r = a du 


a9 


(14) If the central attraction bo 

/x{2 (a" + 6")?6^--3aW}, 

and the body be projected as in the last example, pro^ 
the orbit will be the pedal of the ellipse with respect 
centre. 
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(15) A particle under a central attraction varying in- 
versely as the fifth power of the distance is projected from 
a given point with a velocity which is to the velocity from 

2 /() 

infinity as 5 to 3, in a direction making an angle sin”^ -y- 
with the radius vector; find the orbit. 


Here we have 


cJSl n a 

dff^ + « tt - 0 ; 




/dlo\^ . 2 ] 2 /y , 


But if Fbc the velocity of projection, c the initial value 
of u, 

“ 9 2 ’ 

and when u = c, v—V, G = ; 


But 




de. 


/A 9 2 




T8c“ 25’ 


. («■ _ 8 
• • F“V 


Substituting and integrating wc find, after the necessary 
reductions, 

_ . 

’’ “ 2~ 1 + ’ 

where It is the initial distance, and a a constant to bo deter- 
mined by the position of the initial line. 
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(16) If P = 2/4 and a particle be projected at an 

(j 

angle of with the initial distance (H =) ^ , with a velocity 

c 

which is to the velocity in a circle at the same distance as 
V2 to aJS, find the curve described. 

r = R(l-d). 


(17) A particle under a central attraction, varying partly 
as the inverse third, and partly as the inverse fifth, power of 
the distance, is projected with the velocity from infinity at 
an angle with the distance, the tangent of which is a/2, the 
intensities being equal at the point of projection; determine 
the orbit. 


R^r 



Re, 


(18) If P = — 8c“), and a particle be projected 

from an apse at a distance c with the velocity from infinity ; 
prove that the equation of the orbit is 


(19) If P = 2/4 ~ j , and the particle be projected 

from an apse at a distance a witli velocity > prove that it 
will be at a distance r after a time 



(20) The attraction tending to the centre of a circle 

whose radius is a being /4 f r + — j , find the velocity with 

which a particle will describe the circle ; and shew that if 
the velocity be suddenly doubled the particle will come to 
an apse at the distance 8a, 
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(21) If P = + prove that the equation of the 

orbit is of the form 

1 ^ cosi^kd sin^i‘0 

C(^ 

If the particle be projected from an apse at a distance 
a= with velocity -(/yctz/, prove that the equation of the 

orbit is 

and that the time of describing the angle 0 from the apse is 

tan”^^. 

n//x 

« 

(22) If a particle move under a central attraction 
+ z/v.6^ shew that the equation of the orbit is generally of 

the form 

^ 1 — 6 cos (^•0) * 

In the case when the projection talces place at an apse, 
the apsidal distance being and v being equal to h\ shew 
that the ccpiation of the path is 

2ya//;^ 

and that tl)0 time of describing an angle a is 

^ tan Q (6 1 sin 20) whore tan 6 = • 

a \ ^ ' V(2/0 

Determine generjilly the relation between the orbits 
when P = ('///) and when P = (^w) h- vh}\ 

(25) A particle IkS projected in any direction from one 
end of <i uniform straight line each particle of which attracts 
it with an intensity proportional to the distance, prove that 
the particle will pass through the other end. 
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(24) A particle moves in an ellipse under an attraction 
toiidiiig to a fixed point 0 ; prove that the acceleration due 

DD'^ 

to the attraction at any point P varies as Qpr~jjp^f where 

PP' is the chord of the ellipse passing through 0, and DP' 
the diameter parallel to PP'. 


(25) A particle describes an equilateral hyperbola about 
a centre of attraction in the centre, shew that an angle 6 
from the apsidal line is connected with the time t of its 
description by the formula 


sin 2d 


e I 

I ■ 


(26) If V be the velocity of a particle moving in an 
ellipse about the centre, v' its velocity when the direction of 
its motion is at right angles to the former direction, the time 

Ivv 

of describing the intercepted arc = ^^sin“^ — 


(27) A particle moves under a central repulsion which 
varies as the distance from a fixed point; shew that the 
equation of the path described is 

— yjp — P = c, 

where a, 5, c are constants, and determine the curve which 
this equation represents. 

(28) Find the time in which a particle would move from 
the vertex to the cud of the latus rectum of a parabola, the 
coiitre of attraction being at the focus ; and shew that if 
tlie velocity be there suddenly altered in the ratio m to 1 
{nh being < 1) the body will proceed to describe an ellipse, the 
excentricity of which is (1 -- 2m^ + 2m^)K 

(29) If the Earth's orbit bo taken an exact circle, and 
a cornet be supposed to describe round the Sun a parabolic 
orbit in the same plane ; shew that the comet cannot possibly 

/ 2 

continue within the Earth’s orbit longer than the ( — 1 part 
of a year. 
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(30) If a particle, under a central attraction varying* 
inversely as the square of the distance, be projected with 
a velocity equal to n times the velocity in a circle at the 
same distance ; the angle a between the major axis and this 
distance may be determined from the equation 

tan (a — = (1 — tan /3, 


/3 being the angle between the radius vector and the direction 
of projection. 

(31) A particle describes a parabola about a centre of 
attraction (oc residing in a point in the circumference of 
a given ellipse, the foci of which are in the circumference of 
the parabola ; shew that the time of moving from one focus 
to the other is the same, at whatever point in the circum- 
ference of the ellipse the centre of attraction is placed. 

(32) A |)i.irticle is projected from a given point with a 
given velocity and is uncler a central attraction varying 
invorscly as the square of the distance ; shew that whatever 
be the direction of prtyeclion the centre of the orbit described 
will lie on the surface of a certain sphere. 

(33) A particle revolves in a circle about a centre of 

attraction in the centre, the intensity cx the strength is 

suddenly increased in the ratio of m : 1 when tlie particle 
is at any assigned point of its path, and wlieu the particle 
arrives again at the same point the strength is again in- 
creased in. the same ratio; shew that the patli which the 
particki will describes is an ellipse whoso cxcentricity 

__ — 1 

* 

(34) A particle is moving in an ellipse about a centre of 
attraction in the focus ; supposing that every time the particle 
arrives at the nearer apse the strength is diminished in the 
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ratio of 1 to 1 — n, find the excentricity of the elliptic orbit 
after p revolutions, the original exeeutricity being e. 


(85) If the attraction vary inversely as tlic^ s(|uarci of 
the distance, prove that there are two initial directions in 
which a particle can move so that its apse line may coincide 
with a given line. If a,, be the angles which tliese direc- 
tions make with the initial distance c, and 2a be tlie length 
of the apse line, prove that 

cot a . . cot a., = ? — 1. 

^ ^ a 

(36) If the perihelion distance of a comet \s orbit be of 
the radius of the Earth’s orbit supposed circular, find the 
number of days the comet will remain within the Earth’s 
orbit. 

(87) If a comet describe from perihelion, in TOO days, 
compare its perihelion distance with the distance of a ])lanet 
which describes its circular orbit in 042 days. 

(38) In tlie case of planets and comets provci th(^ follow- 
ing formuke, the letters being the same as in the tcixt, 

(Id .... ... 

- sin 0 = t \ . 

a. e 

— 2 (X cos 4- cos 2// H- j^X'* c-os fh(> -f &c.). 

(80) A body do.scribes an ellipse about tlui focus : prove 
that the times of describing the two pa,rts, into whicJi tln^ 
orbit is divided by the minor axis, iivo to one anotlun- as 
TT-f 2e to '7r~~ 2e, wlic.re e is the excentricity of the ellipses. 
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(40) If Pp, Qq be chords parallel to the major axis of an 
elliptic orbit, shew tliat the difference of the times through 
the arcs PQ, pq varies as the distance between the chords. 

(41) If a comet whose orbit is inclined to tlic plane of 
tlie ecliptic wcl’c observed to pass over the Sun’s disc, and 
three months atber to strike the planet Mars, determine its 
distance from the Eartli at the first observation, the Earth 
and M!a,rs describing about the Sun circles in the same plane 
whose radii are as 2 : 8. 

(42) Shew that the arithmetic mean of the distances of 
a planet from the Sun, at equul indefinitely small intervals 
of time, is 

«(i+|). 

(48) The time through an arc of a parabolic orbit 
bounded by a focal chord oc (chord)i 

(44) If a circle be described passing through the focus 
aud vertex of a parabolic orbit, and also through the position 
oF th(‘, moving particle at each instant, slicw that its centre 
ilescribcB with constant velocity a straiglit line bisecting at 
right angles tlie pcriliolion distance. 

(•15) Shew that the velocity of a comet porpondicular to 
the major axis varies inversely as its radius vector. 

(4G) .1),^ Ix'ing two distances of a comet, on opposite 

si.d(;s of pm’ihelion, iucluding a known angle, shew that the 
positior) of perilndion may be found from tlie ecpiation. 

^ = tan I (sum of true anomaliovs) . tan (<lifforencc). 

a/JJ^ +• V 

(47) In an elliptic orbit find the relation between tlio 
mean angvdar veloci ty about tlie centre of attraction and the 
anguhir velocity about the other focus, and thence shew that 
when e is small the latter is nearly constant. 
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(48) If a, y8 be tlu; groatoHt and leawt angular viduuilbtH 
in. an ellipse about the focu.s, Ibe viean angular vehicity in 

\la -{- s/fi ■ 


(49) Find the maxiimun value of 0 — iit in an eltijiti<! 
orbit, and develop it in powers of e, shewing that it cannot, 
contain even powers. 


If (s) be. this <iuantity. 


H = 2e + 


lie’ nPPe 


(oO) If P=-.g!i’ (1 +/c’ sin“ ey K tind the orbit, ami in- 

torprot the result geonietrieally, 

Firul the c<piatiou of the orbit g(uuu‘ally when I* ^ 

(51) Shew that if the central repulsion he constant 
( sss Bupposu) wo have the following relation betwtuui iln^ 
radius vector and the time, 

l!=f 

and from this, with tlie help of the eejuation of constant nu»- 
ment of momentum, deduce the difTcu’ential ecpintion of the 
orbit. Show also how tlio apsidal anglo may be (leierminetL 

If a partiole, imdc*r a couHtant (uujtral repulsion, he pro- 
jectcnl from an a|)He with the velocity acapiiretl fnnn tlm 
centre, find the orbit 

(52) A particle movoB about a centres of atiraetiem, and 
its velocity at any point is inversely proportional to the (tiH» 
taneo from the coritrcj of attraction ; sliew that its path will lie 
a logarithmic spiral. 

(53) Shew that the only law of central attriw‘tion for 
which the velocity at each point of the orbit can be cajual to 
that in a circle at the same distance is that of the inverse 
third power, and that the orbit is the logaritlmiic spiral. 
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(54) If a number of particles, describing different circles 
in the same plane about a centre of attraction oc JT'\ start 
together from the same radius, hnd the curve in which they 
all lie when that which moves in the circle wliose radius is a 
has completed a revolution. 


(55) If V be the velocity, and P the attraction at distance 
r in a central orbit, and if P\ r be similar quantities for 
the corresponding point of the locus of the foot of the perpen- 
dicular on the tangent, shew that 




2 . 


(56) A particle attached to one end of an elastic string 
moves on a smooth liorizontal plane, the other end of the 
string being iixed to a poitit in the plane. If the path of the 

j , 

a and r being the natural and stretched lengths of the string. 
If the orbit be nearly circular, lind the apsidal angle. 

(57) A particle is describing a curve about a centre of 

• . 1 . 

attraction, and its velocity o: find the law of attraction and 

the equation of tlie path. 

= cos (n - 1) ((9 - a). 


(58) A particle projcicted in a given direction with a 
given velocity and attracted towards a given centre has its 
velocity at every point to the velocity in a circle at the same 
distance as 1 to ^2 ; find the orbit described, the position of 
tlie apse, and the law of attraction. 




COB 




(59) If a particle move in a circle of radius r, about a 
centre of attraction distant a from the centre of the circle, 

11 


T. B. 
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(48) If a, /3 be the greatest and least angular velocities 
in an ellipse about the focus, the mean angular velocity is 

Va + V/3' 


(49) Find the maximum value of d — nt in an elliptic 
orbit, and develop it in powers of 6, shewing that it cannot 
contain even powers. 

If @ be this quantity, 


© = 2e + 


lle^ 
3 . 2 " 




+ &c. 


(50) If P fjbu^ 6) find the orbit, and in- 

terpret the result geometrically. 

Find the equation of the orbit generally when P = 


(51) Shew that if the central repulsion be constant 
{=f \ suppose) we have the following relation between the 
radius vector and the time, 


r rdr 


and from this, witli the help of the equation of coM8ta.nt mo- 
ment of momentum, deduce the differential equation of the 
orbit. Shew also how the apsiclal angle may be dcttvrmiiuMl. 


If a particle, under a constant central repulsion, be pro- 
jected from an apse with the velocity accpiired from the 
centre, find the orbit. 


(52) A particle moves about a centre of attraction, and 
its velocity at any point is inversely proportional to tlie dis- 
tance from the centre of attraction ; shew that its path will be 
a logarithmic spiral. 

(53) Shew that the only law of central attraction f()r 
which the velocity at each point of the orbit can be ecpial to 
that in a circle at the same distance is that of the inverse 
third power, and that the orbit is the logarithmic spiral. 
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(54) If a number of particles, describing different circles 
in the same plane about a centre of attraction oc start 
together from the same radius, find tlie curve in which they 
all lie when that which, moves in the circle whose radius is a 
has completed a revolution. 


(55) If V bo the velocity, andP the attraction at distance 
O' in a central orbit, and if ?/, P', r be similar quantities for 
the corresponding point of the locus of the foot of the perpen- 
dicular on the tangent, sliew that 


iV 



(56) A particle attached to one end of an elastic string 
moves on a smooth liorizontal plane, the other end of the 
string being iixed t(.) a point in the plane. If the path of the 

( 7'Cl \ “ 

, 

a and r being the natural and stretched lengths of the string. 
If the orbit be nearly circtilar, lind tlie apsidal angle. 

(57) A particle is describing a curve about a centre of 

• . 1 . 

attraction, and its velocity cx find the law of attraction and 
the equation of tlie path. 

. Q = cos (n - 1) (^ - a). 

(58) A particle projected in a given direction with a 
given velocity and attracted towards a given centre has its 
velocity at every point to the velocity in a circle at the same 
distance as I to V2 ; find the orbit described, the position of 
tlie apse, and the law of attraction. 

(59) If a particle move in a circle of radius r, about a 
centre of attraction distant a from the centre of the circle, 


T. B. 
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(64) A particle P describes a cycloid ABG under an 
.attraction tending to 0 the middle point of the base. If 
jPM be drawn perpendicular to the axis OB, and PT the 
t-a^ngent meet OB in T: the angular velocity of the tangent 
will vary as OM . OT inversely. 

(65) If r, y) be the radius vector and perpendicular on the 
fcixngent at any point of the curve described by a particle under 
ja^n attracti(.)n P towards the pole, and a force T along the 
tangent, shew that 

drv dp) 

For an attraction P to the pole, and a force ISf in the 
x'lormal, prove that 



((>6) A particle describes the nth pedal freely under 
ctii attraction tending to a pole : find th,e law of at- 
' traction. If the curve be a rectangular hyperbola, and 
•the pedals be formed with respect to its centre, j)rove that 
'the nth pedal will be the orbit of a particle moving under 

O n+l 

ctn attraction varying as r , where r is the distance from 
*tlie centre of attraction. 

(67) A particle describes an orbit round a centre of at- 
•traction in, a periodic time P. Straiglit lines arc drawn from 
point to represent tlie accelerations of the particle at ecpial 
intervals of time r, during a complete revolution. If P = nr, 
•whon n is an indefinitely great whole number, shew that 
•tliese straight lines will represent a system of forces in ctjui- 
librium. Show also that if tlie attraction vary directly as the 
<.listance, the result is true if n bo not great. 

((58) A particle describes an orbit about a centre of at- 
traction. If tlie centre of attraction be replaced by the 
particle, and the orbit for any complete number of revolutions 
Toy a fine wire whoso section varies inversely as the velocity 
;i,n the corresponding orbit, and every point of which attracts 

11—2 
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by tbe same law as the centre of attraction did, shew that 
the particle will be in equilibrium : determine also the 
nature of this equilibrium (1) when the attraction varies as 
the distance, (2) when it varies invei-sely as the square of the 
distance. 

Shew that if the orbit be an ellipse, described about a 
centre of attraction in the focus, the centre of mass of the 
wire is midway between the centre and the other focus. 

(69) If a uniform string under a central repulsion P per 
unit of length assume the form of a certain curve, prove tliat 
the same curve will be described by a particle of unit mass 
under a central attraction P2\ the velocity at any point being 
numerically equal to the tension T of the string. 


(70) If ^ if particle be projected 

from an apse at a dist ance nc > 1) with velocity wliicli is 
to that in a circle as Jrir — 1 : n, prove that it will describe 
a branch of an epicycloid, and find the time to a cusp. 


(71) Shew that if an ellipse be described under an 
attraction / to the focus S, and an attraction f to the focus 
//, and /SP=r, i/P=K, 


dr dr 




(72) Prove that if/=^ 


r’* 4- 
8aV ’ 


/ s„v» • 


ellipse can be described freely, and that the velocity at any 
point will be n ^ n being the mean motion in 


the 


under an attraction to a focus. 


(73) A particle describes an ellipse under two attrac- 
tions tending to the foci which are to one another at any 
point inversely as the focal distances: prove that the velocity 
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V 


tries as the perpendicular from the centre on the tangent, 
ti tha,t the periodic time -f , ka, kh being the 

locities at tlic ends of the axes. 


(74) Prove that a particle can describe a parabola under 
ropulsion in tlie focus varying as the distance, and another 
parallel to the^axis always of three times the magnitude 
-fche repulsion; and that if two equal particles describe the 
^rrae parabola under these forces, their directions of motion 
always intersect in a iixed confocal parabola. 


(75) Prove that a lemniscate can be described freely by 
^ particle under two central atti'actions of equal strength to 
foci each varying inversely as tlic distance ; and that the 

velocity will he always equal to being the strength 

of attraction. 


(76) If a particle move under an attraction fir to the 
point S, and a repulsion from the point prove that 


.,dd , 

Mr -^+Mr 




cl£ 

(it 


^ constant, where 6, 9' are the angles r, r' make with SS'. 


(77) The velocity of a point is the resultant of the 
^olocities v and v along radii-vectores r and r measured 
fr<om two fixed points at a distance a apart. Prove that the 
-o orresponding accelerations are 


(Iv vv' 
(it 2rV*' 


(r^~r‘^ + a‘0, 


XLXXd 


vv 


(W 
(It ^ 2rT 


3 + 


(78) A particle describes a circular orbit about a centre 
of attraction Ksituated in the centre of the circle ; prove that 
fine form of the orbit will be stable or unstable according as 

t>bc value of for = ^ , is less or not less than 3, P 

a log u Cl 
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being the central attraction, u the reciprocal of the radius 
vector, and a the radius of the circle. 

(79) If the equation for determining the apsidal d [stances 
in a central orbit contain the factor — shew that ii = a 
cannot correspond to an apse unless p be of one of tlie forms 

4m + 2 or . If the factor it — a occur twice, then a 

2n + l 

will be a root of the equation 

(P{u)-hV=0, 

where ^ (u) is the central attraction. 

(SO) Examine carefully the case of an apse where tlie 
centre of attraction coincides with tine centre of curvature. 
Shew that the particle will, after passing such ah apse, de- 
scribe a circle about the centre of attraction, but tliat the 
motion will be unstable. 

(81) A particle is projected from an apse under tlie 

attraction with a velocity being very 

a 

small and a the initial distance, determine the apsidal anghj 
and the other apsidal distance. 

(82) A particle moving in an ellipse about the focus 

is under a central disturbance which varies as cos k0,. 

where 6 is the longitude measured from the near(‘.r apsti, 
and k is nearly unity. Prove that in one revolution tlu^ 
apse line turns through an angle a, given by 

(27r -f- a) cot a = constant. 
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CHAPTER VI. 

CONSTEAINEB MOTION. 

169. We come now to the case of the motion of a 
^o-x'ticle subject not only to given forces, but to undetermined 
^< 3 £tctions. This occurs when the particle is attached to a 
^ x:ed, or moving, point by means of a rod or string, and when 

is forced to move on a curve or surface. 

In applying to a problem of this kind the general equations 
of motion of a free particle, we must assume directions and 
ixatensities for the unknown reactions, treating them then as 
pcnowii, and it will always be found that the geometrical 
cii^'cainstanees of the motion will furnish the requisite number 
a'£ additional equations for the determination of all the 
xjLxi-known quantities. Thus, if the particle he attached to a 
strung, there is no tension of the string unless it be straight; 
Baxxd then its lengtli furnishes an additional datum. 

One case of this kind has been already treated of (| 84), 
xiavinely, that of a particle moving on an inclined plane under 
g^ravity. There the undetermined reaction is the pressure 
oxx the plane, which however is evidently constant, and equal 
to the resolved part of the particle’s weight perpendicular to 
tlxo plane. 

Tlie laws of kinetic friction are but imperfectly known, 
O/Xid the few investigations which will be given of motion on 
Oi rough curve or surface arc of very slight importance. 

170. The simplest case is 

A is constrained to move 07 i a given smooth plane 

a'lirve^ mider given forces m the plane of the cicrve, to determine 
the motion. 

Taking rectangular axes in this plane, the given forces 
xnay be resolved into two, X, F, parallel respectively to the 
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axes oft^'aud y, the mass of the particle takcai jus unity. 

L) addition there will ho It, tlu^ pn^ssun^ Ix'Iavumui j.lit' rMWi^. 
and particle, which acts in the liormal to tlui eurv(‘, since thu 
curve is smooth and tlnn’e is tlierefon,'. no Trie, lion. 

Lot P bo the position of the pnrtich^ a,t the t-inn* t; and 



let the force.s A" I’', It, a(;t on tln^ ])a,rti{do as in (.In* li'pin*. 
yn.)ein^>- (‘sliniat(Ml positives towards I InM-cntre of eurvuiure. 
Jlraw .77\ a tan^asnt to tins eonstraininn’ (surve a.t P, Tln'u 
the direction cosines of TP nxo 

(la: (hj 
riv’ 

and those of Pit a-rts 

Tins (‘(ptations of motion a, re 


d=.r 

dtr " 



( 1 ). 

(Pj! 

df ~ 



( 2 ). 


Theses two ecjuations, togistlnsr with the fM{uatiou of the 
given curve, are sufficient to (letenniins tins motion eompletelj. 


t I iN.ttHA t .V Kl» «ijTH IS 


l(!{> 


I'li I'tiiiiiliiltr ii, iiitilfijily 1 1 ) , i liy ^ niitf add, 

Wi* I liii ’1 ‘ difiiiii. 


ilr tt-.r f/f/ tPtf 
«lll***^ . ..i f 


ii,r d 

ilf i/ 

Ml, ivi w** inity tl, 


(iM tid (Im dd 

thi dSi ih ttfi y dj" r/i/ 

It ,ir * .It .ir ,it tie ” *' iii ' * tit. 


.(«). 


tl*M dj' i/y 

tie " •' titt * * Jh ■ 

wliii’h iiiiulit III iiiiw hava lawn atitatiiiHt hy nmcdviag along 

Ntiw, it liiia lima* ahowii in C’hnji, II. that if* the* foraea 
rfmiivia! intn X and V art’ auf*h m ntantr in untune 


Xda- f Ydi^ 

in till’ nanjilntn diflVnaitiid nf huuw ;y). 

Integra ting (Hi nii tliia hy{H*ilin.Hia, wn Imvn 

•■(;/?)'} W' 

P lit rnfirriinnt thu vi^haaty t»f tin* partiinin at tln^ 

|itniit aa/. 

till’ jmrtitdo to niart at tim tinin from a 

liHtnt wiawi^ ru«tirdinato?4 aro a* th with a vtdcit!ity I^. 

\\%* tiavi% from ( 4 l, 


jUkI ihi'li lMtc I'* I"’ t «/»(«*, /») </>(•'•'/) (•”')■ 

dlini nliott.H iliiti II nnirttniini’ti to iintvn nndnr thn 

tiirrrn X, r, iiloni^ any j»ath wliatovi^r froin tlin jinint a, b in 
f ill’ >f\ y, hir-n tni arriving at th*’ latti^r j«4nt, thn kinntin 
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energy increased by a quantity entirely independent of the 
path pursued: another simple case of the conservation of 
energy. 


171. To find the reaction of the constraining curve. 

Resolving along the normal PiJ, towards the centre of 
curvature, 




ds‘’ 


or 




d?y 

ds^' 


whicli may also be written 

p ds ds 

This might, of course, have been obtained from (1) and 

d^x 

(2) above, by multiplying them respectively by p ^ and 
p and adding. 


172. To find the point where the particle will leave the 
constraining curve. 

For this it is evident that we have only to put iJ = 0, as 
then the motion will be free. 

This condition gives 

-fcosfPiJ, 

if F be the resultant of X and Y. 

Hence 

^^ = F^pcosFPR 


where Q is the chord of curvature in the direction PF. 
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Comparing this with the formula (§ S2), we see 

•fchat the particle will leave the curve at a point where its 
Tjelocity is such as %uould be produced by the resultant force 
then acting on it, if continued constant during its fall from rest 
through a space equal to of the chord of curvature parallel 
to that resultant (Compare § 144.) 

This result is, from the analytical point of view, of little 
importance ; but it is of great interest in connection with 
ISTewton’s rnodo of treating such questions. 

173. The formulae just given are much simplified when 
Ave consider gravity only to be acting. Taking in this case 
the axis of y veitically upwards, our forces become 

X = 0 and Y = - g; 

and the velocity, and the pressure on the curve, are given by 

iiv^V when y — k; 

T v^ dx 

and - M’-q . 

p ds 

Suppose we change the origin to the point from which the 
particle’s motion is supposed to commence ; and take the axis 
of y vertically dmorwards ; we shall evidently have 

and if tlie pjirticle starts from rest 

This shows that the velocity depends merely on the! 
distance beneath a horizontal plane through the original i 
position of rest. B once, whatever be the nature of the curved 
on which a particle slides under gravity, its motion will 
always bo in the same direction along the curve till it rises 
to the same level as that to the fall from which its velocity 
is duo. If it cannot do so, its motion will be constantly in 
the same direction ; if it can, its velocity will become zero, 
and the particle will then either come permanently to rest, or 
return to the point from which it started. 


> TP 
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'/ 174. To find the time of a 'particle's sliding down ang 
arc of a citrve under gravity , from rest at the upper extremity 
of the arc. 

Taking the upper extremity as origin and the axis of y 
vertically downwards ; we have 

| = . = V(2i72/); 


and 


= 


ds 

dy 


dy 


'dC-^gy) 


( 1 ) 


if y, be the vertical co-ordinate of the lower extremity of the 
given arc. 

Or, taking the lower point as origin, and axis of y upwards, 
we have, since in this case v tends to decrease , 9 , 


. / -xfi d/'J ( 2 ) 

4 •^{‘^9 iVi - y)] h (y, - y)} 


s'i 175. To find the time of descending from rest at any 
point of an inverted cycloid to the vertex. 


¥ 



Taking formula (2) ; since in this case the vertex is the 
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origin, and the axis is the axis of we have from the figure 
6* = OP = 2 chord OF = 2v'(^0 . ON) = 


if a be the radiius of the generating circle. 


Hence 


and 


cfo _ /2a ^ 

~"V ~y' 


t = 

‘ V r/io V(yy, -r)’ 



which is independent of that is, of the point from which 
the particle begins its descent. 


The reason of this remarkable property will be more 
easily seen if we take the formula for the acceleration in the 
direction of the arc. Wc have thus 


df 


^--gsiii{FOx) 


(since OP' is parallel to the tangent to the cycloid at P) 
--irsm(Od.P') 


-0 


OF 

OA 


— .s* 

^ 4}a ' 

or the acceleration is proportional to the distance from the 
vertex measured along the cycloid. 

'/i76. A partiole, unde7^ g^'avity, moves in a vertical 
circle, to determine the motion. 

Taking the vertical diameter as axis of y, and its lower 
extremity as origin, the equation of the circle is 

X = V(2a2/ - if). 


174 

Hence 

But 
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a 


ds _ 

'Ey~ .J {^ay-y‘) ‘ 


ds 

dt 


- = - >J{2g iy^-y)}, 


if we suppose the motion to be due to the level above the 
lowest point ; and therefore 


dt 

Wy' 


V(%) V{(yi - y) (2ay - y‘)\' 


.( 1 ). 


I. Suppose less than 2a, the particle will then oscil- 
late, and we must put y ~y^ siQ^</>, and then 



d4> 






an elliptic integral of the first kind, of which ^ is the ampli- 
tude and 1 g the modulus. 

Instead of considering t as a function of we must con- 
sider <56 as a function of t given by this equation, and thou 
with Jacobi’s notation put 


= t, 


and therefore 

and the time of vibrating from rest to rest is therefore 


2K \/ where K is the complete elliptic integral 


r^TT 

Jo 


d(f> 


0 V(1 siiri<;i>) ’ 

If the oscillations are indefinitely small, /g = 0 and Ji = Att, 

and 


and the time of vibration from rest to rest is tt a / , 

V ff 

therefore the time of a complete oscillation is . 
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11. Suppose greater than 2a, the particle will then 
perform complete revolutions, and we must put 

2 / = 2a sin*^ 

which gives 


and therefore 
and 




d<i> 


^/(JL — Jc^ sixi‘ <j>) ’ 





1/i 


and the time of a complete revolution is 

2^“A7.. 


When the particle is supposed to be suspended by a 
thread without weight, it becomes what is termed a simple 
penchilum. Such a machine can exist only in theory, but 
Dynamics furnishes us witli the means of reducing the calcu- 
lation of the motion of such a pendulum as we can construct, 
to that of the simple pendulum. It is evident that by its 
means we may determine the value oi g, if the length of the 
pendulum, its arc of oscillation, and the number of vibrations 
it makes in a given time, be known. Since gravity decreases 
(according to a known law) as we ascend above the Earth’s 
surface, the comparison, of the times of vibration of tlie same 
pendulum on the top of a mountain and at its base would 
give approximately tlie lieiglit. Similarly, the comparison of 
tlie times of vil.)ration above ground, and at the bottom of a 
coal-pit, gives information as to the Moan Density of the 
Earth. One of the most important applications of the pen- 
dulum is that made by Newton. It is evident that if the 
weight of a body bo not proportional to its mass, the value of 
g will bo different for different materials. Hence the fact 
that pondidums of the same length vibrate in e(}ual times at 
the same place whatever be the matter of which the bob is 
made, proves, by means of the above formula, the truth of 
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one iKiri of the .L;iw of ( Gravitation : y\y.. ( hai.eetoris parihu ;, 
t ln^ atta'U.etion by one body on anot liiO* is priiporl iounl 

to t.lu' (|ua.ntiil-y of iiia.ttor it eont.ains, and indojH'inIrnt <»t it:, 
(jtaility. 

177 . We nniy (htrnniiH* l ln‘ inot itaj of tlio siiuplo ciivular 
jKaahduin by n'solvin^u;' alont»’ tin* nT(’. ddie dot ail. o{ tbo 
pro<‘<‘Ss will shew tln^ na.ttiri‘ ct the l^Ili[>tie iMmrtinn Iran , 
ion n a, tin ns. 

I^td. 0 he the <‘ontro of (be einto, the viTtitnl raditos 
P the. posit.ion of tlu' paiiiito at (ho time /..and ht. AO!* d 

Htipposi^ tJie niolioii t.o bo duo (t) the lov<‘l fA : tboii uo 
naist disliuLptish (ho (.wo {‘asos in whioli PP <ioo.s and doo . 
not out. t h(‘ oirolo. 




I 

AOP 

anoie 





//I 


\, 




V' 


Suppirsi^ pa to (Mif the in P and (\ and 

a; then (la* pondtdum will osoillati* thriondt 
"ia. 


lot 

an 


'’riuMspiation of inothiu will bo 


lint 


<rs 

dp 


.S’ 


// sin ih 
tt(K 


d-p 

dp 


// 

ti 


sin 0. 


ilK»rt‘fon‘ 
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Multiplying by and integrating 


1 fddy _ g 


2 \dt 


COS 6 — cos a 


■(!)■ 


Let BG cut OA in I); on AD as diameter describe a circle, 
and let PM drawn perpendicular to OA cut this circle in Q, 
and let ADQ = </>. 

d 

Then since AM = a (1 — cos 6) == 2a sin^ ^ 
and AM = AJ) sin'^ cj) = 2a sin^ - sin^ <p ; / • . . y' 

fi rt 

therefore 


.9 .a . 
sin ~ = sm ^ sin 9. 


Substituting in equation (1), we obtain 


'd<pV _ g (., 


(it 


1 — sih"^ ^ sin^ (j> 


and t = 

Therefore as before 


a G* d(f> 7. _ • ' 

ffJ 0^(1 - sin‘'‘ <f>)' 2 ■ , 




therefore 


^ = am 

Vf‘. 

EP^EAdnA/^t, 
V a 


• ^ / 
sin 2 s] 


cos ; 


AP = jli? siiA 


T. D. 


12 
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and 

as before. 



^jlf = J.Dsn* 




II. Suppose BG not to cut the circle, then the pendulum 
■will perform complete revolutions ; let AD = 

Then, as before, resolving along the tangent 


and 

and -when 6 = 0, 


1 fdO' 
2\dt. 

1 

2 


y:=a+2cos 

/ a 

(de\^ _ gvi . 

\dt) ’ 


e-, 


1 ^ gVr 

^\dt) (f 


2. (1 - cos 6). 


therefore 
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Xjet AEJ? = therefore 0 — 2(j>, 


— sm <p 




> orofort 


ntn\ 

a,H "before. 


<p — am 


AM = 2a sn^ 




Tn. the separating case BG touches the circle at its highest 
f »<>i n t E, and y, = 2a, /c = 1 ; therefore 

--=a/;^-cos 4 >, 


__ j a dj> 

V g j Q cos <!> 

= y'^logtang+|), 


. fTT 6' 

tan(^ + ^ 

1 + sin ^ _ 
i — sin ^ 


Jl'c 


77' r /^, ’ 

es/a' + e v..‘ 


wb iolx determines the motion completely. 

JrsiTice ^ = ^tt when J = oo , the pendulum will continually 
u j»i >roach the highest position, but never reach it. 

12—2 
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178. Let DM be a horizontal line, and let LA. bo takei* 
equal to the tangent from L to the circle JBFC', Avho.so centre 
C is vertically under L. Also let FAQ be any lino through A, 



cutting in Q the semicircle on AO. Also make E the image 
of A in LM. Then if P move with, velocity due to the 
level of LM, Q moves with velocity due to the level of E ; .so 
that we have the means of comparing, arc for arc, two differ- 
ent continuous forms of pendulum motion, in ono of whicli 
the rotation takes place in half the time of that in the other. 


Let 6) be a small increment of the circular moasun^ of 
BAF, then arc at Q = OA . co, arc at F = . <w. 


Also, 


velocity at P = V ^TFll 


Hcxicc 

velocity at « V- 
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But 


Hence, 


Pq = JGI^-CQ^ 

■ JGF‘ — Gli . GA (where QR is horizontal) 
■.JGA\J +AR = JGA:ER. 


Q 

velocity at Q=: . ER. 


Thu« Q moves with velocity due to the level of E, and 
constant acceleration 

2PG^-'f- 

Wo have at once the means of comparing continuous 
rotation with oscillation, as follows : 

Let two circles touch one another at their lowest points ; 
compare tlie arciial motions of points P and p, which are 



always in the same horizontal line. Draw the horizontal 
tangent A B, Then, if the line MPp be slightly displaced, 

arc at P AO Mp AO / aM. MO AO / aM 
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Thus, if P move, with velocity due to g and level 
continuously in its circle, p oscillates with velocity due. to 

q . and level AB. 

^ AO' 

Combining the two propositions, we arc enabled to 
compare the times of oscillation in two different arcs of the 
same or of different circles. 


It is obvious that the squares of the sines of the quarter 
arcs of vibration which the combination of the above pro- 
cesses leads us to compare are (in the first figure), 

GA , G'B , 

and respectively. 


Calling them i and and putting DA == a, AG — we 


have 


Hence 


2j2ae + e' 


¥ 2a’\-e' Ic^ 


4 

k 


or 


X + i + 2- 


1 

1-^ k * 


Lagrange's transformation is equivalent to 

. , 2jTcsm.d 

sin 6 = , 

^ l^k sin^ 6 ' 

which,- for limits 0 and for ff, gives 0 and for (f>; 
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and we thus have 



whose application to the pendulum problem is obvious, 

Proc. R.S.E.,l&Il—2. 

' 179. To find the pressure het^ueen the circle and the 
particle, or the tension of the string. 

The reaction R being measured positively as a tension 
between the particle and the centre, 

ii = - 4- g cos 6, 
a ^ 

In the figure of § 177, let AD = BG being the level 
to which the motion is due ; then 

= -cos^i)}, 

and therefore 

1^ = 0 — 2 (1 — cos 6) + cos 

This expre.ssion for R admits of the value zero, if 

or y,>|a. 

It may happen however that when the particle oscillates, 
the points thus found may not Hu within the arc which the 
particle passes over. 

The particle will oscillate if y^<2a. Now in order that 
the points whore It vanishes may lie within the limits of 
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<iscill:i.l.iiiii, l.h(> v!>,lu(! of <j()s $ fo^ former must not be less 
(ha.li tiiaif. (o! Lu(i Ijit.tor, and t/hterofore 




y, <fc a. 

1 } 

llanai*, li n- < v/^ < r/., tliore will be a point at wliicli Ji 

vaih.s!u‘s ; ;uul if* i.lu^ particle be moving on the concave side 
of a Hmotidi cir(dt% or \n\ attached by a string to a fixed point, 
tlu^ cirrubir inotiun will cca.so at this point; the particle will 
lall oil tla* (ir(*Ie. in t.lu^ one case, and the string will cease to 
h(‘ in the; other. 


if, however, th<^. partiede. bo confined in a circular tube, or 
atta(*ht‘d^ te the cunitrci by a light rigid rod, the pressure on 
Ui(‘ particle will act outwards from the centre, or the stress 
in tht* nn! will ehang(5 from a tension to a pressure. 

btyond t.h<‘S(^. limits it is evident we shall have complete 
revolutions if r/,, and oscillations if y^<Cb^ without 

of sign of !l, or without the string becoming vslack. 

Also, by wluit W(^ have before shown, if the particle bo 
(’onstrnined by a c-in-uhir tube or light rigid rod, it will 
(iseillale if ; if ;//, — 2a, the particle will reach the 

highost point afti*r tlui lapse of an infinite time, and if 
//j « (lit* part.i(de will rcwolve continuously. 

180. TitH> points being gvoe% which are neithm' in a 
irriirtt! nar in a horizontal line, to find the curve joining them, 
(loinn. mhirh o, pttrtivle slidinig under gravity, and starting 
from rest at the higher,will reach the other in the least possible 
(irnr. 


1’1m* (‘nrv<‘ must, evidently lie in the vertical plane passing 
lljrtviigh tin* |)<nulH. For suppose it not to lie in that plane, 
project it ort.hogonally on the plane, and call corresponding 
ctcincnfs of the curve an<l its projection a and cr'. Then if a 
pnriiclt^ Hlide down the projected curve its velocity at a will 
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be the same as the velocity in the otlu^r at a. But cr is 'never 
less than cr', and is generally greater. Hence the tiuKi tlirough 
a is generally less than that through cr, and never greater. 
That is, the whole time of falling through thc^ projeef-ed curve 
is less than that through the curve itself. Or tin'. rc(|uired 
curve licis in the vertical plane through the points. 


Taking the axes of x and y, horizontal, ;uid vertically 
downwards, respectively, from the starting point; if be the 
abscissa of the other point, the time of descent will be 




ds 
dx 


dx 


0 V(2^2/) 
‘V(l ±i^) 


dy 

; or, writing 


dx . 


Applying the rules of the Calculus of Variations, w'c have, 

T7 V ( f 

cc F or 

V 

for a minimum, 


since V or + ^ function of y and p, the condition 

^/y ^ . 


, y. d V 

the differential coefficient being partial. 


This gives 


or 


'^0±£)_ ,c 

'iv 

V//V(f suppose. 


Hence 


dy p V a-y' 


the differential equation of a cycloid, the origin being a cusp 
and the base the axis of x. 


Tliis is a problem celebrated in the history of Dynamics. 
The cycloid has received on account of this property the name 
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of Brachistochrone. Farther on we propose to investigate 
the nature and some of the properties of Brachistochrones 
for other forces besides gravity. For an investigation not 
directly involving the Calculus of Variations see Appendix. 


. 181. A particle moves on a smooth plane curve under 
an attraction to a fixed centre in the plane of the curve ; . to 
determine the motion. 

Let r=f(6) be the polar equation of the constraining 
curve about the centre of force as pole, and let P = (^6 (r) be 
the attraction on a particle whose distance from the centre 
is r. 


Eesolving along the tangent at any point, 

d^s _ p dr 
df^ ds 


(!)• 


Hence, = y = C'- (2). 


Equation (2) contains the complete solution of the problem 
so far as the motion is concerned; since, by means of the 
equation of the curve, either r or .s* may be eliminated from 
it, and if the resulting differential equation be integrable, it 
will give s or r in terms of t 

For the pressure on the curve. Resolving along the 
normal at any point, p being the radius of curvature, we 
have 

V^ r. dO 

<•«' 

an expression which by means of the foregoing equations will 
give M in terms of t or r. 

Hence the solution is complete. 


182. Whe7i the constraining cu7've is tortuous. 

All we know directly about M is that it is perpendicular 
to the tangent line at any point. 


« 
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Resolve then the given forces acting upon the particle into 
three, one, T, along the tangent, which in all cases in nature 
will be a function of j;, y, z and therefore of .s* ; another, N, 
in the line of intersection of the normal and osculating planes 
(or radius of absolute curvature) ; and the third, P, perpen- 
dicular to the osculating plane. 


Let the resolved parts of R in the directions of N and 
F be P,. Now the acceleration of a point moving in any 

manner is compounded of two accelerations, one or v 

along the tangent- to the path, and the other ™ towards the 

centre of absolute curvature, the acceleration perpendicular 
to the osculating plane being zero ; and therefore 


df 


.( 1 ). 


This equation together with the two of the curve is suffi- 
cient to determine tlie ^notion completely. 

Also - = + (2), 

P 

and P being considered positive when acting towards the 
centre of absolute curvaturci ; this equation determines Ji^. 

Now R.^ is the reaction which px*events P’s withdrawing 
the particle from the osculating pljuie; and therefore 

GV 

(2) and (3) give the resolved parts of the pressure on the 
curve. 


Also R — its direction makes an angle 

= tan"^ osculating plane. 


183 . In Art. 175 wc arrived at the remarkable property 
of the inverted cycloid, that a pai'ticle falling under gravity 
from rest at any point of the curve reaches the lowest point 
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in the same time, whatever be the point of the curve from 
which it starts. Let us find foT ivhai forces an analogoiLs 
property is possessed hy any other given curve. 

Let the forces resolved along the curve have a coniponont 
= '-(f>\s), where s is the distance from the point to which 
the time of fall is constant: then, 

S— w- 


If the particle starts at a distance/; from the :fixod point, 
the velocity— 0 when s = Ji\ Hence the corrected integral 
of (1) is 


1 

2 




and we have 


rJc 

V2t = 

J 0 


ds 




if T be the time of fall to the lixed point, which is by 
hypothesis to be independent of k 


Put s = hz, the limits of z arc I and 0, and 


V2t = 


hdz 
(k) - cf) 


r 


and, that this may be independent of /j, wc must obviously 
have </) (/;) — cf> {kz) = k\f{z). 


This may be put in the form 


’t>3 



=/0). 


from which, by inspection, we obtain 




in 
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Oi' we might have pi'oeeeded as follows. 
Put y^- = '>p'k, theu •v|r (k) —s‘'\}r {kz) = fz. 

IC 


By cliffercTxtiation with reo-ard to h, 

'yjr' (/ii) — [kz] = 0, , 

This shows tliat (/;) Ls an absolute constant. 

Hence, or by (2), 

<l>' (s) = CV 

Thus, by (1), S = (3X 


that is, the resolvcid force along tlic curve must be propor- 
tional to the arcual distance from the fixed point. 


Hence, if -AT, F, Z bo the impressed forces, 


JY 


't+rf + zf.-a. 

(ts ihs ds 


is the condition tliey Tuust satisfy at every point x, y, z of the 
given curve. For such forces tlxo given curve is said to be a 
Taiitochrone. 


By § 90, the time of descent is 

T = ^ . Hence 0 = y 

2V0 4t' 


184. To Jhul the lirachistoohrorie for a particle subjected 
to any forces which inake Xdx H- Ydy h- Z dz a complete dif- 
ferential of three mdependent variables. 


Generally 



between proper limits, is to bo a minimum ; and therefore, 
taking its variation, 


fvSds — dsSv 
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But the equation of energy is 

\v'^=j{Xaso+Ydy + Zdz)-, 

and gives vZv = XSx + YBy + ZSz, 

or ds Bv = (XBx -i- YBy + ZBz) dt (2). 

Again ds^ = da,^ + df 4- d^, 

and I Bds = vBds = Bdx + ^ Bdy + Bdz (3). 

Hence (1) becomes, by (2) and (3), and since d and B fol- 
low the commutative law, 

-J^(XSz>-t-YBy + ZBz)dt 



by integrating the first term by parts. The intcgrattid terms 
in [] belong to the superior, those in (} to the inferior, limit. 

But, if the terminal points are given, we have at both limits 

Siv = 0, Sy = 0, 85 = 0, 

and therefore the terms independent of the integral sign 
vanish. In order that the integral may be identically zero, 
we must have, since SXj Sy, Ss are independent, 

d /I dx\ X 
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with similar expressions in y and The elimination of ty 
and V or ^ , from these equations will give us the two diffe- 


rential equations of the curve required, the forces X, Y, Z 
being by liypothesis functions of Xy y, ^ only. 


185. But without getting rid of v we may prove two 
properties common to all such Brachistochrones, 


Eliminating t from (4) we have 

dfldx\^X_. 
^ dsyi/ ds) ^ ^ 


or 


dvdx , -.r /rs 

" + 


with similar expressions in y and z. 


Multiplying those in order by X, /x, v and adding ; if we 
take X, fjby V such that 


dh) d^y d^z 


di^ 


ds^ 


we shall have also 


. dx , dy . dz . 
X , - +• 4- z/ -j” = 0 

ds ds ds 


XX 4- yu-F-i- vZ ^ 0. 


.( 6 ), 


.(7). 


Now (6) shows that the line whose direction cosines are 
as X, fjL, Vy is perpendicular to the radius of absolute curvature 
of the path, and also to the tangent ; that is, it is normal to 
the osculating plane. Also by (7) the same line is perpen- 
dicular to the resultant of X, F, Z, 


Hence, the osGulatiny plane at any point contains the 
residtant of the ivvpressed forces. 

Again, if p be the radius of absolute curvature, 
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and its direction cosines are 


d'‘x d^y 


P 


ds^’ 


^ ds^’ ^ ds 
therefore, multiplying equations (5) by 



d^y 



ds^^' 

ds^ ’ 

and adding ; 

noting that, since 



/da)\^ fdyV 

[dsj ^ [dsJ 

(dz\ 

[dsJ ~ 

we have 




dx dy d^y 

"ds "ds^ ^ ~ds ds^ 

dz d^z _ ^ 
ds ds~ 

we obtain the equation 



+ 

1 

II 



ds"^. 




or the normal component of the impressed forces in a 
Brachistochrone is equal and opposite to the normal com- 
ponent of the forces which with the same velocity would 
cause the Brachistochrone to be described freely. 

The velocity in the curve supposed to be a Bracliis- 
tochrone or a free path being the same, the tangential 
component of tlie impressed forces must be tlie sanu,^, and 
tlierefore if we reflect the impressed ibreo in the tangen.t at 
every point, the Brachistochrone \)ecomes a free j)ath, and 
vice versa ; in this way from the known properties of free 
paths we can find for what forces they are Brachistochrones 
and conversely. 

Thus from the properties of free parabolic or elliptic 
motion we obtain that, a parabola for a constant repulsion 
from the focus, or an ellipse for a repulsion from one focus 
inversely as the square of the distance from the other focus 
is a Brachistochrone, the circle of zero velocity being evanes- 
cent. 
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186. If tlic terinina.l poinLs arc tiot (Icfiiiitcly assigned 
(if, for instancx), it 1 )cj nMjiiiixMl to find tlio line of swiftest 
diiscxudi from one givcni cairve to anotlun-) wo liavo no longer 

- 0 , Si/ - 0 , - 0 

at the limitn; bitt, with (.In^ riMjuisitci modifications, the pro- 
cess in § I.S t enables ns to find the propin* conditions in any 
case. Hncli, epusstions, howiwiu-, involve dinicidties bedonging 
rathe, r to (Jalculus of Vairini.ions tlian to Kinetics. 


Thus, snpixxse tha,t tlu‘ llnal point of the path is to lie on 
wo have 


dF 


dF , 


dF 


‘0. 


.(1). 


7 &«-i-7 %+ , 

d:v d‘i/ d. 


Also l.hat [] may vanish, which is necessary in order that 
may be :<ero, we must have 

W- 


Now th(.^ <ndy relation iHdnveeii Sx;, Sy and Sz is (1), to 
which (2) must tlnuxibrii Ixj (xpiivahmt: lienee 

d.r. dy ^ dz dF ^ dF ^ dF 
dt ‘ dt ‘ di ” dx * dy ‘ dz ” 

Thesis (xpiations sliow tliat tlu^ moving particle meets 
the t(*.rminal surfaxu^ ?it right angk^s. A sixnilar con(liti()U is 
easily scum to hold if tlu^ itiitial point of tlu‘, path is also to 
lie on U; giv^ai snrhux^ provided tlui whole energy bo given 
and th(^ givmi surfaex*. be an (uiwipotentUd one. If it bo not 
cxiuipotential, bnins (hipemling on will xxppear in 

th<^ integral and must be taken along with { }. 

If a terminal ])oint is to li(‘. on a given curve tlic condition 
is to bt) dcd.enuined in a similar maruun'. 


T, i). 
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187. Jt ‘jntrdvle ntorcs mttlvr ijivm forcr^i tui a tjuH'n 
muH)th siirfita* ; to dvtonninr thv viotion, and thv prvssurv on 
the siirface. 

LoX 

A^(.^//,c) 0 (1), 

1)(‘ th(^ (‘([uat;l(»u of i.Iu‘ .‘^urfaot*, ll I ho reaction, aetinif in the 
normal to l;lu‘ surfaets which is th<‘ only efha’t of the (’mi • 
at, mint. Then if X, /x, v In* its direction cosines, we know 
that 



with similar (‘xprt'.s.sions for ami n; the dillerential eoefli 
(hmts Ixhie partial. 


if X, Ih Z h(‘ tin* impressed fon’es on tuiit. of muss, otir 
ispiations of mothm an\ evi<Iently, 


d\v 

<lf^ 


X I IlK 


(h/ 

de 


)' { H}i. 


iPz 

df 


Z f Rv 


(Ml, 


Midtiplyin^j^ ofpiations fdj resp(‘ctivt‘lv hy 
iLv dij dz 

dt* dr dt^ 


a.Jid adding, we obtain 


(hr {f\r dif d’\i/ d: d\z I d{d) 

(It. (U‘ (it (ft‘ ' (It (le 2 dt 



■f 




{ 1 1. 
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R disappears from this equation, for its coefficient is 


A 


dx dy dz 


and vanislios, because the line whose direction cosines are 

djX 

proportional to &c. being the tangent to tlie path, is 

perpendicular to the normal to the surface. 

If we suppose X, F, Z to be forces such as occur in nature, 
(Chap. II,) the integral of (4) will be of the form 

= + 0 (5), 

and the velocity at any point will depend only on the initial 
circumstances of projection, and not on the form of the path 
pursued. 


To find R, resolve along the normal, then 

-^Xx+Yfji + Zv + R, 

P 

which gives tlie reaction of the surface ; p being the radius of 
curvature of the normal section of the surface through the 
tangent to the path. 


188. To find the curve which the particle describes on the 
surface. 

For this purpose we must eliminate R from equations (3). 
By this process we obtain 


drx _ d\ 


Y ^-Z 
df 


P' 


■(6), 


two equations, between, which if t be eliminated, the result is 
the differential equation of a second surface intersecting the 
first in the curve described. 


If there be no impressed forces, or if the component 
of the impressed force in the tangent plane coincide 
with the direction of motion of the particle, then the oscu- 
lating plane of the path of the particle, which contains the 

13—2 
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resultant of R and the impressed force, will be a normal 
plane, and therefore the path will be a geodesic on the 
surface. 


Thus a particle under no forces on a smooth (or rough) 
surface will describe a geodesic. 

189. A particle moves on a surface of revolution, under 
gravity acting in a direction parallel to the axis of the 
surface ; to determine the motion. 

Take the axis of the surface as that of z, the equation 
may be written 

F («, y> =/ + f)}-z = o. 

This may be put in the form 

/ (p) - 0 = 0, 

if p be the distance of any point in the surface from the axis. 


Equations (6) become 
df 


d^y 

df 


fip)l fip) 


y 


dfz 

df ^ 
-1 


.(7). 


The first two equal terms give us, for the projection of 
the motion on a horizontal plane, the equation 


.A 

' df ■ 


d‘x 


But if 6 be the angle between the plane containing p and 
the axis of and a fixed plane through that axis ; we see 
that this is equivalent to 

^ = const. = /i (8). 


If the motion be due to the level k, the second integral of 
equations (7) is 
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Let u = - j and z = (j^(u) be the equation of the surface ; 
P 

then 


dx' 

dt 




therefore 


dt 

dz 1 ^ / \ du 




= g{Jc-^(u)}, 
and differentiating witli respect to d, and dividing by ^ , 


(Tu 

dd^ 


+ 'i^ = -T2 4>'(u)-u’‘4>' (u) 


L 

dd 




the differential equation of the projection of the path on a 
horizontal plane, 

If we omit the term containing g, we see that the above 
equation will represent the projection of a geodesic on the 
given surface. 


190. Suppose the motion to take place in a spherical howl; 
or let the particle he suspended hy a string from a fixed 
point. 

This is the most general motion of the Simple Pendulum. 

Let us take the centre as origin, and the axis of z vertically 
downwards. 


Then F [x, y, z)-x^’^y^ + z^ — 
is the equation of constraint, and the equations of motion are 


d^x _ 

a’ 


d\ 


-Rl, 
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<*>• 

if the motion be due to the level 

d?y . 

But 

dy d(i> jr /c)\ 

“■ "‘tt-'Jdi-’' 

dx ^ dy dz 



by tlie equation of the surface. 

Squaring and adding (2) and (3), 

, „ 2 fd^ 

fdxW fdyW (dz\^ ^^\dtl 

[dt) \dt) \dt) cd-z‘ ’ 

and therefore from (1), 



and therefore z is an elliptic function of t 

The motion will be comprised between two horizontal 
circles, and if the depth of these circles below the centre be 
h + c and h — c, the cubic in ^ in the right-hand side of (4) 
must have roots & + c and 6 — c, and if d be the third root 


If we suppose the particle initially on the lower circle 
and put 

z=(1d’\-c) cos’* ^ + (6 — c) sin’* (j> 

= 6 + c cos 2(j), 


then 


and therefore 


CON-STRAINED MOTION, 

z--h-‘G=—2G sin® cf), " 
^ — 6 + c = 2c cos® <l>j 
dz 
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© 


dt 


= — 4c sin ^ cos cj) 


d4> 

ctr 




= 2 S c - 2c sin® 


where 


F = 


2c 

fi + c — 


i 


and therefore <j> == am [If j, , /c ) , 




where = ^ c- d). 


Therefore the vertical motion of the bob of the pendu- 
lum will be the same as that of a point on a Ksiinplo circular 
ci® 

pendulum of length • performing complete revolutions in 
c 

the same periodic time 22' as the spherical pendulum. 


Now 


therefore 


{z — b — c) — b + c) (z — d) 
A® 

“0-2^’ 

26 + d = z^, 
b^-c^+2bd=~a,\ 


= (z- ^o) (•®“ - ^0 + , 


■ z^^ — arz + a\ + 
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Therefore 


and 


cJ = 


+ ¥ 


2b 


4ibc 


2b (b + c) + o: + 6^ _ ^2 

46c __ 

+ (b + c) (36 - c) ’ 


If 'xjr denote the angle which the vertical plane through 
the pendulum has turned through in the time then 

dt dt~^ ^ dt ’ 


or 


dy}r _ h 
dt a? — 

Ih 


^Ihf 1 
2 a \a-\- 


Now 


putting 


. + 0 a - 
z — b-¥c — 2e sih'^ <)f> 
= 6 + c — 2c sn^ 

K 

and therefore 


du 2 Ka\ 


a 4- 6 + c 


4- 


a — b — c 


1 2c , ’ , 2c a 

1 I _j ^ 

' a + 6 + c a — b — G 


To reduce these expressions to Jacobi's normal form of 
the third elliptic integral, we must put 

lPsTx\ia, + K)= r — . 2PsPia, = 

^ 1 ^ a+b+c ® a— b—G 


and then and will be real. 
Therefore , sn® {ta^^ + K) = 


b + c-d 
a + 6 + c' 
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Now 


{ia^ + K) = 


_tt + d 

Oj h 




a + 1 ) — 0 
(z + 6 + c 


K 

^9 


sn® = -- 


/!) “h c — d) 
a — h — c' 


cn“ i(\ = 


a—h — c 



dn^ ia^ = 


a — 6 + c 
a — b — c' 




■or 




c‘0 d + { 1 }^ - + 2 hd) ( 2 b H- d) 
= 2 b (h + c d) (b — c d), 

4iM (5 ^ c ^ 

CL 


^ (6 + c + d) (6 — c + rf) 

^ r ^ ‘ 

_ (a 4 - & + c) (a + Z) ~ c) (tt ~ 6 4 c) ((X ~ 6 ~ c) 
^ F" 6{64c-d) ^ 

and therefore 


1 K 1 _ 1 C (a 4 Z> ■“ c) (a — 640) (c6 - Z; — c) 

4 a"^ (c^ 4 Z> 4 cf T'^ 6 (6 4 c — d) (a 4 6 4 0) 

_ _ IP cn^ (m, + A") dn‘^ (ia, 4 K) 
r m^{ia^ + K) " ^ 

and similarly, 

}l ^ "^^2 

\ al (a^b — of sn'** 
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Therefore 


cn (ia^ -f K) dn {ia^ + K) cn ia^ dn ia^ 

_ . sn (m^ 4- K) . sn ia^ 

du ^ 1 — sh'^ (ia^ 4- K) 1 — K'^ sn'^ ia^ ii ’ 


and therefore, measuring from the lowest position of the 
pendulum, 



cn {ia^ + K) dn (ia^ + K) 
sn {ia^ + K) 


cn ia^ dn ia, 
sn m., 


u 


+ i n [u, ia^ + K) + ^ n {u, ia^ 

_ id log sn (mj K) d log sn 
I da^ da^ 

, cZlog@(ia,+iir) c^logew,] 
di; d^ ] 


j. 1 ,• Inc ~ ~ 

2 ° @ (mT id^ + K) (H) (w 

_ id log H (ia^ + JT) + d log H 
~ { *r; ““"rfo; j “ 

4 . i ,• Inc ® r ® - “0 

2 ^ 0 (m + ui, + K)&(^+ ia,) 

_{ a, + (ilog 0 (a„ Ic) d logH {a^, /c')] 

“ r 2KK' ^ ' da, ^ da, J 

■ 4 . 1 ,• Inc ® ('^ - - -^0 0 (^ - 

2 *=* 0 (u 4* 4- if) @ (u + m J ' 

where u = K and Ic is the modulus complementary to Ic, 
=x/r-p. 
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If WO IHlf 


if' , 


whore. 

mid 


a. -l- If,, d lujf (") ((/,. /.■') il. Iiijl; ll (a.., In 
ir'^^KK'-^ da, ■' da./ 

, , _ 1 . j H (k ' - - K) H {a - ia^) 

^ 2 H ( It 'h ht^ I" K) H {ll \ - lit ),^ ’ 


•vI/* 

then will br. tli(^ apsidal aiigh*, aii<l t-lH‘ lucaii auj^ular 

volocity of tlio vt^rlicaJ j)laii(‘ !,lu‘ p{‘U{ltiItun : adni* 

tlu*. pca’iodici pari of will b(‘ stioh that 


0/^1/ (it -f lifi \ K) H (h i Ut/ ^ 

H in idt^ - K) H {li - ' o/jj) ’ 

and iiluindbro 

cos2'Jr'=* I H(// w'f/j /r)H(// -lu/ 

‘ /op 2H(77 1 7f/j } { iit.y 

a periodic funct ion of A of pt*riod T, 


191. An inUu’(‘Hiin^’ 8p(‘cial in ihai of the ('univitl 
Pendulitn/ as ii is (^aJlctl, when ilu^ pariii'li* moves in a 
horizonial plan(‘ a, ml (Ju'nifon^ in a circular path, (he ifrin^' 
dcscrihinjL;* a ri^'ht (nnaihtr <?om^ whose axis is vertical. 


]U*ro 

thorcfor(‘ 

whore 


is consta.n(. and cipurl to h, 

tl\[r It 

ill id - 111*' 

tij th * 


and tluuxdbri^ 
and the iinui 


d’^ /(j 

dt V ir 

of a comj)h‘ti* revolution is 


biun^it Jitnl 
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depending only on the depth of the plane of motion below 
the point of suspension. 


If the motion be slightly disturbed, the period of a vibra- 
tion, putting 

1 , ¥ 46 


^• = 0, and - = 


c + 36“ ’ 


becomes 


27ra Jh 
fj y *J (1“ 36 ^ 


and the apsidal angle of the projection of the motion on a 
horizontal plane 

J + 36 ^ 


192 . To determine the nature of the small oscillations 
executed by a 'particle, under gravity, about a position of stable 
equilibrium on a smooth surface. 

The tangent plane at the position of equilibrium must be 
horizontal, and the contiguous portion of the surface must 
be synclastic and evidently- lie above the tangent plane in 
order that the equilibrium may be stable. 

If p, p^ be the radii of curvature of the principal normal 
sections, and if the axes of ^’-and y be tangents to these 
sections respectively, at the point of contact with the hori- 
zontal plane, we know by Analytical Geometry that th(^ 
equation of the surface in the immediate neighbourhood of 
the origin is of the form 

2^ - ^ = 0 (1). 

P Pi 

The equations of motion of the particles are, as in § 187, 


,( 2 ). 






df 


l=By. 
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If X and y are small, ^ is of the second order of small 
quantities by (1) and may therefore be neglected, as may 

, d^z 
also . 
at 


Hence X = — ™ ^ , v = 1, approximately. Elimi- 

P , Pi 

Tiating R from equations (2), we have 
d^x _ q 

<iV s ^ 


which show (§ 177) that the motion consists of simultaneous 
simple pendulum small oscillations in the principal planes, 
the lengths of the pendulums being the corresponding radii 
of curvature. 

The annexed cut shows a very simple arrangement, due to 
Prof. Blackburn of Glasgow, by which this species of con- 



straint may easily be produced. Three strings are knotted 
together at the point G, the other ends A and B of two of 
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them are attached to fixed points, and the third supports the 
particle J). Suppose GE to be vertical, then the small oscil- 
lations of D will evidently be- executed as if on a smooth 
surface whose principal planes of curvature at i) are in, and 
perpendicular to, the plane of the paper. The radii of curva- 
ture in these planes are GD and DE respectively. 

If we put - = and ^ the integrals of (3) are 
P Pi 

X = A cos {nt H- ^ )] 
y = A^cosi;n^t + ^ 

The curves corresponding to these equations are very in- 
teresting, but we cannot enter at length on the consideration 
of them. We may take, as a special case, that in which 
DE = 4^0D; ill which therefore 

x = A cos (nt + jB) ] 
y = A^ cos (2nt H- 

The circumstances of projection determine in each case the 
particular curve described — a few of the principal forms are 
sketched below, the last of which is a portion of a parabola. 



When 71^ is nearly, but not exactly, equal to 27i, the curve 
described is always for a short time approximately one of the 
above figures, but its form slowly passes in succession from 
one member of the series to the next, completing the round 
when one pendulum has executed one more or less than twice 
as many complete oscillations as the other. 

193. We must next consider tlie effect of the earth’s 
rotation upon the motion of a simple pendulum. Strange » 
to say it was left for Foucault to point out, in February 
1851, that the plane of vibration of a simple pendvdum 
suspended at either pole would a 2 Jpear to turn through 4 
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right angles in 24 hours — the plane, in fact, remaining con- 
stant in position while objects beneath the pendulum were 
carried round by the diurnal rotation. At the equator, it was 
pretty obvious that no such effect would occur, at least if the 
original plane of vibration was east and west. By some pro- 
cess, of which he gives no account, he arrived at the result that 
the plane of oscillation must, in any latitude, appear to make 
a complete revolution in 24^ x cosec. lat. This curious result 
has been amply verified by experiment. 


194. The equations of motion of the pendulum, referred 
to rectangular axes fixed in space and drawn from the earth’s 
centre, the polar axis being that of z, are obviously 

d?x -cr 

with similar expressions in y and a, 6, c, being the co-ordi- 
nates of the point of suspension, T the tension, I the length 
of the string, and Z, F, Z the components of gravity. 

The equations of motion referred to a new set of axes, 
parallel to the former, but drawn through the point of sus- 
pension, are 


m — - r — = h m 


df 


&c. = 


&c. 



( 1 ). 


Let us now refer the motion to axes turning with the 
earth, but drawn from the point of suspension. If the axis 
of ^ be drawn vertically, and the axes of 97, f respectively 
southwards and eastwards ; and if cot be the angle at time t 
between the planes of xz and ^77, X being the co-latitude of 
the point of suspension, we have at once (assuming that ^ 
intersects z) 


A 

A 

A . : 

cos x^ = sin X cos cot, 

cos XTf = cos X cos cot, 

COS x^= — sin cot, 1 

A 

A 

A 

cos y^ = sin X sin cot, 

cos yr) = cos X sin cot^ 

cos = cos cot, 

A 

A 

A 

cos z^ = cos X, 

cos zr} = ’- sin X, 

cos z^ = 0. 
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By means of these expressions we can at once find the 
values of ^ — a, y 0 — c in terms of tj, t, as follows : 

X — a=^ sin X cos oot + rj cos X cos cot — ^ sin cot^ 

2/ ^ sin X sin cot-^rj cos X sin (ot+^ cos cost, 

z — c = ^ cos A, — ^^7 sin X. 

Let y be the acceleration due to the attraction of gravity 
alone, and v the angle (nearly equal to X) which its direction 
makes with the polar axis. [We have above in effect as- 
sumed that its direction lies in the plane of 0^, as we have 
assumed that the axis of ^ intersects the polar axis, while we 
know that the centrifugal force lies in their common plane.] 
Let r be the distance of the point of suspension from the 
earth's centre, fi the angle its direction makes with the polar 
axis. Then 


a = r sin /X cos cot, 6 = r sin /x sin cot, c=^r cos fju. 
With these data equations (1) become 


sin X 


-I- cos A 


“f — ^<0^ cos cot — 2ct) sin cot^ 
cot — 2 co sin cot^ 


— ( ~ ^0)^ ] sin cot — 2(0 ~ cos cot 


dt 


tm 


sin A cos cot + r/ cos A cos cot—^ sin cot) 
— 7 sin z; cos cot 4* rco^ sin /x cos cot. 


-j“ cos A 


in A — ^co‘^ sin cot + 2co ^ cos cot^ 
rjco^^ sin cot + 2 co^ cos 


A 

df 


. ^ A ^ ^ d^ . ^ 

*^ \ 5? j di 

T 

= — (f sin A sin cot + 7 ) cos A sin cot-^^ cos cot) 
— 7 sin z/ sin ft) ^ + rco^ sin ytx sin cot. 


CONSTRAINED MOTION. 


209 


^ cos X ^ sm X = — (f cos X ~ 77 sm X) — 7 cos v. 

As we contemplate small vibrations only, we may treat 
^ as being practically equal to — I, and omit its differential 
coefficients. We also omit powers and products of 97, f 
and terms in co^ except those in which it is multiplied 
by a large quantity. For it is known that the centrifugal 

force at the equator is about 239^^ gravity, or that 

approximately 

2 <7 

“~289* 

With these simplifications our equations become 
cos X 


d r) . c drj . 

cos cot — zo) sin cot 
df dt 


/ ~ 


T 

Z sin X cos ct)Z + 77 cos X cos cot-- ^ sin cot) 
— 7 sin V cos cot + Tco^ sin [m cos cot 


d^r) . 


dr) 


COS X ( ~~ sin cot .+ 2 co cos cot ) + cos cot — 2 g) sin cot 


dt 


d^i; 




de 


dt" 


T 

= — ^ (~ Z sin X sin &)Z + 77 cos X sin wZ + f cos cot) 


• 7 sin z/ sin cot + rco^ sin ya sin cot 


d^rj 


T 


sin X = j- (Z cos X + 77 sin X) — 7 cos v. 


The two first may be put in the form 

d^rj ^ d^ • 2 " 

•^^2 cosX — 2 co ^ = — 7 -; sin X 4- 77 cos X)--7Sin v-i-rco sin /x. 


dr) 

dt 


2o>™™'cosX~::;2 = £;?. 


Im ' 
df Im ■ 


But, when 77 = 0, f = 0, we have T = mg, so that 
g sin X — 7 sin 2/ + rco^ sin ^ = 0 , 
cos X — 7 cos = 0, 


T. D. 
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and our equations become 


df 

- 2ffl ^ cos X 
dt 


dt 

'df Im^ 


m 


T 


-5r)sinX-^»?cosX 


A 


The first and last give 
T 


T 


d^. 


m 


-^ = — 26)-“ sin X, 


and therefore, to the degree of approximation above deter- 
mined upon, 


^-2co cosX J + f »?-0^ 


df 

d^K 


dr) 


^+2a,cosX^4-f ?-0 


..( 2 ). 


These are the equations of the motion of the bob, 
to a horizontal plane fixed to the earth. If .r^. 

middle terms, which obviously depend earths 

rotation, we fall back upon the equations of ^ 1§2. 

195. To interpret equations (2) it is convenient to 
employ a second change of co-ordinates — to refer the motion 
to Les revolving uniformly in the plane of t?, ^ 

velocity O. If B, ? be the co-ordinates referred to the new 
axes, we have by Analytical Geometry 

,, = B cos Gt - ? sin at, ? = B + ? ®®® 
the substitution of which in (2) leads to the equations 

d'B , ^4- 

if we make the assumption 

0 = — w cosX .... 

and omit as before terms of the order <o\ 


- 0 . 


.(3), 


■( 4 ), 
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(4) shews that the new axes rotate, in the opposite 
direction to that of the earth, with the component of the 
earth’s angular velocity about the vertical at the place. 
And in the plane, so revolving, we see by ( 3 ) that the bob of 
the pendulum describes an approximately elliptic orbit. 

A circular path being obviously possible, let us assume 
as particular integrals of (2) 

77 = a cos ( H" a), ^ — a sin {pt + a). 

The substitution of these values gives the same result 

p^ + 2a)jp cos \ — I = 0 
in each of equations (2). 


Put y = then the values of jp are ^ ± &) cos X, so that the 
L 

(apparent) angular velocity of a conical pendulum is increased 
or diminished by co cos X according as its direction of rotation 
is negative or positive. 


196 . A particle under any forces, and resting on a 
smooth horizontal plane, is attached by an inextensihle string 
to a point which moves in a given manner in that plane; to 
determine the motion of the particle. 

Let X, y, x, y be the co-ordinates, at time t, of the particle 
and point, a the length of the string, It the tension of the 
string, and m the mass of the particle. 

For the motion of the particle we have 


m 


d^x 

df 


rnX-R 


X — x'" 
a 


m 


df 


mY-E^ ^ 
a ! 



with the condition (x — xY + (y — yY = <Y- 

Now y are given functions of t. Take from both sides 

d^x d?y 


of the eciuatious in (1) the quantities 


df ’ df 


respectively, 
14—2 
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and we have the equations of relative motion 

(x — ^ „ ~,x — 'x \ 

-“If 

dt a dt 


.( 2 ). 


These are precisely the equations we should have had if 
the point had been fixed, and in addition to the forces X, Y 
and R acting on the particle, we had applied, reversed in 
direction, the accelerations of the point^s motion with the 
mass as a factor. It is evident that the same theorem will 

cPx 

df^ df 


hold in three dimensions. 


The accelerations 


known as functions of t, and therefore the equations of 
relative motion are completely determined. 


197. Let there he no impressed forces^ and suppose first 
that the point moves with constant velocity in a straight line. 

dx da 

Here -rr , -ir are constant, and therefore no terms are 
dt dt 

introduced in the equations of motion. We have thus the 
case of § 28. 

Again, suppose the point's motion to he rectilinear, hut 
uniformly accelerated. 

The relative motion will evidently be that of a simple 
pendulum from side to side of the point's line of motion. In 
certain cases, when the angular velocity exceeds a certain 
limit, we shall have the string occasionally untended ; and 
this will give rise to an impact when it is again tended. 
While the string is untended the particle ndoves, of course, 
in a straight line. 


198. Suppose the point to move, with constant angular 
velocity co, in a circle whose radius is r and centre origin. 

Here, supposing the point to start from the axis of x, 

X = r cos 0 )^, y^r sin col 
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Hence the equations of motion are, since 


d^x 2- 


■o>y, 




df 




(x-xf+{y-yf = a\ 
Whence (x - x) -iy-y) 


= 0 )“ {{x -x)y-{y-y)x]\ 
or, in polar co-ordinates, for the relative motion, 

!("' S)= 

or ^ g* 

dt a ^ ^ 

Now 0 — a)]{ is the inclination of the string to the radius 
passing through the point ; call it (f), and we have 

d^<^ 2 ^ • JL 

which is the ordinary equation of motion of a simple pendulum 
whose length is . 

The particle therefore moves, with reference to the uni- 
formly revolving radius of the circle described by the point, 
just as a simple pendulum with reference to the vertical. 


199. To determine the motion of a particle under given 
forces, moving in a smooth tube, in the form of a given plane 
curve, which revolves in a given manner about an axis in its 
pkDie. 

Let the axis of revolution be that of z, and let the position 
of the particle at time t be given by its distance r from that 
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axis, the plane of the tube at that instant making an angle 0 
with a fixed plane passing through the axis. By the con- 
ditions of the problem ^ is a given function of t. 

The sole effect of the tube will be to produce a pressure 
of constraint, which lies in the normal plane to the tube, and 
may therefore be resolved into two parts, one perpendicular 
to the plane of the tube, the other in that plane and in the 
principal normal to the tube. 

Let the impressed forces be resolved into three, P along r, 
P perpendicular to the plane of the tube, and S parallel to 
the axis of 

Let P, JRf be the two resolved parts of the pressure of 
constraint. 


The equations of motion will then be (by §§ 1C, 69) 

«. 



w. 


where 5 is the arc of the revolving curve. 

In addition to these we have the two equations 

^=/(0 (4). 

which gives the position of the tube at any time, and 

r = <l>(z) (5), 

the equation of the tube. 

By means of (4) and (5) we may eliminate 0, r, and s 
from (1), (2), (3). Then eliminating It between (1) and (3), 
we obtain a differential equation between z and t, whose 
integral together with (4) completely determines the position 
of the particle at any instant. 

M and E' may then be found from (1) or (3), and (2). 



CONHTHAmm) MOTION. £15 


In iho chhi* vvIhui Uu* iin^^iiliir vulocnty of tliti tubn 

im conHt4Uit» or m, (-I) lHM‘onH‘H 0 (4^ if tlu^ plane* from 

wlfu*h 0 m iiujaHurtMl In* thut> of tins t.ulnt at tho iiiim t 1), 
Wes proooocl to givo an oxamplo or two. 


200. A pttriicli* fnows in ti Htumith Htntitjhi tulHi whmh 
mill ctmHiuHf Kfif/uhtr riimutij mu ml a imrUml auin tu 
^iohich it is purpimdirular, to (Ivtermine the /uution, 

({0 

Hern z a coiiHttuit., fiiiiHlaiit. - (w, /’«.”(), luui we litiv«! 
(It 

IVuiii (1) 

whi'iuH* r ® ^ A f //r 

SuppoHts tins inotitiu to t*ommt*n(’o at timo f, »() by tho 
entting of a ntring, lt*ngt!i a, attaching tins partichs t<s the* 
nxin. 'I'lm voltunty of the pnrtie’h* at that inntant along the* 
tubes vventlel bes z<*ro. tf<*n<N* at t 0 

r (t m A 4" W| 
at * 


funl 


A H ^ - ^ a ; 
r ^ ^ a 


In tlw figures, hu. (iM In* tins initial pemition e>f tho tubii, 
A that e»f tins partic’lo ; Q tins tubes arnl particle at times t 
Then 0/1 « it, are! A ■« (tQ r, ami we* have 

I j A f* Mt* U*\ 

From thii wo «tm that OQ ami tins itre* A I* mm correiHpeeml- 
ing valuim of the orcUnatn nnel abnciKHa <jf a cmtcinary vvlnmo 
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parameter is OJ. (It is not necessary for the tube to meet 
the axis of revolution.) 



Here, by (3), we have evidently R = g, 

Also, by (2), iJ' = - 2 ^ (6“' - e-"0 <» 

= — (o^a 

From this equation, combined with the value of r, wo 
easily deduce 

and it is therefore proportional at any instant to the tangent 
drawn from Q to the circle ARJV^. 


201. Suppose the tube to revolve with constant angidar* 
velocity in a vertical plane about a horizontal axis. 


We have from equation (1) of § 199 


df 


ro)^ = — ^ cos o)t, 


if we conceive the tube to be vortical when ^ = 0. 
integral of this equation is 


= 4- - g 




cos tot, 


The 
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or /■ A t“' -1 „ ooH Mt ; 

Z(^ 

and if r a, 0, whuu t ® 0, 


wu havu 
atul 


a A + + 

U A ~ Ii\ 


or^ 




wliicli c(imph^t(dy tUiiornuucm thu inotiun. li ami K may be 
foiaid an bidbri'. 

202 . iM the tube he in the form of a ai^rh turning with 
mmUttti (tngidnr veloritg about a vertiaal diamder. 


Let AO be tlu^ anin, P the penitien of tlui partictle at any 
time. Lid: POA $ dmmti^ thi^ partich^ m poHiiiou. The 
iweelc^rationH of the partieli* in thc^ diriaitiotiH ON and M'F 
behig 


(PON 

df 


and 


(PNP 

(W 


•m^NP\ 



tliorefijre 


eiiH 0 .. 

(J ^ ti COH 



218 


CONSTRAINED MOTION. 


a 


sin 6 


df 

Eliminating R 

d^e 


(o^a sin ^ — i2 sin 6 , 


• ace)^ sin 6 cos 6 = —g sin 6 (1). 


The position of equilibrium will therefore be given by 

sin 6 = 0 , or 6 = y, where cos 7 == — « . 

‘ aco 

Integrating (1) 

=.0 + cos 7 cos 0 — cd^ cos’* 6 (2). 

1 . Suppose the particle to be making complete revolu- 
tions, passing through the lowest point with velocity aco ^ ; 
therefore 


d6^ 

dt 


~ j = (0^^ — 2 o)^ cos 7 (1 - cos 6 ) + ft)’* sin’* 6 


= (0^ [(1 — cos 7)’* + ^2 — (cos 6 — cos 7)’*}, 

and ^ can never vanish if -V > 4 cos 7, or o) ® , that 

dt co^ ' ^ a 

is, if the velocity at the lowest point be greater than that 
due to the level of the highest point. 

To solve the equation, we must put 

6 


tan- 




where k' 


= /(r + l)( ^+l) 

V (r~l)(6‘-~l)' 


where 


u ■ 


-r at ^j[{s + 1) (1 - r)}, 


and s, r are the values of cos 6 that make the right-hand 
side of the equation vanish, s being ::> 1, and r < — 1. 

II. If 0)1 <^, the particle will oscillate through the 
dO 

lowest point, and if when 6 = a, then 
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2 U) 


f (etm ti — itoH ns) — 0 cdH^ a ) 

\(UJ a 

’ 0 -- <M)H n ) ^ 

(turn 0 « t'oH a) (2 VA)H 7 — c’dh a - nm 0)^ 

H»iul thonvfort^ if 

2 c.<m 7 — <MiHa > I , 

^hu piirih'lt^ will tmtulliUti thniuj^h ilu^ lnwi*Ht juuiit. 

W« nuiHt juit 

tau 2 -< tali ^ cm n, whc^n* // — cuit ^ ^/2 coh 7 (‘(m a « 1 , 

ii,iul tliiia a -a ^(t?oH 7 - c:c)b a). 

11 L 1 f I > 2 turn 7 ^ cum a > •«- 1 , 


then put U tig 

2 cum 7 turn a cuih /^, 

\ /^ ) "" ^*^^**^ 

iuhI thu pnrtic’hi will cmtfiUait^ ctii one* hIcIc^ of ilic< vurtiind 
diatnotor. 

Wii muHt put tan « tail dn a, or tau tan , 


iincl tluni 


H 


mt Hill 2 cum 


•> » 


k* 


tan 


2 



203. To find ihti Jhnn of tha Udm m order that the partide 
^mijmdml wlm tjitmn. vnlmnltf ma/f prmrnHi Us vdtmUp a.a- 
vhungml^ (/mmit/ adinp pandM to the ads, 

Etmolving tangoiitially, ami taking cni-oriUnatim m, ;j, in 
ilio plant) of tho cmrvo, tho axin of rovolntion bcniig that of y, 
wo havo 
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Hence, 


But 

^ = constant. 
dt 

Hence, 

Ct> 


the equation of a parabola whose axis is vertical and vertex 
downwards. This result might easily have been foreseen, as 
the velocity can only be constant if the acceleration due to 
the impressed forces along the curve be zero at every 
point ; that is, if the resultant of gravity and the reac- 
tion to circular motion (called the centrifugal force) lie in 
the normal. That this may be the case, we must have 
Centrifugal force : Gravity : : Ordinate : Subnormal, But 
the centrifugal force is proportional to the ordinate, hence 
the subnormal must be proportional to gravity, i.e. must be 
constant : a property peculiar to the parabola. This propo- 
sition has a singular application in Hydrostatics. 

204. A particle moves on a rough curve, v/nder given 
forces; to determine the motion. 

If fjb be the coefficient of kinetic friction, and 

be the normal reaction, friction will cause a resistance 
/X + i2/) acting in the tangent to the curve in the 
opposite direction to the particle’s motion. 

Equation (1) of § 182 will therefore become 

the other two equations remaining the same. 

If from the three we eliminate and jR^, we may by 
means of the equations of the curve eliminate x, y and z, and 
the final result, involving only s and t, suffices to determine 
the motion completely. 

206. Ex. A particle moves in a rough tube in the form 
of a plane curve, under no forces ; to determine the motion. 
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Here 


No.w 


hence 


or 


df 




fJLV^ 

P 


dv __ d\s 
^ ds df ' 


d>v V 

ds p 


(Is 


y = ae ^ 


But, if i/r be tlie angle which the tangent at any point 
makes with a fixed line, 


ds _ 
dyj/'^ 


Hence, v == , where a is the velocity when '\jr = 0. 


It may be instructive to compare this result with that for 
the tension of a string stretched over a rough curve. 


If the curve be tortuous, is the angle between two 

P 

successive tangents. If the surface of which the curve is the 
cuspidal edge be developed, and if (f> represent the angle 
between the tangents corresponding to the initial and final 
positions of the particle, 


206. A particle under given forces onoves on a given 
rough surface; to determine the motion. 

If R be the normal reaction of the surface, the friction 
will cause a resistance p!R, and the equations of motion 
become 


222 


(KmHTHAlNKn MOTUm. 


from wliiic?h It mtini 1 h» Tho two oqmi- 

tioHH coiitain /r, //, and I and if tin* lattor ho oliminat«*c|, wo 
hav<^ onci (Mjnation in ./\ //, whi<’h, witii tho i*qniiiit»n of thi^ 
Hurfann, will (ann|)lrtfly di'tormino tht* path. In i^imoral thoHo 
0 (|iiationH mv iitt.orty iutrimtahltn 


KKAUVIKK 


(1) If a partirlo, attachi'd by a Htrin^ to a point, y a#/ 
inaktj compI<'t(‘ n^volnticms in a vortioal plant\ tlio tomiion cif 
thi‘ Hiring in tin* two ponitions wlion it in vortiral in /,«*ro, anti 
hIx iimt'H tho woiglit of tlu^ particlo, rosptH’tivoly. 

(2) A ptmdidtnn which vihnUi*H nrmntlii at a phn^o /I 
gains n bditH in 24 liottra at a plant' //; notnparn gravity at 
tlie tw<» }>1 h(!(ss. 

(2) Frovt* tliat a H(‘conds ptmdttlnm wlmn taken to the 
top of a tnotinlain h milt^H higli wit! loai* 2I1i// boata in a 
day nearly. 

(4) I'ho tina‘H of oHcillation of a pondnltnn am obHorvial 
at tin* (‘arthH Hurfaco, and also at a height h above the Hur- 
fact' ; fnan tlie.siMluta find thi» ratliua ot the t^arth anfipoaed 
Hpherieah 

(o) Shew that a Nimph^ einnilar pentinbnn nnder a 
rentnd attrnetitai varying an tin' <li>stanee will move m it 
dooH under gravity. 

((I) A pendtdnni <mei!latt*H in a mnalt eiienlar are, and 
in aett'tl m in ad<Iiti<tn to gravity by a small hori/jititnl 
attraetitm an tin* attraeiitui t»f a nmnntatm Shew how to 
■find tlu-H attraction hy <d)Hi*rving the nunthm* of oariltaf iona 
gained in a givtm iim*'. Aim* fnnl tlie direction in witteh 
thif Httriwttion nniHt at't ho hk not to alter itie tiiiii^ of 
cmdllntion. 

(7) Prtive that a parti(*Ie nniving tuitler gravity on itiii 
etmvex rtith* (d‘ a vertical cir<‘lc will hiive the circle^ at iwii- 
thirdn t>f tin' tieight aht^ve the centre of the litir* to the level 
td’ whicdi the velocity In due. 
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(8) A particle is suspended from a fixed point by an 
iriextensible string : find the level to which the velocity must 
Ido due, so that the particle after the string has ceased to be 
stretched may pass through the point of suspension. 

(9) Two particles are projected from the same point, in 
■fclie same direction, and with the same velocity, but at dif- 
ferent instants, ixi a smooth circular tube of small bore whose 
plane is vertical, to shew that the line joining them constantly 
"touches another circle. 

Let the tube be called the circle A, and the horizontal 
line, to the level of which the velocity is dul, i. Let m, m', 
”be simultaneous positions of the particles. Suppose that mm' 
passes into its next position by turning about 0, these two 
lines will intercept two indefinitely small arcs at m and m 
'which (by a property of the circle) are in the ratio mO : Om. 

Let another circle B be described touching mm' in 0, and 
such that L is the radical axis of A and B. Let a be the 
distance between their centres, mp, m'p' perpendiculars on L, 

Let mp cut A again in q and B in r, s. 

Then by Geometry, 

mp . qp = rp . sp, 

a»nd therefore mO^ = mr . ms = {mp — rp) {mp — sp) 

= mp (;mp + qp --rp — sp) 

— 2a . mp = “ (velocity of m)l 

Similarly 

Om'^ = 2a . m'p' = ^ (velocity of m')l 

Hence the velocities of m and m' are as mO : Om', and 
therefore by what we have shewn above about elementary 
arcs at m and the proximate position of mm' is also a tan- 
gent to B, which proves the proposition. 

’ It is easily seen from this, that if om polygon of a given 
number of sides can be inscribed in one circle and circum- 
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scribed about another, an indefinite number can be drawn. 
Eor this we have only to suppose a number of particles 
moving in A with velocities due to a fall from X, and then if 
they form at any time the angular points of a polygon whose 
sides touch B, they will continue to do so throughout the 
motion. This however does not belong to our subject. 

(10) Two segments of circles are described on the under 
side of the same horizontal line, the one subtending at its 
centre double the angle which the other subtends; if a 
particle under gravity describes the lower arc, any tangent 
to the upper arCjwill cut off from the lower a portion which 
will be describedf in half the time of a single vibration. 

(11) AB is a vertical diameter of a fine circular tube 
in which move three equal particles P, Q, Q' of perfect 
elasticity ; P starts from A and Q, (/ in opposite directions 
from B with such velocities that at the first impact all three 
have equal velocities ; prove that throughout the motion 
the line joining any pair is either horizontal or passes 
through one of two fixed points, and that the intervals of 
time between successive impacts are all equal. 

(12) Two equal smooth circles are fixed so as to touch 
the same horizontal plane at their lowest points, their 
planes being at different inclinations ; two small beads are 
projected at the same instant along the circles from their 
lowest points, the velocity of each bead being due to the 
level of the highest point of the other circle above the 
horizontal plane ; prove that during the motion the beads 
will always be at the same level 

(13) Prove that the time of vibration from rest to rest 
of a simple circular pendulum of length a oscillating through 
an angle 2a is equal to the time of complete revolution 

of the pendulum of length a cosec® ~ a, the velocity being due 
to the level 2a cosec^ - a, above the lowest point. 

(14) A bead can slide on a smooth circular arc AB and 
is attracted by it, with intensity /(r); if it be displaced 
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ijTom itH ponitiiiu of iupulibrium, Uu‘ tiiuu of cjsaillaiicm 

Vill 

27 r 


f/ in tlu» mititlhi point of AB, and ol iho anglt^ All 
i4Mbt(*iulH at tho oi^ntro of tho tnrnlt^. 

(In) A Hiring piwnon through a Hinall holo in a mnoc^th 
ti<»ri5<.ontal tables, anti ban tuputl partinhm attanluul it) itn ondH, 
i^iw hanging vta’tioall}' anti tin? othur lying t)n tht^ tablu at a 
cltHtanot^ a tVoin thu vvhoht; tlui lattnr in prujtHitol with a 
volotuty s/r/a porptnidinulnr to tho Hiring; hIiov^^ that thn other 
partich^ will rinnain at rtmi, anti if it I 

t>imn of a nmall tmcillation will bo 27r 

(HI) A partiolo, uiichT gravity, in attachod to a fixed 
point liy nioauH of an olimtio Hiring of natural length Jla, 
tdui inoduluH of tdiwtuniy being nix timon the weight of the 
|mrti(jhi ; when the Hiring in at itH natural length anti tlu^ 
jiarticlo vortioally abtjvo tlu! point of aitiu*.hnumt, the particle 

im projtHitod horixt)ntally witli a velocity prove that 

thti angular volticity of the Hiring will bo conniant, and that 
thy partichi will dyncribc^ tint Utnayon 

f w a (4 — coH 6), 

(17) Frotn a (Hunt upon tho mirfaco of a Hinooth vortical 
circular Indlow cylindor, and innido, a particlo in projockid 
ill a direction making an angle a with tho gonorating lino 
tihrtnigh tho point ; find tht^ vtdocity tif projootitm that tlui 
imrtich? may riwo to a givtm height (A) almvo the {Kiint, aiul 
thy otmilititin that tint highoat ptunt may bo vurtically above 
tho |Kiint tif projoctiom 

Fiml tlui conditiiin tliat after n rovolutiouH tho particlo 
may \m again at tho point of projection. 

^IH) A particle Hlidoa down a catenary, whose plane Ih 
vortical and vyrkix upwardH, the velocity at any point being 

15 
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(lu(‘ to iho hvvl of tlu' tliroetaix; provo tlmt thtt 
at point in invtTsi'ly hh tin* (lintanct! (jf that point from 
tin? (lir(‘c?trix. 


(Ifl) A purtirli* pnijtntftal with ^ivon volofity^ inov(?H 
innh?r puvity on a (Uirvo in a vt^rtioal piano; find fho naturo 
of tho (mrv(? that tin? prosHoro on it may ho ooimtant through- 
on t tin? motion. 


If tho prt*sHuro on tho curvo miUwayn n iimoH tin* woiglit, 
provo that tlu^ vortioal dint anno hotwi‘on tin? highoHi anti 
lowoHt pointH of tin* ourvt? in 

2 /m 




anti that tho intorval hot%vot*n 
pnrtioh? in at tin? nann* lt?vol in 



tin? iuHtantH at 

ff 



whioh tho 


thi\ length of tho ourvo hotwot*n twt» nnoh pointH lading 


mt 


2 a^ I 1 

(O !)?• 


Dotonnino tho natnro of tUv ovoluto of thin rtirvo, whioh 
in Huah that tho ntring of a .Himph? pomlnlnm muMt Im 
wrappotl on it in onlor that tho trunion may ho roiiHtant, 
and pr<>vo tin? n*lati<»n hotwoon tho longth of tin? arn and tho 
viTtical onlinatt* fnun tho upper tninp 

«l A,f I *1 I 

f P(l 

whort? I in tho l(?ngtli of tin? ntring. 

(20) Tho major iixih of an ollipHo hoing vortiml, hIiiiw 
that in order that a partiolo projootetl idong tin? oi*nt*avi.i 
nido of tin* are may piiHM througn thn oontro iifti?r loiiving tin? 
<»urvcn tho vc*looity muHt lio dm* to tho iovo! 

Hri* f //* 

ahovo tho ooutro, a ami h hoiiig tho Homiaxi^H of llio idlip^o, 
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(21) A partich^ in initially at r(*Ht at a point of tlu^ 
CKpiia-n^ular npiml r otr' dintant d from tlu^ polo. Hhow 

that if thc' pol(‘ a otoitrt^ of attraoticm — thu timo of 


fall to it in 


TT 

2 V (2/.) 



Find tlu^ pri‘HHim^ on tho curvii at any inBtant, 


(22) A parti(*lo attaohod by a Htring to a poitit itiovoB on 
a horizontal phuu'. A nmall rin|j; paH.sing round tlu^ Htring 
movoH with coimtaiit vc‘l<»city in a wtraight lino from the 
point. Sluwv how to find tin' t'<{uation of the actual path, 
and nlunv that tlm path ndativt^ to tluj ring in a reciprocal 
apiral. 


(2.*1) A particd<^ Uiovt'H in a circular groovtj radiuH a 
undt'r a (umtral attraction c* /r** Hituattal at a dintanco b 
from the* ctmtro of t.ln^ cirdo. It in projockul from the 
m^an^Ht points with vtdocity K, nhow that for a complete 
rovoluthm 






(24) Frovt^ that if a particle movi^ in a nmooth tube 
tuul(T given ctmtral attractionn, the proHHuns at any point 
of tht% tubii will vary an 


whcrii 


dF 

dr 



In the atUH'leratitui dtu^ to the attraction of any one 


of th<^ ctmtrtm, and p in tln^ radiuH of curvatunr, and Inmce 
that tln^ prcHHun? at any |)(dnt of tin* tube will vary an tlu^ 
curvature' wlnimwer iln^ orbit in mndi m could be* chmeribod 


freely under each of the attracticam iaktni Ht'paraUdy. 


(25) A particle of luanH nt moven in a Hmoetli circnlar 
tube of raditiH a tualtfr an attraction vi/jt^ tinu'H tluidiHtiincn^ to 
a point iimide tint cireie at a diBtanci^ c from the eentre. If 
the particle he plimed very rmarly at itn greatest distance 


15—2 
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from the centre of attraction, prove that it will pass over the 
quadrant ending at its least distance in the time 


log (71 + 1). 


fJiC 

(26) Shew that a particle moving under gravity on a 
smooth helix whose axis is vertical, makes the first revolution 
from rest in the time 




STra 

g sin 2a ' 


(27) A groove is cut on a right cone of height A, 
making an angle /3 with the generating lines. Shew that 
the time of reaching the base, from a vertical height 
below the vertex, by a particle sliding in the groove is 


v/|c 


2 Jh — Aj 
g cos a cos ’ 


where a is the semivertical angle. 

(28) A particle under a central repulsion varying as the 
distance moves in a tube of the form of an epicycloid, the 
pole being at the centre of repulsion. Shew that the oscilla- 
tions are tautochronous. 

For an attraction, the curve is a hypocycloid. 

(29) Prove that the tautochrone when the attraction is 
as the cube root of the distance from and perpendicular 
to the axis of x is the hypocycloid 

(30) A particle P is attached by strings to two points A 
and B in the same horizontal plane, and describes a vertical 
circle. When the particle is at the lowest point, the string AP 
is cut and the particle proceeds to describe a horizontal circle; 
find the ratio of the new tension of BP to the old tension. 

(31) A smooth ring slides on a circular wire which 
revolves with constant angular velocity about a vertical 
diameter. If the ring be attached to the highest point by 
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a lint' (‘last/u! of natural Uuigtli <Mjual to tlu^ ratliiiB 

of tlio wir^^ and .slightly di.sphuHHl from lln^ lowont |K)iut, 
show that it will junt n^iudi tln^ hi^i^’hoHt point if tlu', iniKluInH 
of (daHtitut.y in four tirn(‘H tln^ W(‘i<^dit of tln^ particda 

(:J2) a ring nlidi^H on a mnootli win^ lamt into tln^ form of 
a plaiuj V(U‘ti(tal (nirv<^, and is attmdnul by an (dastic Htrin|f to 
a nx(‘d point in tho plants of tho (!urv(i; if it ntart initially 
from a p<»Hition in wliicdi tln^ Hiring in just not ntrotcdmcb 
prov(5 that it will doHC’(md throU]L(h a vertical distanct^ which is 
n third proportional to tht*. natural limgth <)f tho Htrii^^nuul its 
i^xtormion at tho lowt^st position, supnosing that tho modulus 
of (daBticity is twicui tlu‘ weight of tno ring, ami tho string is 
HtroUdnsl tlirougliout tho motion. 

(,13) (*<juad partiolos aro attachtul to a string of 

Ituigth 4o, om^ at its nud<lh^ point and tlu^ othtTs half way 
htd.woon it and tln^ ttxtromitu'H, whicdi ar(5 attaolusl to two 
points in a hori/.ontal lim^ at a distamui a {Jl\ -f 1) from each 
otluu’ ; find tho po.sition of lupulibrium, and slu'W that if tho 
mitldli* partiido r(H*oiv(5 a sHglit vmlioal displaconumt tho 
timo of a small owdllation is tlm samo as that of a pendulum 
of lougtli 


(.14) A paitudi^ under gravity, is suspondiul by a light 
idnstie Uuhmui which pasm's tlirough a ring H above tlu^ par- 
ticdc! and is ntlacdied to a fixetl point A, A H bidng th(^ natural 
Imigth of tht‘ string. 

If the partitdt^ bt^ pn>je(’t(Hl from any point in any dinx;- 
tion, prcive that it will d(ss<!rib(* an (dlipm*. about tln^ position 
of oc|uilibrium of tho partieh^ as eentn^. 

Frewo that tin* same* will hold if tho pnrticdo bo suspendod 
in a similar way by a nnmbor of olaHtic stringH, 

(15) A elntrd A H of a (drolo is vtu’tioal and the intslina- 
tion of the tangentH at A and li to the horizon is the iiiigh^ 
of friction. Hlunv that tlu^ timo down any chord A (I or OH 
drawn in the Hmalksr of tho two segments into which AH 
dividt'H tlu,‘ circle is constant. 
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(36) A particle, under no forces, is projected with velo- 
city F in a rough tube in the form of an equiangular spiral 
at a distance a from the pole and towards the pole ; shew 
that it will arrive at the pole in time 

a 1 

F cos a — /X sin a ' 

OL being the angle of the spiral and /x (< cot a) the coefficient 
of friction. 

(37) A bead is projected along a rough plane curved 
wire, such that it changes the direction of its motion with 
constant angular velocity. Shew that the form of the wire 
must be a logarithmic spiral. 

(38) A particle attached to a point by a string whose 
natural length is a, lies on a rough horizontal plane and is 
projected perpendicular to the string with velocity v. If it 
comes to rest at a distance a from the point, after describing 
a distance s, ^figs, 

(39) A particle descends a rough circular tube from the 
extremity of the horizontal diameter. If it stops at the 
lowest point, shew that 

3/^e~^’^-l-2/x^ = l. 

(40) If a particle under no forces be projected with 
velocity F along the inner surface of a rough sphere, deter- 
mine the motion, and shew that it will return to the point 
of projection in the time 


— feSiXTr _ i) 

where r is the radius of the sphere. 

(41) A particle is attached to a smooth string which 
passes over a rough circular arc in a vertical plane; the 
particle initially at the extremity of a horizontal diameter 

is drawn up with constant acceleration - : shew that the 

TT 
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work ax|HOid(Hl in drawing it t() tln^ vio’tcx of ilu*. circlo.iH 

vvluo’t^ W in tJui W(‘ight <jF tho partick^, a tlu^ radiuH of the 
circUs luul ya tlu^ (!(»<‘lliciunt {>f friction. 


(42) A. rongh win^ in the form of an (icpiiangular spiral, 
wlumo. angle is cot ^2/4., in* placed with its planet vttrticaf ami 
a particlit HlidoH down it umha* gra-vity, ttonung to rest at its 
lowttHt point; prove* that at tint startIng-[)oint tint tangent 
rnakc*H witli the horizon an angle 2 tair*ya, and that tin? 
V(tlo(hty in gntattmt whtni tin* angltt which the dirttetion of 
motion makes with the horizon is given by the eepiation 

(2ya^ 1) sin 4* 3ya cos ^ « 2/x. 

(43) A particle fallitig under gravity down a rough 
c.ycloidal arc wln»H(e axis is vertical coim^s to n^st at tin? 
low<?Ht poitit : prove? that if be? tlm angles which the? tange*nt 
at the starting-point make‘s with the? horizon, them 

ss sin ^ (M cc>H <jt. 


(44) Two eeiual particles attraesting esach othesr with 
inUsnsity the? acciue?rntion of whicli is x distance? are? plaesesd 
in two roeigh straight tnbens at right angle's to one? anothesr, 
ami the? friestion is eepiul to the? pre'SHUre* In e?ach tube?; prove* 
that if Un?y be* initially at um?<iuul distamjess, one? moves for 


a time bedbre the? othe*r be*ginH tn mesve?, ami that while 

they are? approaching tln^ P‘>bit of interHectiesn of the? tedn's 
tlusy moves in the? same? matisie?** ns the* proje?e?tionH of the? two 
(?xtr(?miiic?H of a dlann?te?r of a esirch? upon a straight line on 
whksh the circle rolls. 


(45) A particle rsioves on a rottgh esurve? imdt?r force?s T 
in the tangent and N in the? msrmal, presve that the velcscity 
at any point is given by 

^ » jer 4- /mJV) (h. 
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(46) A circular tube of small bore revolves with con- 
stant angular velocity co about a vertical diameter, and a 
particle in it is projected from the lowest point with velocity 
due to the level of the highest point. Determine the motion, 
and shew that it is at its greatest distance from the axis 
after a time 


'9 




loc 




^/(i 


% 


4- G) + 


9 


-h 0 )" 




+ G)^ 


where a is the radius of the tube. 


(47) A particle P, attached by a string of given length 
a, to a point in a fixed axis SA, is attracted with constant 
intensity ^ in a direction always parallel to a line SB, which 
is inclined at a given angle to the axis SA, and revolves 
about it with a given angular velocity co : shew that if F= the 
velocity of P, (i)' = the angular velocity of the plane l^SA 
about SA,(I^ = Z PSB, 6^Z PSA, 

J F* = cos </> 4 oj^coco' siT^d 4 const. 

Shew also that the dynamical conditions of this Problem 
are the same as those of a ball-pendulum under gravity, 
when the Earth’s rotation is taken into account. 


(48) A smooth circular tube is fixed at one point A. and 
contains a particle which is initially at rest at the opposite 
end of the diameter through A. The tube is then made 
to revolve with constant angular velocity co about an axis 
through A perpendicular to the plane of the tube. Prove 
that the angle described in the time t by the particle about 
the centre of the tube is 


4 tan“^ 


1 
1 ' 


(49) A ring slides on a smooth elliptic wire which moves 
with constant angular velocity about an axis through its 
centre perpendicular to its plane. Determine the motion; 
and find the time of a small oscillation about the position 
of equilibrium where this is possible. 
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(50) If a particle slide along a smooth curve, which 
turns with constant angular velocity cd about an axis per- 
pendicular to its plane passing through a fixed point 0, 
then the velocity of the particle relatively to the moving 
curve is given by the equation 

+ (oV, 

where r is the distance of the particle from the point 0 ; and 
the pressure on the curve will be given by the formula 

i2 = - 4- 2cov -f co^p, 


where p is the perpendicular from 0 on the tangent. 

(51) If a curve revolve with constant angular velocity 
about a vertical axis in its plane, prove that the time of 
a small oscillation of a particle sliding on the curve about 
its position of relative equilibrium is 

p sin a 

— p sin a cos'^^a ' 

p being the radius of curvature at the point of equilibrium, 
a the angle made by the normal at that point with the ver- 
tical, r the distance of the point from the axis of revolution, 
and CO the angular velocity of the curve. 



(52) A fine straight tube rotates in a plane with constant 
angular velocity co about a point in its length while the plane 
rotates with constant angular velocity co' about a horizontal 
axis through that point, prove that the equation of motion of 
a particle placed in the tube is 




(ct)"'^ + cos^ cot) r^g sin cot cos cot. 


the tube being initially perpendicular to the horizontal axis 
and the plane horizontal. 

(53) AB is the diameter of a sphere of radius a ; a centre 
of attraction at A attracts with intensity (p x distance) ; from 
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the extremity of a diameter perpendicular to AB a particle 
is projected in any direction along the inner surface with a 
velocity (2/x)^a: shew that the velocity of the particle at any 
point P is 2>JiJb a sin and the pressure is yaa (3 sin*^^ — 1), 
where 6 is the angle PAB, so long as the particle remains in 
contact with the surface. 

(54) A particle is attached by a fine* string to the apex 
of a right vertical cone whose semivertical angle is yS, and is 
projected from a position of rest on the cone with an initial 
angular velocity co (about its axis) which is less than the 
least angular velocity which would make the particle leave 
the cone. If the coefficient of friction between the particle 
and cone be fi, find the position of the particle and the 
tension of the string at a given instant; and shew that it 
will come to rest after a time 

1 , ^ H -f* Cl) 

2/xn cos >3 II — 0 ) ‘ 

‘•(55) If a particle be projected horizontally inside a 
right circular cone of vertical angle 2a whoKse axis is vertical 
and vertex downwards with the velocity whicli it would ac- 
quire by sliding down a generator from the point of projection 
to the vertex, shew that : 

1. The motion is oscillatory, and that the particle never 
descends lower than its initial position. 

2. The curve traced out by the particle on the cone if 
developed into a plane has its equation 

(S) "" ~ ~ 

where r is the distance of the particle from the vertex, p its 
initial distance. 

3. The reaction is given by the equation 
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(56) A particle is in equilibrium on the surface of a 
smooth thin hemispherical bowl which attracts according to 
the law of nature. If it be slightly displaced, shew that the 
time of a small oscillation is 



where a is the radius of the bowl, and M the mass. 

(57) If a particle be projected inside a smooth para- 
boloid of revolution, axis vertical and vertex downwards, hori- 
zontally at the level of the focus with velocity J the 
initial radius of curvature of the path will be 

2 

(68) A particle is projected in a smooth paraboloid 
whose axis is vertical so as vei'y nearly to describe a circle 
whose diameter is the latus rectum of the generating para- 
bola ; prove that the time of a small oscillation is the same 
as that of a pendulum of length a, where 4a is the latus 
rectum. 

(59) A particle moves in the interior of a smooth para- 
boloid of revolution whose axis is vertical and vertex down- 
wards. Shew that the differential equation of its path on a 
horizontal plane is 



where 4a is the latus rectum of the generating parabola. 

(60) A particle under an attraction varying inversely 
as the cube of the distance from a given plane, is constrained 
to move on a smooth spherical surface, having been projected 
with the velocity due to an infinite distance ; prove that the 
resultant acceleration of the particle always passes through a 
fixed point. 
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(61) A particle is attached to the highest point of a 
smooth fixed sphere of radius a, by an elastic string whose 

natural length is ™ , and the weight of the particle is suf- 
ficient to stretch the string to double its natural length ; at 
first the particle moves with constant velocity in a small 
circle; the string being stretched to double its natural length ; 
prove that if the motion be slightly disturbed the time of a 
small oscillation will be 


27r 




ts/2 


9{4^j2^5)7r-^Sj2 


and find the greatest impulse it can receive along the direc- 
tion of the string without leaving the sphere. 


(62) A rough paraboloid of revolution of latus rectum 
4a and coeJBficient of friction cot /3 revolves with constant 
angular velocity about its axis which is vertical ; prove that 
for any given angular velocity greater than 


or less than 



a particle can rest anywhere on the surface except within a 
certain zone, but that for any intermediate angular velocity 
equilibrium is possible at every point of the surface. 

(63) An anchor ring is formed by the revolution of a 
circle of radius c about an axis in its own plane at a distatice 
a from the centre. A particle is projected along the smaller 
equator with velocity v and is under an attraction to the 
centre of the axis If the particle be slightly displaced, 
prove that it will cut its original path at equal angular 
intervals a, whore 

fTT^ _ ja — c yaa (a — cY 'i 

\a) I c J* 
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(64) A smooth surface is generated by the revolution of 
the curve x^y = about the axis of y which is directed 
vertically downwards, and a particle under gravity is pro- 
jected along the surface with velocity due to the level of 
the horizontal plane through the origin. 

Prove that its path will intersect all the meridians at a 
constant angle. 

(65) Find the form of the smooth surface on which if a 
particle move, under the action of a central force varying, 
according to a given law, with the distance, the normal 
pressure shall be constant. 

(66) Find the Brachistochrone of continuous plane cur- 
vature, when the velocity is always proportional to the curva- 
ture. 

(67) Find the Brachistochrone in a medium in which 
the velocity depends upon the direction of motion only. 

Take particular cases : such as 
a) 'y == Ax -|- JBfjj -f- Gvy 
h) t; = AX^ + i?ya*-f(7z/‘^ 
c) -y = A/xv + jBi/X - f <7X//< ; 

X, fly V being direction-cosines, and A, By C constants. 
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CHAPTER VII. 

MOTION IN A EESISTING MEDIUM. 

207. When a body moves in a fluid, whether liquid or 
gaseous, it must, in displacing the particles of the medium 
and in rubbing against them, lose part of its own velocity. 
The resistance of a fluid to a body moving in it produces 
therefore a retardation; but, in consequence of the great 
difficulty of making accurate experiments on the subject, the 
laws of the resistance of fluids have not yet been satisfactorily 
ascertained. 

For a velocity neither very great nor very small, the 
general approximate law seems to be, that the resistance to 
a plane surface, moving with its plane at right angles to the 
line of motion, varies as the extent of the surface, the density 
of the resisting medium, ai\d the square of the velocity taken 
conjointly; and the retardation due to the resistance is 
therefore equal to the numerical value of the resistance 
divided by the number of xmits of mass in the body. 

It is well that the student should observe that in all cases 
of resistance, as in those of friction, the motions are essentially 
irreversible. We are no longer dealing with conservative 
systems, so long at least as we confine our attention to the 
motion of the resisted body alone. 

208. A particle under no forces is 'projected in a resisting 
medium of uniform density, of which the resistance varies as 
the n^^^ power of the velocity ; to determine the motion. 

The motion will evidently be rectilinear. Let s be the 
distance of the particle from a fixed point in the line of 
motion at the time t, v its velocity at that time. The 
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retardation due to the resistance may be represented by 
kv'\ k being a constant, and the equation of motion is 



1 

II 

1^ 

(1)> 

or 

v'p — k,- 

as 

(2). 

Therefore 

1 dv J 



j ^ j, 

-y"-* ds~ 

Integrating, supposing the initial velocity F, 


( 3 ), 

- yk = {n-2)lcs...:. (4), 


and the elimination of v between (3) and (4) will give s in 
terms of t. 

We see from (3) and (4) that if 7i> 1, the velocity never 
vanishes ; and that if n > 2, the distance gone increases 
indefinitely. 

209 . The Rev. F. Bashforth, Motion of Projectiles^ found 
that for small variations of velocity we might put n = 3. 

If cj; == diameter of shot in inches, w = nutnber of pounds 
in the shot, then the retardation due to the resistance- was 

put = so that /c = 10"^ JST, and K was deter- 

^ w w 

mined by experiment for velocities proceeding by increments 
of 10 between .900 and 1700 feet per second, K attaining its 
maximum value for a velocity of about 1200. 
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The numerical values of K for elongated and spherical 
projectiles are given in Tables I. and II. in the ''Motion of 
Projectiles.'’ 

Tables also were calculated by Mr Bashforth from formulae 

(3) and (4) (Tables VIII. — IX.), giving — s and ^ t for every 

decrement of 10 in the velocity between 1700 and 900, using 
the mean value of JT' between each pair of velocities, and 
from these tallies we can determine s in terms of v and t in 
terms of v for any shot, neglecting gravity, and consequently 
s in terms of t 

210. There is one case in which the above solution fails, 
namely when n = l, or the resistance varies as the velocity. 
In this case /c is the reciprocal of a time and may be put 


or 

dv V 

dt T 

(!)> 


i-i 1 1- 
1 

II 

1 

(2). 

Hence 

1 * 

log -=- 

(3); 

and therefore 

ds „ 


Integrating, we have 

t 

s= FT(l-e"0 

(4). 


Equations (3) and (4) determine the velocity and the 
position of the particle at any instant. They shew that the 
velocity continually diminishes without ever actually be- 
coming zero, but that the distance passed over by the particle 
has a definite limit, for when 


^ = 00, 5 = Ft. 
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211, A particle, nnd&r a constant fi>rce in ite line of 
motion, moven in a. remdinff medinm of mdfonn dendty, of 
which the reddance varien as the mputre of the velocity; to 
determine the motion. 


HuppoHu th(* particle projected from the origin with the 
velocity V, and Icdi v be itH vehmity at any time t, m ita 
dintance from tlu^ origin at that time, and / the C!an8taut 
acceleration diui to tlie force. 


ABHunu^ K to be the vt^Iocity with which the particle 
wonid hav(^ to be animated that the retardation due to tlie 
reHiatanca^ might be cupial to f then the retardation when the 

velocity in v may be repn^Hented by f j^% • 


L(d. / act HO an to diminiHh w; then the (Kfuation of 
motion in 


dv 

dt 


K 




or 


dv 

'dm 




Integrating, and deUnanining the constantB ho that when 

liaaO, P", 

we obtain 


tan ” 

n K 


IC +Vv' 


2/W , ir-t-F* 

Let T be the time at which the velocity becomes zero, 
and h the corresponding value of w, then 

K V f P\ 

tan"‘ ^ , aud ^ - 2/ "*■ A'*) ‘ 


T. D, 
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After this tlio j)arti<‘lt! begins t<i return, the resistance 
tlun'oforo tends to inorwisu w, and the eniialimi ef mutiun is 

(A'” -s’*) 

(U A'*' ' 

or !>'[' S3 - 

(Li: h 

Integrating, and <K*t.t*nniiung tin* etniHinnt.H hu tlint \v!ii*n 
we obtain 

2/' . , K + P 

if K'^ 

A' A' 

Let U be the velocity with wliieh tin* particle will reittrn 
to the point of projection; then, potting in the latter 

e([uation, we obtain 

t fa 'A/ 


l~r 


or, snhstiUiting for h its value. 


whcnco 


1 + ,,, 


1 I 1 

u*~ A'"’ 


This shows, ns wo inigiit ttxjHiot, that tho nartitdo returns 
to the point of projoction with dimiiiishod velocity. 

The integrated e([uation ooimecting <r anti v alatvo, siiews 
that however far the particle may fall its speed eatuiofc 
exceed IC. And by taking the constants U> indicate a 
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projcH’-tiou (lowuvvardH, with any finitui npotid, howovar gn^at, 
wo Hoo that tlu] Hptuul will toml again towardn tlio tormiual 
vahio /f. 


212. "rh(^ n^Hiiltn of tlu^ laHfc Proposition aro applicablo to 

bodiim pr(y(H!tt‘d in a nwmting nuulium vcirtioally iipwardn or 
dowtiwards undor gravity; for thtunauduration (fno to gravity 
may ntill bo oonHidcvrtul (‘onstunt, althongh not tho namo m 
for a paTtiolt^ in vacuio. dins (dlbc.tivi^ attraction of gravity in 
in fact tlui dit!bronc(‘ of tho w<uj^dd.H of tln^ body and thu flnid 
diHplacuul, HO tliat if a bo tint ratio of tho dcamity of tlu^ flnid 
dinplacod to that of tho body, otlfoctivo gravity 

s? IP ( 1 a) ^ M (/ (I — a), 

wlu'ri^ IF and M arti tho weight and nuiHs of the body, and 
thoroforo tho ac^c^doration (taiiHod by gravity —//(I — a). By 
Hubstituting thin fory' in tho ronnltH td’ § 21 1, wo may obtain 
formuho for tlui motion of boditm in a vortical tfiro*ction 
nndi'r gravity. Hailntom^H and raindropn afford a good 
illuHtration of tho Teruiinal VtsUndt/j indioatod by tho roHiiIt 
of §211. Ho dooH tlu^ arruHt of tho (planetary) Hpood of 
“nhooting Htarn.*^ 


213 . To find the oqnatioHH of motion^ in a remtinf/ 
dium, of a particle umler any forcm. 

Lot a', IP s bc! tho co-ordinatoH of tlu^ partich^ ndativo to 
an aHHiuntHl Hynttun of roctangnlar axon, at tlio tinus f,, ami lot 
X, Y, Z b(^ tlu^ compomnit aocolorationH, parallel to tlu^ axon, 
diH^ to tho forooH acting on tlu^ particdo. Then denoting by It 
iho ndardation dm^ to tln^ ri'nintamu^ which licm in tlu^ tan» 
gent to tho path dtmoribinl, and in a diruotion opponod to tho 
motion, wo liavo 

d^ic y p dm 


d^t/ 

df 


Y-^H 




im Z ^ 



dh 

df 
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TluiBe are tho general cif tnutieai In mw jutr- 

ticular case li will be givt*n «h a Auic’tieu t»f the deiinity i»f 
the medium luul tlu» vcdoeity <»f tlie jmrtiele, ami iiartiimlar 
iiietluHlH will be for tdUniniiig the piitb ef tbi* 

particle and its pesilien at any time. These ei|uafiiin.H will 
euabl (3 UH, when A', l\ Z are given, tc* dettuinine thc^ 
laiee that a givtm path may be tleseribed. 

214. A purtide under (jmeittf In projeeted fram a 
point in u (finen direction mth n tjicen vetoed it ml mown In it 
wtifofJti medinni winme reniHtance rarwH (tn nome ptneer of the 
velocity ; to determine the motion. 

Take the givtm point ns t>rigin, the axis of ,r Imrixuntah 
the axis of y vtulieally upwarcls, m tliat thr< plane of j #/ may 
contain the diriatiion of projeetion; let// tlenoti* the aeeele.. 
ration of gravity, v tlu^ vehieity of the piirtu’le at any point, 
n its horixontfd eompomutt, ^ the inclination of tin* direcuiem 
of motiem to the horixcm, and li kv’* the rc^tardation due to 
the rcHistanco. 

Then the eejuations of motion an*, rcwih ing horixoniidty 
and vertically, 

(hr dn' 

tie " tis" 

,l? j. 

or, res(»lviiig in tin* clirc*ction of the tangent and noriiiiib 
fPn 

^ «//sin - H ,,.,.,4*11, 


//sin - /i 


« r;ccm .441, 

« dn d-M 

HhuHi V ea ,nmv COM ^ aijtj P^~~ I'ijuntiojtj. ( I ) nrid 

(4) iiiuy bo writtfii 

- H Vim (ft I, 

dt^ 

m f ^ A .r 4 


' f/ Ctw ^ . 


,.,... 4111 , 
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and therefore 


du 

d<p~ g 


;,^n+i sec»+i^_ 


Integrating this equation, denoting by the velocity at 
the vertex of the trajectory, 



if denote the integral J n sec"*^ <f)d(p. 


Therefore 


where 


0--yP<t>f 

^ retardation at vertex 

^ g ^ acceleration of gravity 

_ resistance at vertex 
weight of shot 


From equation (6) 

dt V , u ^ , 
- 71 = — secd> = — sec 6, 
d(p g ^ g ^ 

therefore, if a be the angle of projection, 

4>d<f> 


(i-7P«r 


Again, 


X = udt= sec^ 6d<i> 

Jo ]<!> ff ^ 

- V p sec^<^rf(jb 

— r sec^ (/)d(l) 

(l-ypj 
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Equations ( 9 ), ( 10 ), ( 11 ) give t, x, y in terms of 0 . 

For 7^ = 3, P == 3 tan (ji) + tan® 

and the integrals in ( 9 ), ( 10 ), ( 11 ) were calculated by quad- 
ratures for different values of 7 and for certain ranges of 
angle, and the nominal values tabulated, in Tables IV. V. VI. 
in Mr Bashforth’s '' Motion of Projectiles.” 


V 

216. For 7 ^=l, putting P = then r is the measure 

of a time, and 

P = [ sec® = tan 


Jo 




"" sec^ <pd^ 
y tan 


gy ° 1 — 7 tan oc 


■( 1 ); 


and since 






7 = 




9^' 


, T 1 — 7 tan (b 
^ = Tlog- — -- 

® 1 — 7 tan a 

— P sec® <l>d4> 

/I 1 

%l T" ' — “ — ' 

® Vl~-7tana 1—ytm^ 




sec®<^ tan^d<^ 
(1 — 7 tan ^)® 


. 1 — 7 tana l-- 7 tan^ ®i- 7 tan 




and the elimination of tan ^ between ( 2 ) ^nd ( 3 ) will give 
the relation between x and y. 
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Or iiuniudiataly, rcmc^Ivitig lK>rii^()^taIly aiul vertically, 


(It^ T (It 

(4). 

(/“;// 1 d y 

df ~~T dt 

('0: 

and intogmtiug, Huppomug V the voloiuty and a 
projootiou, 

2 .» V <*OH OL0 ^ , 

(it 

tlio tuiglo of 

J 

(it ^ Htn a 4 l/r) e? ^ , 


and integrating again, 

i 


ai « Vr coH a (1 — a 

(«). 

y + ytr SB ( W Kin o + yr*) (l~e ') . 

(7). 


Eliiuiuatiug t betwuuu (0) aud (7), 

g , Vt ccm a , <fr \ 

U + //T* log , * » tan a + w, 

a i/ n a \ V turn aj 

the tM|uatiou of the trajectory. 

Difforontiaiiog tliin (^(fuatiou twict^ wt^ obtain 




m 


0 , 


(lity ( Fr 0 ()H cc 
the clilibroiitial iKjiiatUjn of tln^ traji^itt^ry. 

210. For « » 2, jmt.t.iiig iiusiiaui'c 

of a Iniigtli, and putfciuf^ p ^ tun 

/*mj 2 MOO* ^d (/> » 2 Jv 1 + pV/) 

» p^l + f • + log ( p + J I + p'). 
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The equations of motion are, resolving horizontally and 
vertically, 



d?x __ 1 fds^^dx 

df a \dt/ ds 

(!)> 


d^y _ 1 /ds\^dy 

df a \dt) ds ^ 

( 2 ). 

Equation (1) 

may he written 



du 1 ds 

~di a di 


or 

1 du Ids 

u dt^ a dt' 


and integrating, 




u=VcoB0Le “ 

( 3 ). 


From equation (8) of § 214, 




or 


cos*'* a 
ga 


[ tan a sec a — tan (p sec ^ 


4-log 


tan a 4- sec a ' 


^ tan (p 4 sec (pj 

the intrinsic equation of the path. 

Differentiating this equation with respect to 

- /r+»“ 

dw' 


or 


2 ds _ 

V^cos^adP 2 

a dx 

II 

1 


dp 1 9 

dx V'^ cos*'^ a 


ga 

e'“ = 0. 


.(4), 


.(5), 


the differential equation of the path. 

If 8, s denote the arcs of the trajectory in a non-resisting 
and a resisting medium, measured from the point of pro- 
jection to any two points at which the tangents are parallel; 
then, since in the non-resisting medium a = oo , therefore 
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dp (7 si 

:f: = ~ Trs-'^~F- ® “ cos 4 >> 
as F“ cos a ^ 

9 

dS F^cos'^a°°®'^’ 


and 


and integrating, 


dS 


~=.e\ 


ds 


Me--) 


.( 6 ). 


217. For a fiat trajectory, jp being always small, we may 
ds 

pi-it ^ then equation (5) may be written 


dx^V^CQS^a^ dx~^- 


Integrating, 


p + = tan a + — j 

^ 2 K ^ cos^ OL 2 cos*^ a ' 


or 


2* 2FVos‘‘*a, . 

0 ~ 1 = — (tan a — p). 


And substituting again in equation (5) 

dp 2p g 2^ 

^ — .j- = tan OL. 

dx a F cos a a 


A Uiplying by e and integrating. 




•+ 




do? 2 F^ co8“ OL 

\ 

And integrating again, 
ga 


2 F^cos‘^a^ V2F^cos‘-‘a 


ga 


^ — h tan a)e , 


P = ±. = - W W^ -Z + 2T"cos“ a + “• 


y = ( tan a + ~ J - jyA’ — f- - 1)* 

V 2 F"* cos^ olJ 4 F^ cos^ a ^ ^ 
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a* 

Expanding e in nHctnnling powom of o. Inung HUp|HJH(nl 
large, 

1/ j. tai i a ^ y 5j ^ q; * • * * * * ‘ 

of whieh tlu^ flrnt tw(^ tenuH will rt^primcnii tln^ iritjeetiny in 
a non-n^HiHting nuuliiun. 


218 . A particle nmveH in rmidittg mmlimn under a 
central aUractian; to determine the orbit. 

Let P be the acceleration dnc^ to the central attraction, 
B the retardation tine to tin* rt‘HiHtanc(^ of the nuHlinin ; then 
ruHulving along and perpmulicular to the rmUnn ViK!tor» 


d'r 

(W " '' 

P ’-^- 



dtS 

.......( 1 ). 

1 d , 

'"’’1 - - ;, 

. rdO 

ci ) 

V dt ' 

,ii) " 

" dH 


d() 

Ihitting ss taptation ( 2 ) may la* writttni 

dO 


or 

and then^fort^ 


dh 

dt' 

I dh 
h dt ' 


. Hr^ 

if ' 


dH 


h » h^e 




Or tlie etjnation may be written 

1 dh H 
h dn^^i? ’ 

and therefore 

/ 5 - 




Again, putting we have 


.(Ji) 


.{+) 
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dr 

1 du 

1 du dB 


du 

and 

dt 

~"~u* dt~~ 

' ■iddB dt " 


dB' 


#;• 

dht d6 

dh du 




de 

"" '' dB* dt 

dt dB 






ltdu 





dO^ 

' V dB 






, ! du 





dB‘ 

h /i y , ; 
ir (Is 



and tho 

iroforo 






d^r 

de ' 

{dd\^ 

~^\dt) “ 

‘ dff‘ 

rt* 

- Idu^ 


or 


^ 3 ® — . 

d^U 


It 


dr 


dff' 


+ U : 


(Ih^ 

p 


.(•U 


mi of tho naiuo form an tluii for tho motion in 

a ut)u»roHiHting modium, h hovvovor boing now variabhn 

219, If in addition to tlui contra! attraction, tloTo is 
n tranHvorHnl force producing acc(d<u‘ation wo hIuiII obtain 
tho (Hiuation analogouH to (5) mont nirnply l)y resolving in 
tho normal^ and then 


»pHin p Tooh 


whore 

I'lunaiforo 


tan < 3 & i 


nW 

dr 


ndd 

dn 




“ W + “j • 


V 

■m ^ -■ 

p Hin tp 

d^ti , /* T dn 

d(P h^d^dfP 

an o(|uation of tho mmio form as tlnit obtainiHl in § 15(1 


(»r 
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EXAMPLES. 


(1) If the tiuu^ in a (|timiratic function of tlic 
travt*rHU(l, provi^ tluit tlin rcHiHUuuHs varicH m tlui cube ot* tln^ 
velocity. 

(2) HhiJW that the Holution of the (litfertinual e(|uation 
for vibratiouH reniHtttd l)y friction proportitniul to tln^ velocity* 
but otherwim* fret?, viz. 

il f kn f n'^it - 0, 
may be put into the ft)nn 

1 *./ f . ‘Hin nt / , A: . 

It » cj j f I t*oH n t *f Hin n tj , 

where S3: and are tht' valuen of the velotnty 

and diHplactunt?nt wht^n t ^ 0. 

Dtuluce tin; cotnpleti^ Holution tif 


(I f ktl d“ » (K 


in the form 




, nin n*t 


“h 


^coH nt + J\ Hin j 

1 

^ I ff P'U--/’) ^iii fi* «« ff 

M J ti 


where '(/' is thci Hame function of m U in of t 
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(:]) Dctormiuo tluj uiotion of a body uudor an attraction 
towardn a fixc‘.d contra proportional to the diBianco in a 
medium whoHi^ raBrntanco in proportional to the velocity. 

A body pcnforniH rectiliiumr vibrationn in thiH moditun in 
a [Bodod and tlu^ co-ordinatem of the axtramitioH of thnn) 
cunmnnitivi^ Hamivibra.LionB art', a, b, a; prove that tlm co-ordi- 
nalt^ t)F the p(»Hitiou of e(|uilibrium and tlu^ time of vibration 
if th(‘ri^ vvert^ no rtsHintatuai! are n^Hptictively 


aa — i/ 
a I 0 — tb 


and T 




-I 


(4) I f tdiordH 1 h^ drawn from tnther extremity of a vertical 
dianu'ter of a circle, the tinn^ of thmeent down each of tlunn in 
a nuKlium whoHo nmintance varioH an thti vtdocity in the Hame. 

(%5) One particle b(*ginH to fall from the higlior oxtrennity 
of a vertical line, and at theHamtJ irmtant another in projcK^ted 
npwartlH from th(‘ otlun* mKtrtnnity with a given velocity, the 
particloH movitjg in a nuHlinm of which the roBintatice varitsH 
an tlu^ vtdecity ; nliew tliat the tinu^ at which they will meet 
V^T 

will b(» T ItJg , where a in the length of the lim% V the 

velocity of projection, and the retardation diu^ to tlit^ rcHint.- 
niu’c in ^ of tins vtdocity. 

((j) A light elantic ntring whoHo nnHtretohed length in a 
in faHtmuul at om^ md and to the other tmd in attacluHl a 
particle, which hanging fnady would Htretch the Htring to a 
Icmgth 2o. TIu! parti(de in projected vertitsally upwardn from 
the point at wlucdi thti .string in faHtened in a nuHlium of 

rcMiHtauce prochuung nd.ardation If h be the Indght at- 
tained, 1/ tlu^ velocity of projection, V tlu' velocity with 
whicli the particle retunm to the point of projectiom 
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(7) .l)tto*nihu‘ the* law <»f that a partirli^ 

may alwayn {hwt'ial to a ^nv«ai cTiOri’ ia ihf rnmw tiim* fV<iai 
what(^vt‘r dintaatn^ it commaata’H ita aiaiani, tla^ iiiatliitiit ia 
which thii pftrti(*l<^ aa^vcH naiihnn, aatl the rciii?4tau<‘tt 

mryirig an tlui at tlia vadtanty* 

(H) If aiu^ particle la* prnjiH’ftnl la a aanlium, tlu! re 
nintiuau* {»f which varicn an the vadtanty, nad lua^thci he pr<e 
jacUul ia vacua at thteHaaic iuigl<% aad with tla^ name velacity, 
hath parti<;lt*H ht‘iag uadcr gravity, and if he the timeM 
of dcHcrihiag twa nren ia tla^ aietlittai and ia vainio «o r*dated 
ta taicli (»thcr that the taagentM at their e?ctreautieH whaft he 
paridltd ta each (Jther, tiuui 


T 

(0) Ih’ave the hdhaviag tHpiatiaan applieahle t»» thi^ 
m<»tiau i)f a slart rc^sintecl hy the air with retardatioa 
htiiag thv- V(‘laeity and ^ tlie iaeliiiatiaa r«i the harixiUi of tlie 
dirt'ctiaa af ai(‘tiaa : 

tniH y r HUi Y ^ (e)* 

df 

c tm tj (Mia y. 

Prove nlmi that if ih the initial value af and i, a\ ij 
the time and han^4iatui and vertical diiiiaacf*H friuii the puini 
<jf project ion, 


(jt a 

1 c HOC 




/ v^d^jr, 


1 ^ 

iW^ ^ 

a* tan 

4> 


Halve completely the ea«e hir which 
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(10) If the horizontal distance of a projectile in a re- 
sisting medium from the point of projection be connected 
with the time by the equation = f(t\ prove that the equa- 
tion of the trajectory is 

y = - yfit) f-/-~ + g dt + Af (t) + B, 

where A and B are constants. 

In the case when t = ax -{■ shew that the equation of 
the trajectory is 

2 / = a* tan a — ^ Q aV + 1 abx^ -\- - . 


(11) A particle moves under gravity in a medium in 
which the resistance varies as the power of the velocity, 
Fj, Fq being its velocities at the two points where its direction 
of motion makes an angle (p with the horizon, and F its 
velocity at the highest point ; prove that 

1 1 __ 2 cos^ p 

y-n+lri- -p-. 


(12) If the resistance vary as the power of the velocity, 
and, if /be the retardation due to the resistance when a shot 
is ascending at an inclination <j>, / when it is moving hori- 
zontally, and / when it is descending at an inclination </> in 
the trajectory, prove that 

1 l_2co^ 

/ V fo ’ 

•4 — 4 = - cos" <}> f n eec”'^‘ ^d<j). 

j J 9 0 


(13) A body of mass m is describing a parabola under 
gravity, and a tangential impulse mu acts on it. Prove 
that the focus of the new trajectory moves towards the body 
2v 


a distance 


^9 


% where v was the velocity of the body. 
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If tlm iKJcly iH aetcnl on by u uniform roHixtanco wo may 
concoivo tho |)aih an tin* onvi*lojn^ of a ayntom tif paraliolan. 
Aj)|>ly thn abovo to ihal tJjo rolution ln*tvvoi!ii oorri*HjHuniing 
arc’H of tlm path and tin* lotnm of (In* fooi tif tho i*nvtdt>pin^r 
parabokiH, 

fl4) A pnrti<d(* of winght IV iuovoh umlor gravity in a 
nnalium of whirh tin* roHmtanro H in always amall luul varioH 
noccn’diiig to a givou law ; hIiow that tln^ voha’ity of tht^ h«*nM 

of tho inHtantaut*ouH parabola at any thin* in k volooiiy of 

tho [lartich*. 

(15) I^rovt^ that tho angular volooity of rogrowMion of 
tin* apm* lino of a phun*i I\ moving in a moilinm piodmdng 
rotardation H, in 

^ j ^ mn / «S//, 

wht‘ro S iH tin* Hun, // tfn» ofhor fotata of tin* orbit, r tin* 
ct<Tt*ntrk;iiy, and V tin* volooity. 

(16) Explain Imw it in that a roHiiHting inoilinnn ovon 
though ac*ting hn* a nhort timo only, wouhi aoroli'riito tho 
nuian motion <if a planot, 

(17) A partioht m moving amuiat ray a diverging from a 
pointi wdiich ollbr nwiatnma* only to motion twnmn thmn with 
ri'nintanco pronortional in tin* vt*lo{nty, Hhow that it in 
pc^HKildif for tin* partii’h* to movi* with oonatunt angnliir 
volooify lihout tlm p<iint, and find Urn path nnd ifm I’ironm* 
atamniH of {»rojo(?tion. 

(IH) A piirth’lo doHoribt,*H an omiiangukr «|nral iiiitlnr a 
cnutral attrimtion in a moditim of whioh thn rnawlaitta* variiw 
iw tint Hqunro of tlm vidority. 

Provo tfiat tlm diainnoo at which tlm attmcitdiiii m ii 
inaximnm 18 half tlm tbataiioo at whioti tlm vcdooity m ii 
miiximiitn, am! that tlnmo «li«tanoo8 aro iiiflojMfticloiii of tin* 
initial dintanco or initial vt*Iocnty. 


MOTION IN A EKHIBTING MKDIIIM. 


267 


(19) ''Fho rcitnrdatioii diu^ k) tlu^ nisintMUco of a iiuMlium 
boing kif, provu (bat tlu^ orbit mulor a uoutml attraction 

^ will bt^ an ('(iniangnlar npiral if the velocity of projt‘ctiun 

bt^ (-hat in a at tlu5 Hjune <listance, aiul the angle of 

|)roj(H’tion Ih‘ c.oh * 2ja/r. 


(20) Sluav (Jia.(. tlu^ etjnation 


(/b* 

///.« 


'ik 


"i i i 


in whi(‘h % ban all positivt^ intt»gral valncH, and k in lens than 
w, reprt\s<nd.H cycloidnJ ptaidubun motion, with vi.s(!oiiH rasint- 
anct^, undtn* tin* action of an infinite Horitns of (‘(junl inipulHOH 
(in tin* Hann* din'ction) HinuMHuling oiui anotlun* at intorvalB 

..r 

V 

In(4»gra,t.e (hin (upiation ; and, by (Comparing the remilt 
with tlnit obtabu'd by treating tln^ probhun for each imptd.se 
He|)arat(dy from an <4)och ho dintant that the motion ban 
b(HM)me inde[n‘ndent of tln^ initial (.nrcnniHtancuH, nbow that 




(;oH ij)t f 2/7 i7> niu ipt 


27r 


»4/ 


1 — Cf COH 


27 r‘a\^ 

V J 


.sin a/. + € mn 

’ST 


^ COH n^t 


2<f COH 


27 r/L 


-TriT-iiraf^^Tu 

f 


where 71 ^^ — and t lien between 0 and . 

(21) rrove that the cycloid m Htill a tautocdirone imdor 
gravity when the reHiHbmce varien an tht'. velocity. 


Prov<.i that the name in (.rue hIho of any tautochrone. 
IM). 17 
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(22) Tlu'. timo t>f vibratiuu fVtuu rt*ht to ri*Ht t»l ii r}H'|uiilH! 

jKaiduluin wlu*u tinn*HLsU‘ii , |»r<jv«* that it ihv rcMtHl ■- 

ia»c*o (jF iht^ air prinhuM* rrlardatitm 2a niu a k vt4urity» in 
ortlur that ihti arc? of oarillntitaj timy In^ roUHtiintly 2r* tau’h 
tiiiu? tlu' bob ]uisHt»H thn»o^h tbo lu\vc*Ht point, it niii>4. 
iH?ccavo au impulse' in tin* diroftiou td inotiou 

a/arr ^hio* 


wlu?rn fii in tho mnHH of tin? bob. 


(2ti) A pariiolt* in projnnioct in a mociitim tln^ roHtiiianoi! 
of wliirh procluroH rotaniatioti ^ x volofity, and \n undta* an 
nttmeticni to a tixod point wbi«’h protlnca*H acHadoration 
X diHtanc’o. Provo that tin* partic’lc* will doaoribt* a 

parabola, tondini^ to c'oino to ri'.^t at tbo origin. 


(2d«) If a pnrticdc* nndcT a oontrnl nttraotitin prodnoing 
no<*<dt‘ration /rV nnevo in a niodinin of wbioh tin* rc'^i^tanon 
priHltn?t*H rotardation 2/r ( v«dt»oity), provo that it wilt domaibo 
ihn onrvo 


1 

2 


, ((Hi i\tf I (/p/ 

i.ul-hrf 


iLif 




tan 


j f/.r /ii; 
<1// - ‘ VJ‘ 


iK 


(25) A partiido nniving nndor gravity in it inodinnn tin* 

1'^ 

rcdanlation dnn t<* wlnmo roHi^tanro , ididt*H in a voriioii! 
pliuu! down tlin (Hirvc* 


whorc' H Ih tlio longili of tin* onrvo inoaanr**d from ItiwoHl 
point^, ii itio omliniitr? of tho t^xtrondty of tddf^ itrt* mforrod lo 
a vortnml axw, iiiid a a rom^tuni ; ahow that tdm timo of 
roiMrliing tbo lowoKt pcant m iinlopondont of ilin litdglii from 
wliitdi it HtartH, 
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(26) A particle of mass m falls down a smooth cycloid 
whose axis is vertical and vertex upwards, in a medium 


whose resistance is and the distance of the starting 
point from the ve rtex is c; prove that the time to the cusp 
, 2a being the length of the axis. 


(27) A particle moves in a resisting medium ;^' ,tate any 
reasons, arising from the principle of the conse#ation of 
momentum, which render it probable that the resistance at 
any point varies as the density of the medium at that point, 
and the square of the velocity of the moving particle. 


A particle describes in the medium an ellipse under two 
attractions to the foci varying inversely as the power of 
the distance ; find the density of the medium at any point 
of the path ; and shew that if the attractions vary inversely 
as the distance, being equal at equal distances, the density 
varies as the acceleration with which it would move in a 
non-resisting medium, under the same attraction if it were 
constrained to move in the ellipse. 


(28) A particle is suspended so as to oscillate in a 
cycloid whose vertex is at the lowest point: if it begin to 
move from a point distant a from the lowest point meaKSured 
along the curve, and the medium in which it moves produces 

a small retardation — , prove that before it next comes to 

Sot 

rest energy has been dissipated which is ^ ~ of its original 

occ 

value. 


17—2 
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CHAPTER VIIL 

GENERAL THEOREMS. 

220. We propose now to prove some of the general 
theorems connected with the motion of a particle under any 
forces, and to investigate the forces requisite for the descrip- 
tion of given paths in a given manner. Several of these 
results have already occurred as immediate deductions from 
the laws of motion ; but to maintain the special character of 
the work we give more formal analytical demonstrations^ 
though these may be considered superfluous. 

221. If a particle he subject to forces, whose resultant is 
continually at right angles to the direction of motion; the 
speed of the particle will he constant 

Let jR be this resultant, X, v its direction cosines, then 
if m be the mass of the particle, the equations of motion 
are 


d'x ^ 


m 


df 


fiR, 


Multiplying by ^ , 


m 


df 


vR, 


adding, and observing that 


^ dx dy dz . 


since the force R is at right angles to the element of the path, 


we have 


' ^ dt df dt df dt df ^ ’ 


therefore 


V = const. 
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Or, we might at once have resolved along the arc ; this 
would have given 


^^ = 0 - 
df ’ 


whose integral is 


ds 

-- ='v = const. 
dt 


The value of R is evidently m — ; and therefore R varies 

inversely as the radius of absolute curvature of the path. 
It is clear that its direction lies in the osculating plane, for 
there is no acceleration perpendicular to that plane. 


Ex. A particle projected in a plane is under a constant 
force R in that plane, continually perpendicular to the direc- 
tion of motion ; to find the path described. 


Here jR = ™ ; 
a circle. 


and therefore p is constant, or the path is 


222. If X, Y, Z he the rectangular components of a force 
or forces such as occur in nature, i.e. tending to fixed centres 
and being functions of the distances from these centres, 

Xdx + Ydy + Zdz = -~dV, 
i.e. is a complete differential. Compare § 78. 


Let the points a^, b^, c ^ ; a^, b^, c ^ ; &c. be the positions of 
the centres of force ; x, y, z the co-ordinates of the attracted 
particle ; then, if r^, r^, ... be its distances from the centres, 
<ji)/ (i)), (jD), &c. the laws of attraction to those centres, we 

have 



(’’i) + 






. a — x 
r 
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(JKNKHAr* TIlKOliKMH, 


Bu t r » V [ — // f ' h 1 ; 

which given ‘ , <Sfi‘., Inr the vahien ef fhe purtiiil 

tliffereutial eeelllcientH ef r. 

llviwv, 



TIu^hu give 

X(Lr VdiJ i Zih 



(r) dr .,Cl), 

sinco every i(*nn ef the huiu ih a cceuplete ditlereetial, Fri>ui 
I 7H it in ehvieUH that V in the pc^teetial at a\ //, :, 

223 . Undm* amj forrm nurh hh acrur in ntttnrr thil 
increnirnt nftha nquarr of (hr vdomti/ nf a jntrtirli* in pnminff 
fnrm one point to another in imlepen^mt of the path jUirMatn), 
and dependn unltj on the initial and ft mil pomtionn. Thin i# 
tfnm emu if the particle be forced to moee in anp partumlar 
path bp a condraint mmtinuaUy perpendienlar to itn direct km 
of motion, etmh ae frictionlem eoHdrainL 

If we elumHii tfuigeatial reaelutioa, the eeiwtraiut him m 
corn|K)iierit m that direetien, and tht^ e(|uatieii of liiet icm in 


(Pm 

Ilf 


V \rdp , e/ ds 

dm dn da 
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2(18 


vvliiuh bccomcH by (1) 




t/n (/“.V 

dt dt!‘ ' 


.N'/ 


dr 


■■ (!-~ (■/•) (/ 


dV 
' dt ' 

~ V.- 


IhnuH^ if (f Ihh vt'huuty at. a point dintatuu^H frinti 

tlauHOitn^H nrti /i^, /i^, and whi*rt^ K * Fj, 

i'/i^ w - v, « k, 

or h 

a wlihdi inv(dv»^.s only tlin co-ordinutoH of tho initial 

anti final ponitionH. HtH% again, § 7H. 


224. fltnuu! if from any jufint ttf tlio mirfactJ 

a pnrtitdt^ In*? nnijcototl with agivtni vtdooityiu any tlircuttion; 
its vulotnty mum it imudH tho mirfiuto 

V sa (r) ^ li 

will 1 h' tht^ in whatt^vnr point it nnud. that Hurfiw’o; 

A anti fi hcung any oouHtantH. 

Now on iuHu»tiut of tujuathni (1)^ 

V (r) (‘onniant 

in tint otjiiatitni of a Hurfatu^ on vvhioh If Htnooth a partioh^ will 
r<*Ht in any pomtitnii nndor tln^ uctioti oftht' givtm ftn'ooH. 

Ilonot^ a pariirltt loaving any [»(dnt of a Hurractt of tttnii- 
lilnnum with a givcni vtdofity, will havtuni marhing any otinn’ 
Htirfaoo of (^quilihriuni a vidooity indoptnuhnit of tlio patli 
pormnal or Urn ptiuit riunduHl. Thin m ovidmit frofui | 78 if 
wo uotioo that a Hurfaoo of tHpiilibriutn in an I^Itpapidtiniial 


226. To find t!m mmdiUtm to which the uppliml farem 
mud Im wimm the kimtio mimyti of a parUde (kymndH 

upo'ti ite pomtimh ordip This in mortdy thti aoiwinwi of | 22**1. 
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Hero w« liavt* 




unci, tlicrcforis 

Hut, iu all t’usrs ctf iu» iit»u, 



7v/a X(Lr \ Vtlf/ f Xil:, 
|[(‘!UHs iu tlllH ruHu \vv uitust huvi* 



that in, 

XtLr \ Kf/// } Z^l: 

must la* thti (liflVruutinl «>f u fuut’ti«»u <»i* thm* 
variabli’H. 




U* thi* Hi'at <»f thf fnrrr 1 h* iu a Oi’iiuitt* 0\f*d jnuut, wliiult 
may l)u takuu as origin, t\u* vi'hu’ity aau rvjdmfly 
only ou tilt* iliHttinrv iVtaii that jniiut, ut»t tui tfu* dirtHiUm 
uf thu (listanuf ; huufc, if 

r J.i ‘ 1 //' l z\ 

wu bavt5 irh 

J* 

Thu iilatyu jirtH’i*SH iu thin uiisu. 

vdv Xdj‘ i Vdf/ i Zih ^ dif^ {f*) 




tir 


3 dat f d 1/ f ^ il:. 

\r r ‘ r 

J Y Z 

a- ^ " ^ ^ * 


which kIh 5W that dm fmm in in dm dirmdiun nf t\ 
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BVoiu tluH iigain it csvidcnitly foilowH that its magnitude 
mmt be a function o/i\ 

226. Hu* pruposiLlon of § 22J} contaiiiB tlu^ Principlu of 
the Ct)nH<u‘vation of Bhuu’f(y for tho cam) of a Biuglo particlo. 

B'rorn thin priiufiplo il. folIowH that if mworal partichm 
tuoviug luulor tlu^ iiimu*U(H* of tho nainu coutro of attractioti 
havo (upial volo(*itit‘H at any partic.nlar dlstanco from tho 
ct^ntro ; tluur volocil/u'H will alwayn bo e(.pial at equal cHh- 
tancoH from that (umtro. 

N()W w(^ hav(^ H<H‘n (§ 151 ) Unit tho axin major, 2(t, of aii 
olliptio orbit al)out a coutro of attraction in tho focuH in 
imlopon(l(*nt of tho dirc^ction of projection, licmct*, by oon- 
Kidoring tho particular cano of a vt‘ry narrow clli|)Ho, wo hoc 
that tho V(*locity n.t any point ih (l\m to a fall, from rent at 
a diHta.n(U) 2a, to that point; and that, therefore, in any 
ollipti<! orbit abotit a focuH tho velocity at atjy poiuit in that 
<luo to a fall to tho point, through a diHtanco equal to tho 
ilintanco from tho other foctiH. 

227. If the forccH acting on a particle, and the mputre of 
its velocitj/, be inereaHed at ang iuMant in the mmui ratio, the 
path will not be altered, 

For th(i tangent, and tlio omndating plane, which con- 
taiuH tho huigimt ami tho rorndtant force, are evidently not 
altered. And the curvature, being 

Nontial ( !ompom‘nt of ForcoH 
S<piare of velocity * 

Inm itM nutu(*rator atid denominator incream*(l In the namt) 
ratio. Atul the mpiare of tins velocity at tlu) end of atiy arc 
in increaHod in the name ratio an that at the hegitming, 
lienee each HUccoHHivc elementary arc of the path remainH 
unchanged. 

228. If a nnmlmr of mparate partialeB whone mamea are 
tiq, m,^, <&o. Bubjimted to forotm f,, f^, <fec. reBmetimlg, and 
BucceHHvmhj projected from the eame point in the Bame direo 
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tari^ mtli rekmim dr, all describe one path; the same 
ji itk tri!! aim be deseribed hj a particle of mass M projected 
telfcitp Id fruLH the same point in the same direction, and 
aitid on at once hj the same forces tj dx. provided 

MU^=:2:(mv-). 

Siipi'Kise that, in addition to the forces f, f, &c., a force 
R eoiitiiiuallj actiug in a direction at right angles to that of 
J/ s motion required to cause it to move in the given 
path : i.e. suppose ^If to l>e constrained hj a smooth tube to 
inoTe in the required path ; the equations of motion are 

Al~=:imX + It\ (1). 

trith similar equations in ^ and r, 

where X, p, v are the direction cosines of R, and X, F, Z the 

resolved parts of / 

Multiplying by ^ in order, and adding, we 

eliminate R and have 

\ Md (IT) = l.mXdx + 2m Ydy + 'ZmZdz. 

But for the se|mrate particles nq, &c. we have 

^ Mjd (rj^) = m^X^dx -f mJTfiy -r mJZflz, &c. : 

therefore, the path being the same for ail, 

I 2 [fnd (■r); = %mXdx -h ImYdy -p 2mZdz. 

Hence 2 {md (tf;] = Md ( fJ*), 
or 2(miO = J/r"-fa 

But, by ht-pothesis, 2m? = Mir, 

therefore C = 0. 
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[Instead of this analysis, it is sufficient (by § 78) to 
notice that the work done on M is the sum of that done 
on &c. Hence the increase of kinetic energy must 

be the same ; and if, at starting, the kinetic energy of M be 
the sum of those of &c. it will remain so throughout 

the motion.] 

Hence the kinetic energy of M will be at each point of 
the orbit equal to the sum of the kinetic energies of m^, m^,. 
&c., at that point. To find R, notice that in general the 
pressure on a constraining curve depends upon two things, 
the resolved parts of the impressed forces, and the pressure 
due to the velocity. Now the latter part is as the kinetic 
energy, therefore in the case of M it is the sum of the 
corresponding forces in the case of &c. Also the 

same may be said of the resolved parts of the impressed 
forces. But in the case of each particle, these partial 
pressures destroyed each other, since the curve was described 
freely, hence their sums will destroy each other, or the curve 
will be freely described by M. 

229 . If at any instant the velocity of a particle, moving- 
under a conservative system of forces, § 77, be reversed, the 
particle will describe its former path in the reverse direction. 

Suppose a smooth tube, in the form of the original path, 
requisite to constrain the particle to move backwards along 
it. The velocity will be, at each point, of the same magni- 
tude as before ; the resultant acceleration, and the curvature 
of the path, will also be alike ; hence the normal component 
of the force will produce the requisite curvature of the path, 
and there will be no pressure on the constraining tube. The 
tube is, therefore, not required. Whence the proposition. 

230 . Least, or Stationary, Action. If v be the velo- 
city of a particle whose mass is m, and if 5 be the arc of the 
path described, the value of the quantity 

A == m / vds 

(taken between proper limits) is called the Action of the 
particle. 
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If a particle inove freely, or on a smooth surface, {under 
forces such as occur in natuy'e,) between any two points, the 
''value of the integrxd m / vds for the whole actual path is 
generally less than it would he if the particle were constrained 
to pass from one point to the other by a different path. This, 
coHibined with the above definition, is for a single particle 
the Principle of Least Action ; of which in an elementary 
work like the present we can give only a very imperfect 
sketch. For further information see Thomson and Tait’s 
Xatiiral Philosophy, § S18. 


231. The proposition to be proved is that, S being the 
symbol of the Calculus of Yariations, and the mass of the 
particle being for simplicity taken as unity, 

3 = S / vds = 0. 


Now SJ vds —JB {vds) = / {vBds + dsBv) 


^ . ds 

= (vBds + vcltBv), since v — -r,- 
j cLt 


But generally, 

5 = / {Xdx + Ydy + Zdz) = [x, y, z), 

the constraint, if any, having disappeared ; 

hence v^v = Xhx + Yhy + Z^z. c ,, i 

U Q J ,, ! 

^ ■ 

But X =-^ — Bx, &c. V {!<» 

\ 

Hence 

vSv = Bx -p By + B^^—R {\Bx + pBy + vS^;). 

Now if the particle remain on the surface whose equation 
isF=0, ^ 

\Bx + fiBy + vBz = kBF = 0, 

and if it leave it = 0, so in either case the latter term on 
the nght vanishes. 
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Also 

ds^ = dx^ •+■ dy'^ -f dz ^ ; 

which gives 

dshds — dxMx + dyMy + dzMz, 

or 





since the order of d and S is immaterial. 


Hence 

~dx . , dy ^ dz 

taken between proper limits. Now at both limits 

Bx = 0 , ^y = 0, = 0 ; 

hence we have = 0. 

232. It is commonly said that as, in general, it is im- 
possible to suppose the Action a maximum, this result shews 
that it is a minimum. The true interpretation of the ex- 
pression, 6A == 0, is that the imconstrained path of the particle 
is such, that a small deviation from it will produce an infi- 
nitely smaller change in the value of A, Hence Plamilton has 
suggested the more appropriate title Stationary Action. 

233. If no forces act on the particle except the constraint 
of the surface, we have v constant, and the above equation 
shews that in this case the length of the path is generally a 
minimum. 

A particle therefore, projected along a surface and subject 
to no forces, will trace out between any two points in its path 
the shortest line on the surface. 
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It may happen, in the case of a sphere, for instance, that 
the particle will not necessarily trace out the shortest lino on 
the surface between the two points ; but we cannot here enter 
into the details necessary to the full elucidation of such cases. 

234. We may apply this principle directly to form the 
equations of motion in any particular case, or to find the 
actual path under the action of any forces. 

Ex. I. Let us take again the case of the refraction of 
light in the cor^puscular theory (§ 130), as illustrating the 
general principle of Least Action in the case of a particle. 



The velocity in the upper medium is supposed to be ii, that 
in the lower v, A B being an equipotential surface. 

In this case the expression for the Action becomes simply 

uPQ + 'oQR, 

if PQR be the path of the particle, the mass being unity. 

By making this quantity a minimum, as depending on 
the position of Q, P and R being given points ; it is easy to 
shew that Q must lie in the plane through P and R perpen- 
dicular to the surface AB, and also that the resolved parts of 
the velocities in the upper and lower medium parallel to the 
tangent plane to AB at Q must be equal ; and therefore the 
impulse applied to the corpuscle at Q is perpendicular to AB ^ 
while the sines of the angles which PQ and QR make with the 
perpendicular to AB are inversely as the velocities in the two 
media. 

(If we had made the Time from P to jR a minimum, we 
should have obtained the law of refraction on the undulatory 
theory.) 

235. Ex. II. To find the equation of the path described 
by a particle about a centre of attraction. 
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Let P be the central attraction at distance r, then 

lv^ = G-SPdr, 


■which gives 


Hence 


= suppose, 


fvcls (r) ds. 


0 = 8/0 (r) ds 
= /{0' (r) 8r ds -h 0 {r) dBs] 

= f 1^— (irSa; + y&y -f ds 






(^’8^ + 2/8?/ + ^ 8 ^:) ds 


- w S} - |<^ (^■) (»”) J}_ • 

The integrated part refers only to the limits, and must 
therefore vanish independently of the integral. That the 
integral may be identically zero, we must have 


with similar equations in y and z. These may be written 
, . .(X dr dx\ . . . cPx A 




5 ?"“ 


, . .(z dr dz\ d^z 
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Multiplying by any three constants, A, B, C, and adding, 
we have 


as as dsj 


{A 

ds^' 


dr 


(Ax By + Gz) - ^ 

' ^ d?) ^ ^ ’ 

which is obviously satisfied by 

Ax + J? 2 / 4- = 0. 

This equation shews that the orbit is in a plane passing 
through the centre of attraction. Let xy be this plane, then 
we may confine ourselves to the first two of equations (a). 

Multiplying the second by x and the first by y and sub- 
tracting, we obtain 




ds^ 


w)-o- 


This is immediately integrable, and gives 

Since (j>(r) = v, we see by § 24, that this is in polar 
co-ordinates 

,de 


= h. 


■(h), 


^P = ^dt 

which is the equation for the equable description of areas. 

Finally, multiplying these two first equations of group (a} 
by X and y respectively and adding, Ave have 


But, since 


dr dx dy 

■s-^s+ys’ 
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we have by differentiation 

d^x d?y dPr fdrV 

Substituting in (c), and changing the independent variable 
from 5 to 0 by means of the equation 


ds^ = dr^ + 


we have 

(r) r 


d^r ^ (drV J 




-r^| = 0. 


Putting - for r, this becomes 


, 6' (r) f- , 1 fduV) 

' “ ~~'W) W i ^ ■ 


But, by (6) as developed in § 142, 

Also (p (’>') <P' (^) — — P, 

Thus (d) becomes 

<Pu P 

AV’ 


by (1). 


as in § 135. 


236. We might have treated these equations (§ 235 (a)) 
somewhat differently thus 

j./ \ ^ 


Hence 


, , .dx dx ^ 

*<’■>* 'S’ 


and we have the equations 

(r) d (dm 


r ds \dt. 


= 0, &c. &c., 
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which give, at once, 

a> y ^ ’ 

containing the theorems of constant plane and equable de- 
scription of areas ; and since 

f (r) J = W = -P, 

_^p_g = 0,&c., 

r dt 

the ordinary equations in three' rectangular directions. 

237 . We might have simplified the work hy using polar 
co-ordinates immediately after having proved that the orbit 
is plane. For we have 

^ W /y/ + (S)} ininimum, 

and therefore the calculus of variations gives (hy the formula 
V = Pp + C) 

/dry 

or reducing, and putting h for (7, 

^ /y/f “ + (d9 } 

,ds ids 

or ^dt~^'dd’ 

,dd r 

whence ^ ~di~ 

the equation for the equable description of areas. 
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Squaring (e) and attending to (1), we have 


or, putting 







/ 


S,p,de 





and differentiating and dividing by 2 ^ , 

do ’ 


/t V ^ " 

the general equation of central orbits. 


238. Vaeying Action. If, in § 231, we assume 

^ ^(Xdx ^Ydy ^ Zdz) ^ H ^ V, 

(with the notation of § 78) it is evident that J? will depend 
on the initial velocity. Supposing that this and the initial 
and final co-ordinates vary ; then, in addition to the already 
considered variation of the form of the path between its 
extremities, upon which the unintegrated part of the value of 
SA depends, we shall have in SA terms depending on the 
variations of initial and final positions and of initial velocity. 

The additional term in vSv is SH, and its integral tSIT is 
at once obtained. Hence in this more general variation of 
the conditions we have in the value of SA the following 
additional terms, depending on the limits only, and therefore 
to be treated by themselves, 



18—2 
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Hence, if A could be found in terms of y, s, co^, z^, 
andH, we should have at once the first and second integrals 
of the equations of motion in the form 



dx 



\dx j 

dt^ 

=_ 

[dtj, 


&,c. 

&c., 



with the farther condition 



239. A is, of course, a function of x, y, z, 2 ^^, and 
jff, and we see by the equations above that it must satisfy 
the partial differential equations 



24:0. The whole circumstances of the motion are thus 
dependent on the function A, called by Hamilton the Glia- 
racteristio Function. The above is a brief sketch of the 
foundation of his theory of Varying Action^ so far as it relates 
to the motion of a single free particle. The determination of 
the function A is troublesome, even in very simple cases of 
motion ; but the fact that such a mode of representation is 
possible is extremely remarkable. 


241, More generally, omitting all reference to the initial 
point, and the equation § 239 (2) which belongs to it, let us 
consider A simply as a function of x, y, z. Then 


Any fu/nctio% A, which satisfies 




= ^“ = 2(iT-F) 


possesses the prop&i^ty that 


dA dA dA 
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represent the rectangular components of the velocity of a 
particle in a motion possible under the forces whose potential 
%s "V. 


For, by partial differentiation of | 239, (1), we have 

^ = Z = ~ — = — ™ d^A ^ dA d^A 
df dx dx dx^ dy dxdy dz dxdz' 

g . d fdA\ _ dx d^A dy d^A dz d^A 

^ dt \dx) dt dx^ dt dxdy dt dxdz ' 

Comparing, we see that 

dx _ dA dy _ dA dz _ dA 
dt dx ' dt~ dy' dt~^ dz ' 
satisfy this and the other two similar pairs of equations. 


242. Also, if a, /3 be constants, which, along with jET, 
are involved in a complete integral of the above partial differ- 
ential equation, the corresponding path, and the time of its 
description, are given by 



where e are three additional constants. 

For these equations give, by differentiation, 
d^A dx d^A dy d^A dz 

dxdoL dt dyda dt dzda dt 

d^A dx d^A dy d^A dz ^ 

dxd^ dt dyd[i ~di dzdjS dt j 
d^A dx d^A dy d^A dz_ 

dMH dt'^d^ dt'^d^Jt~ ^ ^ 
But, differentiating § 239, (1), we get 

d^A dA ^ d^ dA ^ dA ^ 

dadx dx dady dy dcudz dz ~ 

cV^_d^_^ffA dA ^ dJ^A dA _q\ 

'd0dx dx d0dy dy d^dz dz [ 


ddA dA d^A_^ d’‘A ^ 
dHdx dx dJSdy dy dHdz dz 


(ct). 


(i). 
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The valtiOH of , &f. in (a) nn- ovitliiitlj ft|iiHl 

( d '1 \ 

j , &i\ io (//), Hi'iior tho |fru|Hmitit»a. 


243 . MiiHidtiiniKtl 

CHjuatioii iH 


/} count . 


i.t\ tilt ISO 


" ( \ 


wliuso Cu|iHi.iu|| 


an' cut at rii^ht nuglos by ilu' tnijcctorit‘H. 

For thu direction cosiiioH t*f the noriiiiil are ttbvituislv 

tu ("I. (") . , ii,„i i« t ., •'« . 

ThuH tilt' ilctcrniinnf ion of iMjuiutUional Huifncen is n- 
nolvcd into tin* probltnn of fmtlin^^ the orthogonal tntjiHU»»rit*a 
of a Hid. of given curven in Hpact*, whenever thi^ contfitions of 
tlu^ niotbai an* giviun We canind.in the present wt»rk, npaie 
npMct! for much detail on thin v<‘ry cuiitiUM nubpad* and there* 
foru give but one other singular property <d these surhu’es 
before apphdng tlu» principle <»f Varying" Action to an ine 
portant proidmu. 

Let lie (In* normal distance at any point between tin* 
(‘{UiHecaitivi^ surfaces 


A and A f'd 
Wi' have i'vitltaitly 



wliere Sir, %, Bz are ihi' relativt' taeordinates of any two 
iamtiguous points on the two surfacam. If be the Imigth of 
tlu' line joinin|( ilnme points, 0 its inclination to the liurmal 
(lo. the line of motion), tliis may evidmitly be written 

lip cos 0 as vw m Sf \ 

iittCii p mm 0 is the ncirmiil clistiume between the surfaces. 
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Thus, the distance between consecutive equiactional surfaces 
iSy at any point, inversely as the velocity in the corresponding 
path. 

This may be seen at once as follows; the element of the 
action is vhs (where hs, being an element of the path, is the 
normal distance between the surfaces) and must therefore be 
equal to SO. 


244. To deduce, from the principle of Varying Action, 
the form and mode of description of a planet’s orbit. 


dV 


In this case it is obvious that — represents the attrac- 


tion of gravity Hence the right-hand member of 

§ 239 (1) may be written 2 -i-~^ . 


Let us take the plane of xy as that of the orbit, then the 
equation § 239 (1) becomes 



It is not difficult to obtain a satisfactory solution of this 
equation ; but the operation is very much simplified by the 
use of polar co-ordinates. With this change, (1) becomes 



which is obviously satisfied by 




•(3). 


Hence 


: a0+J dr/sj 2 


/x\ a 


rj T 


(4). 
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The final integrals are therefore, by § 242, 



These equations contain the complete solution of tho 
problem, for they involve four constants, a^, oc, H, e. (5) 
gives the equation of the orbit, and (6) the time in terms 
of the radius vector. 

245 . To complete the investigation, let us assume 

r 

where I and e are two new arbitrary constants introduced in 
place of a and H. With these (5) becomes 



I 


or 


I 

1 4 - e cos — a,) ’ 
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tho general polar equation of conic HoctionH rof(‘.rred to the 

foCUH. 

Also, by cliflferontiating (5) witli rcBpect to r, wo have 



from which, by (G), we itnnuuliatoly obtain 


t + € 



I 

J 


rM0, 


TIuh involves, again, the tapiation of cMjuablo doHcription 
(jf areas. 


246. To illustrate tho subject fartluir, w(^ will dtaluce 
otluirs of tho ordinary results of Chaps. V. and VI. from those 
formulas. Thus, lot diumto tho polar co-ordinat(SH of 

any fixed |)oint in tho path, from which the action is to bo 
reckoned. Wes havts, by (4), 

A = a{e- 0„) + f dr ^ 2 (^+//) - ““ 


biumuHo, by (o), 



* I4 tiJif 

To intogmto (7), remark l.hafc (§ 14!)) ^ in an olliptic 

Jit T 

orbit, and tliat thus JI is negative by § 244 (1). 
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Put 

M . 
// 

-2</. 



1 


fin 


and r — tti\ - am 4>h 

and (7) aftrr Huhstitntitui, 

A " ^/jua I (1 4 f’ am 
• *}'•» 

whidi in imuu^diatc^ly int4^gral)h*. 

It in (4)vi(HiH fVdta § lUO that ^ ra|»n*Htait.s tin* nxmutric. 
anomaly. If wti mnnHun* it fri>m tlm jH^nlndion wu havn 
ovidtmtly 

A ' f‘ ain 

247. By (I)} \v(* havn 



By rmployin)^ tlm naum aulmtiluiiuiiH hh in liwt Nnliuti, 
^ Inang myaHurtHl fnmi j>nnln4h»m it in tmsy tu Bring tldn 
nx|>rnH,Mi{m iutn tin* form 



this ftinimla of | 1(H). 

248. By thi* pnirt’MH of | HH) vvn mm tltai wldlo 
— 0 ain 

m projH»rti<mal tc» tlm arna dnHnriBnd ahout tln^ rntiiro of 
atVrat’tion» and thoridoro iiroportitmal tij tin* tiiim ; 

4 fain ^ 

is jiroportional to tln^’ area dnmtrihod iiB«att tlm nifmr fotnw, 
and b, by | 24(1, jiroportional U* tlm Atlitiii, Hum in n 
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platiot’s elliptic orbit the time is measured by the area described 
about one focus, a.nd, the Action by that about the other. 

An cany vcvrification of tluH curious result is as followB. 
With the usual uotatiou we have 

dA ^vds 


by th(^ rc^sulti of § l*M. Hut in the olIip.su or hyperbola, // 
being the perixnulicular from tluj secoml focus, 


lleuco 


pp^±b\ 

dA ==: ± ^^^p'ds, 


which cxpresHOB the result sought, (Proo, It IS, E,, March, 
18G6.) 

It is easy to extend this to a parabolic orbit, for which, 
indeed, the theorem is oven tuore simplcj. 

249. It may bo usefttl to give anothm^ examphj (d‘ 
llamilton’H iHunarkablo me.tluxl For this i)ur|)o.s(i wt'. will 
again l)riefly (u>nsi(ler Ootes Hpirals, [K(h^ Chap. Kx. (9).j 

Iftn'o the (U'.ntral attraction is inversely as tlu^ cubt‘ of the 
distancis and tluuHvfore tlu‘ e(piation of Action is 

Houcc), iiH ill § (244<), w(^ luivi! 


'IfM - a“ 


“) 


BVom tlieso it is easy to find A^ but wo leave tins as an 
exercise to tlie student. 
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Again, 



HubHtitnting t*x|)uu(*ntialH ibr tin* Itignritlnn, tliin 
tlu^ lunu 




- a** 


{it 




■2//t 


(it 


Tliin inti'gmiinn Failn fur nninin Hjiufial valtn*H uf, ur 
ralatioiiH lunuiig, thu ntiUHtantH, hnt tin* rmnlur can have nu 
difficulty in (detaining the nMiuiniti^ eluingeH in ihene eahen, 
and HO n*|mHlutnng nil ttu* varietien uf inmnihU^ urhitn given 
in tin* Bxainph’H to Uhap. V. 


260. Anmnning, fur a net of partielen, tin* renult uf p 281, 
we may eanily (»htnin tint euleln'uti'd tHjnfttionH tif imtiioN in 
(jenernlizml (HMirdinntm due ti» Lagnuigtn an w<dl hh the 
geiicral i*(iuathnm uf Varying Aetitui in the furni given by 
Iliuniltun. The fulluwing in an uuiliut* uf tint prueeaM 
fur the HjHK'ial (tani* in whicdi the g<Hinjetri<’al relntiunH art* 
indt*j)en<htnt uf tin? tinn*, and in which tln*n*fure tin* cf»n« 
Hurvatiun ttf enttrgy htildn, 

Lt*t the cu-tirdinnicH uf tin* [iarticleH uf Huch a ayatein 
he i^xpreKHtnl in tt*nnH td’ new cu*<mliuatert f/, ijft, ... which 
are iutleptuideni t)f tmtt ainUher. 88teu it la eamly altewn 
(TlnanHun and Taitn Nat, PhiL § 818) that tlie kinetic 
energy, 2\ in a hutnegtanHiUH tpiadratic huietiun uf fl, 
anti al«u a fnnetiuti uf (K 

-"O 

where the bracket denutea partitd differentiatitui. 

But the etjuatiun uf energy in 

V li. 
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The variation of the action is 

SA=--s f mit 

= sf (T + //- V)dt 



hOdi. 


Ah wo havo to aHHiimo tlu^ rcHultH of § 231 , it in 

obviouH that tlio unintc^gratod part of the value of SA 
tnuHt vaninh. Hence wo liavo two HctH of etiuatiouB, 


1 . Frotn the uniutegratod part we have Lagrango’B 
EejuatiouH, (Kiual in muuber to the generalized co-ordinates, 
and of which the following is one: 


(I fdT\ 
dt \de) 




=^0. 


2 . From the integrated i)art the Hamiltonian ByHtem 

(dA\ (dT\ , 

^ , \ m ) = j ■ 

along with 


Ah a verificatioi), differentiate with regard to t the 
eciuntion 

/dT\ 

and vvci havo tho roHiilt. 



which is obviously consistent with tho ocinations of La- 
grange. 


oENEiiAL mmimm. 


2Hil 


261. Ah iiu t'xainpk^ of Lagnuim^n t*iiuatiooi of nmiion, 
eoiiBiclor tlu^ of tlio Hiaall ttHt!illiitiuiiH in thn magnetic 
nicruliaii of two tM[tud l)ar-«magiuttH oarh mwjanukHt by two 
CKjual parallel Htringn from {uantH in a hori/.toitul lino. 

Let m Ik^ tlu^ inaHH of t^uoh nmguot, 2a iln^ tliHianco 
iHitWiHOi ilio ailjac’ont jadtm whtni tlio magnota art' in iHpnli- 
briuin and dt'niagnt'tiy.od. / tlu^ koigih t»f oaoli Hiring, and 
^ tliti prodnct (d' iht^ Htrcnigtlm of tht' pnIt'H, 

If y bo tlu' diHplaconuaitH of tho inagiudH at tint tinii* 
f . ; tJum, luglooting tho vctrtioal vtd(Hnttt% 


V .. 


T 


1 

2 


2n + *7’ y 


fn f //h 

“h f /)i •*« 


only tho oontigiuntH [HtloH of t!io magnt^tH lantig Htippomnl 
to act oti aia)tlu*r. 


Ilouco tho injuationH of imdittn aro 



M // 

+.»• - //)“ r‘ 

ta 

il , 

Via 



{ .a-y f / 

(25. 

(i + i!) 

i (A' n). 


Hnbtraoting, 



'.(1 

~ n \ U / 

a / I'- 

-{/)■ 


Making m and // ooimtant in (1) and (2j wo got ilioir 
iHltulibriuin vidium; arul nioiiHuring 0 mid // fniin tlwmi w« 

d’ y) ^ - I U' -f' y% 
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Tlius if = I , 

' I 2m(ir 

we have w n- y =: cos {nt + B), 

a) cos {fi^t -f 1\), 

It (Icpondn tipon wlu‘ther tlu', proximate polos of tlio 
magnets attract or n^pisl one another, whether n or 71 ^ is the 
greater. 

If iho magiH'tH bo swung as om^ piece at their cH|in- 
Hbriuni distance from one another, thc^ time of oscillation 
will be the samt*. as that of either magnet whe>n loft to itself, 
since the magnetic attraction does not vary : this is the 
charaeXer of the first harmonic motion. 

Again, if the magmds be swung witli e([ual and opposite 
motion, the centre of inertia is fixed, and tlie time of oscilla- 
tion will bo tlie sarrui as if one of tho magnets wore held 
fixed and its magnetic strength doubled ; it will therefore 
be shorter or longer than the first period, according as the 
poles presented to one anotln^r attract or repel ; this is tho 
clianmtt'.r of this siujond harmonic motion. 

262. If W(j tn^at the invi^stigation of § (184), in the way 
in which Hamilton tn5Ht<Hl that of § (280), wi^ arrive at a 
numbm’of curious theorems connected with l^raclustochroneH; 
of winch a few will he given here from the Tram, IL H, E, 
iHGf). 

Putting T for the time in tlu^ Brachistocliroius we have 

fdrX I (Ur /iir\ _/l 
\sh) " dt ^ [(UrJ V*?;* dl 4 



corresponding to the group in § (288). 
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juHt fiH in §(2+1) it may In- mIh'Wii that fur any 
forcoH, of which 1^ ia tlio jtiitfiilial, n vultn> of t from tlif 
etiuatiuu 

A/tN* /ilrV I 

\<lJ ‘ ' r^ ‘ '2 (Ji I'l' 

is Biu^h that its partial (hOhiviitial forflinitnilH ri^priwait tln' 
comiHUuaitH of volority in a jumsihh^ lintrluHtiirhroiii*. t^arh 
divitlntl l)y tlu) spuaro of tho wholo vt^huatj. 

AIho if t ('outaia, lu^HitloH //, two arlhtrary t’otoHtaittH. a, 0, 
the tM|Viatio}m of tlu' braeluHtoehroiu^ an* 



263* 7a Jlml the llmvInatiH'liranv H'hen the uttnivtiuH is 
central, taid prapartianal ta tt ptaevr af the dintamTi the 
velocttp hiUHij itlna prajHirtiamd ta a af the tliHianttf, 

that iv, Indnif the veladtp /ram in/tnitij, /hr an nttvm'thm, 
from, the centre far a reputHhni, 

Here 

' r 


and the central attraction at di^tanee r is evitlently 

dV tip 
dr 2 r"*' ' 

Thus {%} htjcouieH 



or, changing to {adar co-tinli nates, 



I 



It is obvious that we must take 


p 


a/t\ 
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which shews that the path is in a plane passing through the 
centre of force. The above equation will then be satisfied by 


/dT\ _ fdT\ _ /r’' 


Hence we have 


T = ad-\- 



= a0 + 


2a 

n + 2 



cos 




+ a 


And the equation of the brachistochrone, which is evidently 
a plane curve, is 




71+2 


2 IV fjua^ 


1 — cos’ 


•la^/ /i-l 


w-t '2 

^"2"' 


+ 


2a 
n + 2 


fxa 


, V/i 
! *1 


T 

flOJ^ 

2 . -i.as/Lu 


fjLa^ 


or 


«±2 71+2 

r “ = a sec - 2 - ~ ^)> 


while the equation of the free path is 


-)•-»= cos 


71—2 


(0+/3y 


The above integration fails in the case of n = — 2] that is, 
for a repulsion directly as the distance, the circle of zero 
velocity being evanescent. But in this case 


■ = a0 + a/- -a" log;, 
V At C 


T. D. 


19 
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and the equation of the brachistochrone is 



the logarithmic spiral. Eliminating r between these equa- 
tions, we see that the time is proportional to the polar angle. 

Since a definite form has been assigned to the expression 
for the -velocity in this problem, it is obvious that 21 is given, 


and therefore that there is no 



254. It is easily seen that 


is the equation of an Isochronous surface. 
Also, since 



/dT\ 



\dy) 

_ Kdz) 


dy 

dz 

dt 

dt 

dt 


the brachistochrone cuts all such surfaces at right angles. 

And the normal distance between two consecutive iso- 
chronous surfaces is proportional to the velocity in the bra- 
chistochrone of which it forms an element. For, of course, 

Ss = vSr. 


265. Hamilton’s equation for the determination of the 
Characteristic Function (A) in the case of the free motion 
of a single particle is 



The comparison of this with the equation of § 252 suggests 
a useful transformation. Introducing in that equation a 
factor an undetermined function of y, -s', we have 



2(II^Vy 
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If wo make 

aud YlU- K) “ ^ 

it boconioH 

Hevra it is ()l)vi()UH, that <j>(r) ih the action in ii free path 
coincitliii^^ with tlni ImuihiHtochrone, an<l that 2 {If-- Kj,) in 
the H(iuar(‘. of th(^ vt^locity in this path. 


Ifcnico tluj curioiiH n‘Htilt that, if r he the twm through ang 
are of n given Imwhivtoclrrone, the mnie path will be devoribed 
freely under for oeu whom potentml iu V^, where 


2{lf-^V,) 


{f (r)P 

2 (i/ ^ V) ’ 


being any fumtion whatever ; and <f (r) will repre^wnt the 
action in the free path. 


266. Thu simpluHt Hii[)poHitioii wo can make in that <pfT) 
in conHlani lu thin caso tliu velocity in tho fruc^ path in in- 
vornoly proportional to that in the brachintoclironu at tins 
Banio point ; and tho action in tho ono Ih proportional to tho 
tirno in thu other. In fatrt», an Bir W. ^''honiHou han jioiutod 
out, in thin caso tho invi^Htigatiou may bo nuulo with oxtrmno 
HiinpUcity, thuH™ 

In tlio brachiHtocJiroiu‘. wo havt^ 

fduH . . 

a mimmum. 

J V 

Putting v » ^ , and couHidoring v an tho vt^lotvity in tho Haimi 

path duo to another (oanily dt^tonninablo) potoniiul; wo munt 
iiavo 

/ pds a inininnun. 

Thin in tho ordinary condition of Leant Action^ and bolongn, 
thoroforo, to a free patli. 


U)™2 
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Iftnica, «incu iha eyahml in tht^ hrnrhistiH’hnna^ f<»r gravity, 

and Hinaa in it /isa2<^//A it will la* a fV«a* tiatli if } , iluti 

, ' * ... 

w for a HynUnn of funu^ whont tlit* pottniiial is funnel from 

II - V ' . 

Thin givt*H 


In eithor W{»rclH, a ayrlnid may In* elitHtn'ihud frnuly tuulen* 
an aacolcmticni itivorHoly an tim .s<|ttitr(* of tin* tlistanri* from 
thn biiHo; and tin* vnlority nt any peiint will hi* tin* rnmnruml 
nf that in thn wtinn rycluid wimn it in tlm ruminun liriumintn* 
chroma 

Thin nmult in (‘anily vt/rifunl Iiy a dircat proca’sa, 

267. Tlu' <*onvnrHc of tin* pneptmiHon in | ih jdso 
curiouH. Taking Hamilton h ctjtmiion, | wo Imvo 


(Jomparing tins with that of § 2‘Vi, w*o hoo that t -’4^ (/t) 
in the hrmdastochronii^ t^jcproHsion for the time in a pat h whitdt 
m a free jaith for potontial V\ providod that cii(.l) and ttm 
potential for ttm hracddHtfX’hrcmt* aro oonimcti'd by tho oi|nn- 
tion 

2i7;y.rp, 

lIomsA if A tm thtf actim in a nimn fmt /mill, ihtt mam 
pnth %nU Im ti Imtdihtnvhriimt fnr fttrem -inkm^ putmitJaf is \y, 
ddm^mimi btf the mmdithn juH V imimf iJm ptdpuiiui 

in iJmjhm pttilL 

Thai, the pariiholii 

s® 4a (p a) 
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is tho froo path for v' = And tho acition is given by 

I a 

Heuco this parabola is the braohintochroiui for 

In the HiinplcHt ease <p' (/t)==: 1, aiul wo havo 
(lx * (Ij! 4///y“ ' 

Irltinoo, by § 25(), tho parabola is a brachiatochrono when a 
cycloid IB the Iroo path, 


268 . Tlio oxaioploB iruuuediatoly preceding arc but par- 
ticular caHOH of tho following general thooroin, which m easily 
Been to bo involved in tlui n^sultn of §§ 255, 257. Jfwe lutve 
two curv(kH P (vnd Q, of whioh in a free jmtih nno! Q a 
brachiHtocIirone, for tt (jimn conservittive system of forces ; 
P will be (I bracldstochrone for (t sijston of Jonm for which 
is (t free fmth—itnd the (tcMon ami time m any (vro of either^ 
tvhen it is desenbed freely, are functions of thstime und aoUon 
respectwely, in the siune urc, when it is a bmohistochrone. 

From this propc^rty I^rofoHHor II. TowiiRcsud, Quctrterli/ 
Jonrnul of Muthennittics, Voh xiu., has nhewn how to tletm’- 
mine the intcumity for parallel and concurrent fyreoH for 
whicli given curves arij brachistochroneH. 

For in tlu^ bratihistochroiui thc» velocity of doHcription v 
for parallel fonum muHt bci proportional to tln^ sine of the 
angle i b(d^weim the din'ctions of force and motion, and for 
concurrent forcudB must be proporticmal to iho Itmgth (jf tlie 
perpendicular p from the centrti of force in tiui dlri^ction of 
motion ; |)rovided that in addition the oHculating plane at 
every point contaiim the direction of the force. 

lienee 

(it) For pandlel forces, every curve (necessarily plane 
for brachistochronisin in that case) for which sinn’«^(5), 
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wlicwa z m tlio c^rcliiiatt^ in tht» tht.' funa:*, in 

braelaHtoithnniotiH, taultn* iit»Htrript.ion with thi* vfhitniy which 

wotild viininh with /» |hr tin* law uf hnvit Z F </»'(.'), /• 

laang any count ant. 

(b) Fi»r comuHTcni forct^a, every ^nirve tnecenHarily plaui^ 
for lH'iichiHttH!hroniHm in that oim* aUoi f<»r whirli // 
wlnn*n r in tlu* radiuH vi'ctur from the eeutrr of furet^ in bra- 
ehiHtodir<»nonH ttinler th'Heription with tlie voloeity which 

would vaniHh with p, fnr tin* law of have l( k 

btung any ('(uiHtaiit. 

In the following exiunjdea, given by IVofennor Townnend, 
tile form (»f ^ (r) or ^(r) being given, it in left m an e^oreiae 
for the Htudent to find tint eorrtt.Hponding brmdiiHt«»ehr«»nouH 
curve, the method td‘ ih'Heriptton, and tlie lim^tf /,ero velocity; 


(a) 


^ ( 5 ) » 

it ’ 

«“ ' ; ’ 

1 ' 

’ It ’ 

1 

" </• • 

1 




1 

ii , » 

1 . ri . 1 

, j 

T. 




^ ’ 

\ii> 

'-til 

\ 

,iij 





n* 






a' 'b 

» 

u 

* 1 ’ h 

‘ 1 

* 




<p (/•) 

af\ 

r* sill* a, 

C ;■* 
.<■ «*• »♦' 

II* 

1* 

‘ <r *' 



i 8 y 


. «’/•* 

(;■* « by 


yh* 

r* ~ 

a\ 

± VI (r 

- a* 

a‘ f /•' 

' a‘ ' 

(1* 



/,V 

2a i r ’ 


TlicBO iixainjdea will be fmtul to contain iimtit of llni eli^- 
nientary bracduabwhroncm that have bnmi recogiity^eit, Init 
gdven any curve the proceHii ia the mme to ilereriiiine lliii 
forces jbr wliitdi it ii a brachiatochrone for {iiimllel or eutintr- 
rent forcea; ^ (z) or ^ (r) bidng determined from the pro. 

K of tlio curve and {z) or (r) exprewtitg itie ret|iiir«tl 
f inteiiiity. 
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259. To solve the inverse problem, the determination of 
the brachistochrone from the law of force cj>' (z) or (f)' (r) 
supposed given, the differential equation between -ar and w 
or r and 0 is immediately obtained from the general relation 
(a) or (6), but these differential equations can only be in- 
tegrated in particular cases. 

Thus if the force vary as the (n — 1)*^' power of the 
distance, we have 

or = ± — c”) ; 

leading to the differential equations 

/ ± a” 

dr /± 

or rd6~\?^c”-'~^) ’ 

which are not generally integrable in finite terms unless 
0 = 0; the special case considered in examples 10, 11, and 21 
given above. 

260. Professor Townsend, Quarterly Journal of Mathe- 
matics, Vol. XIV., has also shewn how from the property 
(§ 185) that ^'if for the same velocity of description any 
curve, plane or twisted, be at once a free path for one 
system and a brachistochrone for another system of con- 
secutive forces, the resultants of the two systems of forces 
must, at every point of the curve, be reflexions of each other, 
as regards both magnitude and direction, with respect to 
the current tangent at the point,’' cases of the free motion 
of a particle may be deduced from familiar cases of bra- 
chistochronous motion, and conversely. 

Interesting applications are given of the principle to the 
comparison of the different methods of description in free 
and brachistochronous motion in well-known orbits, such as 
the parabola, the bifocal conics, the cycloid, catenary, &c. 

Thus every bifocal conic being a free path for any com- 
bination of two forces emanating in similar or opposite 
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2a(i 

(liroctuiiw from tlio foci, iui<i vuryiii^j; iavoiMoly iw tlm H(|(iari‘ 
of this (liatancc from its own focus. tli«< vdiicity of ilcHci i|iti(iu 
(real or inmgiuary) vnnisliino at. fiich iioiut (real ur iinngi- 
nary) of (s[nal ainl ojijiositc nonnal uctloii of tin- forcos ; it 
follows tiiat. (wery liifocul conic. clll|isf or hyiicrhola, is a 
bracluKt.oc.hronotiH ]iatli f'*r any coinlnnation oj lurco.H mna* 
nating in Hiniilar or ojipositv dircclions from its t\yi. foci, 
and varyinji inudi invtn'.soly as llic st|nai'c o| Un* distance 
from tho <iUii'r focii.s; the vi-loi-ity of tlfSfri|ition (real or 
iniat{inary) vanishinjjj at each |Miinf (real oi ituattinatv) oi 
oijual and o]i|iosit.c normal action of the two fniees, 

261. d iHirtwh iikiivu in n i>hiiw, ninlvr an iittrartinn 
diritdeil tu a ])i>int mhifh mtm-a in a ijivni manna, • in (he 
plane: to find the mutual. 

Lot X, ij, V he the <-o.iadinates of tin* particle and 
point, at titne t. ( ami ,/ are given fimctioHH of t. Also lot 
/'{,•) ho the acceleration ihn< to (he attraction at distamai 
r. H’htm 

f I 

lit' 7(.' fl'H;/- Ill 

d\i/ ^ p !t ■ >! 

</f' ../pr (,</ '/)'• 

an^ thn af 


Tha ci((uati()UH i\( rdittun^ uw, <»f i muih*’, 


(/“{.r - 

o../' 

!' 


</’fi 

dl* 


>/(■«• |)' t ('/ 

•' fif 

df 

dHj/- 

„ / 

, 1/ - »; 


iP., 

dt‘ 


vV-f)’ t f.'/ 

vf ™ 

drl 

putting f„ t;, 

i, for the 




d% 

. /* 




df 

s/f; f 

dd 




. /* ’A 

iP,, " 



dl' 

1 

i/Fl 
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These equations illustrate, in a particular case, the general 
theorem of § 26 ; as they contain, in addition to the terms 
due to the attraction of the fixed centre, the two known 


quantities — ^ and 
of the centre reversed. 


df 


j, the components of acceleration 


262. Ex. Let the attraction vary directly as the dis- 
tance. 

Here P = and equations (3) of last section 

become 


which are easily integrated, in the form 


di 

df 


= -M?i 


df 


d‘v 


•(4), 


= jd COS + — 


COS (V /jdi-l)) — 



) 


for particular values of ^ and 17 in terms of t. 



Curiously enough^ these equations shew that the form and 
position of the relative orbit are altered merely by shifting 
its centre, which is no longer at the centre of attraction. 


As a particular case, suppose the centre of attraction to 
move with constant acceleration, cz, parallel to a given direc- 
tion, which may be taken as the axis of y. The centre of 
attraction will in general (Chap. IV.) describe a parabola, and 
the relative motion of the particle will be the same as in 
§ 133, the centre of the ellipse or hyperbola being not at the 


298 


GENEBA-L THEOKEMS. 


centre of attraction but at a distance “ from it in a lino 
parallel to the axis of y. 

Again, suppose the centre to move uniformly in a c.irclu. 
We have 

^ = a cos (ot, 7] — a sin cot, 
and 1^1 = ^ cos + B) - cos a)t, 

oo\t 

COS (^//JLt 4- IJ) - ^ 

.a?= 1^4- 


and 


= A cos (s/fit 4 J?) - ^ cos (i>t, 

y-G cos {\/fjit + D) - 


and the absolute path is therefore cpitrochoidal 


263. If the radius vector of a curve m sjxtce he at mwh^ 
instant parallel to the directum, and equal to the mtu/ntt iale, of 
the velocity of a particle 7n.ovmg in any path; the ourtm w aaMinl 
the holograph corresponding to the path (| 20). 

' The hodograph is evidently a plane curve if the path 
is so. 

Let X, y, z be the co-ordinates of a point in the patli, 
7], f those of the corresponding point of tlio Imciograpli ; 
then evidently by the definition, 

dt ^ 


1 1 1 
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Hence, if a be the arc of the hod%faph, 





and the direction cosines of Scr are proportional to 

d^y dPz 
df’ d?- 



Hence we see, as in § 20, that 

The tangent to the hodograph at any instant is parallel to 
the resultant acceleration of the particle at the corresponding 
point of its path, and the velocity in it is equal to the ac- 
celeration of the particle. 


264. The most important case of the hodograph being 
that corresponding to an orbit about a single centre of at- 
traction, we may deduce the above properties for that case in 
a somewhat different manner. 


Let P be any point in PA, an arc of an orbit described 
about a centre of attraction S. Draw SY perpendicular to 
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the tangent at P, and take 8Q . tluni itvidenily HQ 

is equal to the velocity at P, and jK^rptnidicular to it in dirca*- 
tion. Hence the locus of Q is tlic hodogruph turned in its 
own plane through a right angle. 

But we see that it is the ])oIar reciproend of PA with 
regard to a circle whose ccuibrii is H and radius Ilenei*, 

by geometry, the tangcuit at Q is perpcuiditudar t<» HP, T\m 
evidently correspondn to tl){^ first of the two gcaieral properties 
of the hodograph given in the last section. 

Let r, represent tlu^ ustml tmantiiii*H for 

corresponding points of the two curvtns; tluui if// l)t» tln^ radins 
of curvature at Q, wo have by the eumlition that QZ is p(*r- 
pendicular to Hl\ 

ih' _ ,(10 _ ^,ilrdi) 

(It ^ (It ^ dji (It 

- Ip 

p 1 (U dr ^ (U 
r 


Jifdp 

^jfdr 


-p,(l m. 


which proves the second propijrty. 


266 . When tlic ctaitral attnudion is inver.Hi‘ly m tln^ 
square of the distance, we have by § 2d4 for the arc eif tin* 
hodograph, 

(Ih (m 
(I t 

^ (10 (it (W " P dS "" h ' 

Hence for all conic Hoctiems des(*.rihed about the furtw the 
hodograph is a circle, as was first sliewn hy Hainilton. 

This might have bt^on sliewn in ancjilier way, tliua, In 
the fig, (§ 204) if PA bo a portion of mi ellipse or ItyjMU'liida 
of which S is the focus, the locus of Y is the auxiliary circle* 
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Hence evidently the locus of Q is a circle. If PA be a por- 
tion of a parabola of which S is the focus, the locus of T is 
a straight line, and therefore that of Q is a circle passing 
through S. 

Hence generally, the hodograph for any orbit about a 
centre of attraction inversely as the square of the distance, 
is a circle ; about an internal point for an ellipse, an external 
point for a hyperbola, and about a point in the circumference 
for a parabola. 

A purely analytical proof of the same theorem is easily 
given. If Xy y be the co-ordinates of the planet, t] those 
of a point in the hodograph, then 


The equations of motion are 


(Px _ fix 


tL 


cos 6y 


d^y _ 
df ~ r* 




sin 6. 


Hence, as usual, 


dy _ dx_^d9 
dt ^ dt~''^ dt' 


and therefore 


df h 

which gives, by integration, 
dx 


dt~hdt\r)’ 


Similarly 




•( 1 ). 


•( 2 ), 
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and thence 

(^+Ay + (v + By=^.. 

proving that the hodograph is a circle. 

Also, by eliminating ^ , ~ among the three equations 
(1), (2), we get for the equation of the orbit 

— h + Ay — — 

which gives the focus and directrix property at once. 

It is evident that that diameter of the circular hodograph 
which passes through the centre of force is divided by the 
centre of force in the same ratio as the axis major of the 

orbit is divided by the focus, and its length = . 

266 . The law of diffusion of heat and light from a 
calorific and luminous body is that of the inverse square of 
the distance. Hence an arc of the hodograph of a planet’s 
orbit, which arc we have already seen to represent the integyxil 
acceleration due to the central attraction, represents also the 
entire amount of light or heat derived from the Sun during 
the passage through the corresponding arc of its orbit. 

Ex. Compare the amounts of light and heat received 
throughout their orbits by the Earth moving in a circle, 
and a comet moving in a parabola at the same perihelion 
distance. 

The hodographs are both circles, one about its centre, the 
other about a point in its circumference ; but the diameter of 
the latter is times the radius of the former (§ 149). 

Hence their circumferences are : 1, or the Earth 
in its orbit receives in a revolution times the amount 
of light and heat which the comet can receive in its whole 
path. 
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It is evident that the path apparently described by a 
fixed star, in consequence of the Aberration of light, is the 
Hodograph of the Earth's orbit, and is therefore a circle in 
a plane parallel to the ecliptic, and of the same dimensions 
for all stars. 

267. Sir W. R. Hamilton enunciates {Lectures on Qua- 
ternions, p. 614) the following proposition : 

If two circular hodographs, having a common chord, which 
passes through, or tends to, a common centre of force, he both 
cut perpendicularly by a third circle, the times of hodogra- 
phically describing the intercepted arcs will he equal. 

It is evident from' (§ 265), that the two orbits are conic 
sections of the same species, and with equal major axes. 

Also, every circle which cuts both hodographs perpendi- 
cularly must have its centre on the common chord. Let the 


p 



figure represent one of the hodographs, S being the centre of 
force, and A BP the common chord. Take any point P and 
draw the tangents PT, PT. We proceed to investigate the 
difference of the times of hodographically describing TT' and 
the corresponding arc for a position of P slightly shifted 
along AP. 
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Draw OA perpendicular to AP. Let OT—a, AB = 1), 
OA^c, SP=:r, SM'==^\ PO^q, PA=r\ and 

PT = PT' = r. If P be moved through a space Sr, the in- 
crease of the angle PSM which is the angle vector in. the 

orbit, is nearly. But the corresponding radius vector in 

the orbit is ~ (§ 264) and therefore the time of hoclographi- 
cally describing the small arc at T is 


Bt = 


1 'srSr ___ /LtSr 1 

h TT tt 'ora 


(§ 265.) 


Hence the whole change produced in the time of hodo- 
graphically describing the arc TT by shifting P is 

fxBr / I ^ ^ — 2yar'Sr 
TT Xazr'^ aw') Pr^T 

[This is easily seen, if we notice that by the figure 
= -r sin Isin”^ ~ ± sin~^ -I .] 

Now this is the same for both hodographs, and, as the 
arc TT' vanishes for each when P is at B, we have the pro- 
position. 

It will readily be seen that this is in substance the same 
as Lambert’s Theorem (§ 168). 


268. We now take an instance of the determination, from 
the hodograph and the law of its description, of the curve 
described and the forces acting. 

The hodograph is a circle described with constant angular 
velocity about a point in its circumference, find the original 
path and the circumstances of its description. 

Here we have in the hodograph, 
p = a cos 9, 

0 = ct)t; 
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thun^luiH^ in tlui psiih 

p (H>H $ ^ a cos^ 

dy 

dt 


5 p nin 0 » (/ coH cot sin (ot 


an<l projn^rly adapting tho conHtantH, as they 
atTfci ouly tlu^ [nwitiuti of Uui origin, 


*Wi> 


(iu)t I" sin 


V * - ? ( I ““ t*nH 

4fi) 

N(»w iho (Hjiiations of a oyoloid an^ 

IV, a® /I f sin cji), 
y A ( I - (^oH (f >) ; 

honco tln^ path is a (‘y(‘loi(l ; ftud, sinco llio dinH’tioii 

of motion naa)lv('s luddorndy. Tin* {jarticlo movies undur a 
otniHiant fonu^ jH‘rp(nidifular t<) iho haso of tin*, oyoioidni con- 
Htrainiug aurvts and tins V(*looity a,t any point is that dm*, to 
tin* distatioo from tins basts, whitth is tin* brarluHionhroms of 
I 180. TliO convtn’Hts in oasily prtsvod. 

(h'onustrically thus, if AP Iks tins (sy(‘loi<l dtsHcrlbtnl by tins 
point I* of tho cirtslts 87* rolling uniformly on tins lino /hS, 
iho volooity at P is nro|)ortional to aS 7*, aisd tin* dirtststion of 
tnotion is pisrpondioiilar to 87t Ihsmus tins hodograph (turnod 



t.hrcmgh a right angb* in its own plants) may bts roprissonttsd 
by tho tsircslcs 87\ dtssuribistl with unitbrm angular volocsity 


T. Ih 


20 
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about tbe point S. That the motion is due to constant ac- 
celeration perpendicular to AS is obvious from the fact that, 
if Pp be drawn perpendicular to AS, SP^ oc Pp, 

269. the orbit he central, and he a circle described about 
a point in its circumference, the hodog')''aph is a parabola de- 
scribed about the focus with angular velocity proportional to 
the radius vector, 

For, if S be the centre of attraction, P the particle in its 
circular orbit, p the corresponding point of the hodograph : 
qp, the tangent to the hodograph at p, must be parallel to 
SP ] and, therefore, if SQq be the tangent at S, the triangle 
pSq (being similar to PSQ) is isosceles. Thus the locus of p 
is a parabola, for its tangent, pq, is equally inclined to the 
radius-vector Sp, and to the fixed line Sq. Also the angular 
velocity of Sp, being the same as that of P Q, is double that 



of SP, and is, therefore, inversely as 8P^. But the length of 
Sp is inversely as the perpendicular from S upon PQ, i. e. 
inversely as SP\ 

Or immediately, the pedal of a circle with respect to a 
point on the circumference is a cardioid, and the hodograph, 
which is the inverse of the pedal, is therefore a parabola. 

270. The only central orbits whose hodographs also are 
described as central orbits, are those in which the acceleration 
varies directly as the distance from, the centre. 

Let S be the centre, P any point in the path, p the 
corresponding point in the hodograph, p' that in the hodograph 
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of the hodograph. Then Sp' is parallel to the tangent at p, 
which again is parallel to SP, Hence FSp' is a straight line. 



Also, since p belongs (by hypothesis) to a central orbit, the 
tangent at p' is parallel to Sp^ i.e. to the tangent at P. Hence 
the locus of p' is similar to that of P, and therefore Sp' is 
proportional to Sp. But Sp' represents the acceleration at P. 
Hence the proposition. 

271. A point describes a logarithmic spiral with constant 
angular velocity about the pole ; find the acceleration. 

Since the angular velocity of SP and the inclination of 
this line to the tangent are each constant, the linear velocity 



of P is as SP. Take a length PP, equal to e . SP, to represent 
it. Then the hodograph, the locus oip, where Sp is parallel, 

20—2 
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and equal, to FT, is evidently another logarithmic spiral 
similar to the former, and described with the same constant 
angular velocity. Hence pt, the acceleration required, is equal 
to e . Sp, and makes with Sp an angle equal to SPT. Hence, 
if F% be drawn parallel and equal to pt, and uv parallel to FT, 
the whole acceleration Fu may be resolved into Fv and vu ; 
and Fvu is an isosceles triangle, whose base angles are each 
equal to the angle of the spiral. Hence Fv and vu bear con- 
stant ratios to Fu, and therefore also to 8F or FT, 

The acceleration, therefore, is composed of a centripetal 
acceleration proportional to the distance, and a tangential 
retardation proportional to the velocity. 

And, if the resolved part of P's motion parallel to any line 
in the plane of the spiral be considered, it is obvious that in 
it also the acceleration will consist of two parts — one directed 
towards a point in the line (the projection of the pole of the 
spiral), and proportional to the distance from it, the other 
proportional to the velocity, but retarding the motion. 

Hence a particle which, unresisted, would have a simple 
harmonic motion, has, when subject to resistance proportional 
to its velocity, a motion represented by the resolved part of 
the spiral motion just described. 

If a be the angle of the spiral, (o the angular velocity of 
SP, we have evidently FT, sin a = SF, o). 

Hence 


prp'i 2 

Pv=Pu=:pt = ~^ =— — PP = -T-j- >8P = >SP (suppose) 

^ SF sin a sima '' 

and vu = 2Pv. cosa = (suppose). 

Thus the central acceleration at unit distance is 

sin^ a ' 

and the coefficient of resistance is 2Jc= 

sin oc 
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The time of oscillation is evidently — ; but, if there had 

been no resistance, the properties of simple harmonic motion 

Stt" 

shew that it would have been — ; so that it is increased by 

n ’ 

the resistance in the ratio cosec a : 1, or tz : — 


The rate of diminution of SP is evidently 

PT.oo^oi = ^^SP = k8Pi 

sin a 

that is, SP diminishes in geometrical progression as time in- 
creases, the rate being k per unit of time per unit of length. 
By an ordinary result of arithmetic (compound interest pay- 
able every instant) the diminution of log . SP in unit of time 
is k. 


This process of solution is only applicable to resisted har- 
monic vibrations when n is greater than k. When n is not 
greater than k the auxiliary curve can no longer be a logarith- 
mic spiral, for the moving particle never describes more than 
a finite angle about the pole. A curve, derived from an equi- 
lateral hyperbola, by a process somewhat resembling that by 
which the logarithmic spiral is deduced from a circle, must be 
introduced; and then the geometrical method ceases to be 
simpler than the analytical one, so that it is useless to pursue 
the investigation fartlier, at least from this point of view. 


These geometrical results may easily be deduced by the 
principles of the preceding chapter, which give at once for the 
rectilinear motion the equation 


d^cc , dx ^ 2 ^ 


See Proc, R. S. E., for farther illustrations. 
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EXAMPLES. 


(1) Investigate the differential equation of the path of 
a particle in a plane 


2X 


dx\ 


Y-X 


dx 


\ 


dx^ 


(2) A particle slides down an inverted cycloid from rest 
at the cusp ; shew that the whole acceleration at any instant 
is g, and that its direction is towards the centre of the gene- 
rating circle. Prove also that the motion of the particle will 
he produced by rolling the generating circle on the under 
side of a horizontal straight line with Y^lociijJga, where a 
is the radius of the generating circle. 

(3) If a curve whose equation is y = / (x) is described 
freely by a particle under potential V, and if the same curve 
can be described freely under potential 

-/(*)}, 

prove that the curve must be a cycloid. 

(4j) If a particle move on a rough inclined plane, prove 

that 

Vpp' cos® 

where p, p are the radii of curvature of the path at the two 
points where the tangents are inclined at an angle 6 to the 
horizon, and r is the radius of curvature at the highest point. 

(5) A particle is projected up a rough inclined plane. 
Shew that the intrinsic equation to the curve described is 

( /3\2/*cofca M / ^\2tiOOta 

5 sin a = — l^tan sin® ^ J ^cot | j cosec® <f>d(p, 

where v = velocity of projection and /3 = ^.ngle between direc- 
tion of projection and the line of greatest slope. 


GENERAL THEOREMS. 


311 


(6) A particle moves* nnder two constant forces in the 
ratio of 9 to 1 whose directions rotate in opposite directions 
with constant angular velocities in the ratio of 3 to 1 ; prove 
that under certain initial conditions the path of the particle 
will be a closed curve of the form represented by the equation 
r-a cos 20, 

(7) A particle is attracted by an infinite straight line 
AB with intensity which is inversely proportional to the 
cube of the distance of the particle from the line. The 
particle is projected with the velocity from infinity from a 
point P at a distance a from the nearest point 0 of the line 
in a direction perpendicular to OP, and inclined at the angle a 
to the plane AOP. Prove that the particle is always on the 
sphere of which 0 is the centre ; that it meets every meridian 
line through AB at the angle a ; and that it reaches the line 

AB in the time— 7= , being the strength of the at- 

cos a 

traction. 


(8) Shew that if a material particle move under any 
conservative system of forces, the projection of the principal 
radius of curvature of its path at any point on the direction 
of the resultant force at that point is 


V 







V denoting the velocity of the particle. 


(9) If r be the radius vector of any point on a curve, 
p the perpendicular from the origin on the tangent at that 
point, 5 the length of the arc, and cp (r) any function of r, 

prove that, if (the integral being taken between finite 

limits) be a maximum or minimum, then ^ (r) oc - . 


(10) Jets of water escape horizontally from orifices along 
a generating line of a vertical cylinder kept always full. Shew 
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that (to axes inclined 45® to the vertical) the equation of the 
lines of equal Action for unit mass of water is of the form 


Shew also that the line of equal time for particles of water 
issuing simultaneously from the orifices is the free path of 
the water which leaves the vessel by an orifice at a depth 
below the surface due to that time. 

(11) A number of particles fall down the arcs of vortical 
circles which have their highest points and the tangents at 
them in common, from rest at the highest point. Prove tliat 
the equation of the line of equal Action is 

, Fsin^(9 
^ “(l-cos^)^^ 

r being measured from the highest point of the circles. 

(12) Of all the different sets of paths along which a 
conservative system may be guided to move from one con- 
figuration to another, with the sum of its potential and kinetic 
energies equal to a given constant, that one for which tlio 
Action is a minimum is such that the system will recjuire 
only to be started with the proper velocities to move along it 
unguided. 

Shew that, if AFB be a projectile's path, AB the latxis 
rectum, A T, TB tangents at A and B, the Action will be tho 
same for the free path APB as for the constrained path 

(13) A particle attracted towards a fixed centre, with 
intensity varying as the distance from that centre, is pro- 
jected with a given velocity at right angles to tho lino join- 
ing the point of projection with the centre so as to describo 
an ellipse. Prove that its Action in one revolution will bo 
greater than it would have been if it had been constrained 
to describe the circle round the same centre of attraction 
having for radius the distance of projection, the velocity of 
projection being the same as before. 

Is this result inconsistent with the principle of “ Least 
Action " ? 
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(14) If a particle move in the brachistochrone between 
■t"wo given points under gravity on a smooth surface of revo- 
lution of which the axis is vertical, prove that the area swept 
OTit by the projection of the ordinate on a horizontal plane is 
proportional to the Action. 

(15) The velocity of a particle in a central orbit varies 

a,s \ . Apply the principle of Least Action to find the orbit, 

und thence the law of attraction. Deduce the same results 
from the Conservation of Energy. 

(16) If u = F {x, y, z, a, 5, A’) + c is a complete solution 
of the equation 

where 27 is a given function of x^ y, z, and A is a constant ; 
prove that 



are the equations to any orthogonal trajectory of the system 
of surfaces, for points on each of which u has a constant 
value, and that, if points move along these trajectories with 
velocities, which in any position are equal to the value of 
^y2([7’4- A) at that point, their position at any time is de- 
termined by the equation 



•where t is an arbitrary constant. 

(17) Prove that every curve, plane or twisted, for which 
= ^ (x, y, z), where s is the length of any arc of it AP 
measured from a fixed point A, and x, y, z the rectangular 
co-ordinates of its variable extremity jP, is tautochronous with 
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respect to the fixed point for the force, or system of forces, 
whose components parallel to the co-ordinate axes are 

2 dec' 2 dy’ 2 dz 

h beiug any constant. 

(18) Prove that a rhumb line on the surface of a sphere 
is tautochronous with respect to either pole, for a force acting 
radially from, or perpendicularly from the tangent plane at, 
the opposite pole, and varying in either case directly as the 
length and inversely as the sine of the spherical distance 
from the original pole. {Prof. Townsend.) 

(19) Prove that for parallel forces, every curve, plane or 

twisted, for which {z)j where z is the ordinate in the 

direction of force, is tautochronous with respect to the origin 

of s, for the law of force ^= — <f>’ {z), k being any con- 
stant. 

Prove that for concurrent forces every curve, plane or 
twisted, for which 5 ^ = 0 (r), where r is the vector from the 
centre of force, is tautochronous with respect to the origin of . 

s, for the law of force R = — (r), h being any constant. 

Interpret the curves 

=r sec’^a, sec\ = 4a(a — z\ = 4a (a — r), 

s^ = z^ — (T, — (f, = ± (r® — a®), 

2as = — a®, 2as = - = cos-^ - , 

a a 

T 

s = cos"^ “ . (Prof. Townsend.) 

(20) A particle under a system of forces describes tbeir 
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:,aut()chrone in a time T. Shew that the action in a complete 
jHcillation is 

T ' 

whijixs 2c is the length of the arc described. 

(21) Sluw that the prcHSure of a particle of mass m on 
i tautochroue uudor any couservativo system of forces is 

lihF |Bin ^ H- * cos <j^> | , 

wlien^ p is tlio radiiiB of curvature at the point, 0 the inclina- 
dou of the resultant forces niF to the tatigent, and s, the 
listanavs nuuiHurecl along the curve of the point and starting- 
point from the point where the times of fall are equal. 

(22) A particle, under a central attraction, the acce- 
leration due to which at a distance r is , a being 

(cr-fry ® 

i ct)nHta.nt, is projected from a givoTi point with the velocity 
Prom infinity; prove that the form of the groove, in which it 
must move iti ordiu- to arrive at another given point in the 
■ihort.t^st ])nHHible time, is an hyperbola whoso centre coincides 
with the centos of attraction. 


(23) A body is such that it is its own level surface. 
'4hew that, the brachistochrone from any point to the body is 
the lim^ of fonui i)a.ssing through the point. 


(24) If (K l>e the generalis^od co-ordinates of a 

[‘ouHorvative synttau, 7^ its kinetic energy, and if 0, ylr.., bo 
Buppimed to Ins i^xprt'HHtul tixplicitly iti tcirms of i5and aroitrary 
constants, ami if B las the symbols of two indopondont 
variations of tin* arbitrary couHtants, prove that 

tlT tVP flT 

A^.a . + Ac6.8 , + .8 . + ... 

(W d<l> dyjr 


(VP (VP 

• 8^. A 4-86. Ai^ A 


(PT 

(h^ 
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is independeiit of t] 


0^ cj)j 1 ^... denoting 


d0 d(j> dyjr 
dt’ dt ' dt 


respectively. Illustrate this by reference to the motion (1) 
of a projectile, (2) of a system of particles attracting each 
other with intensities varying as the distance. 


(25) Shew that the amounts of heat and light received 
by a planet in one revolution are each inversely as the square 
root of the latus rectum of its orbit. 


(26) If P and Q be the accelerations along the tangent 
and normal to the path of a particle, and the angle the 
tangent makes with a fixed line, the equation of the hodo- 
graph will be 

r =• ae , 

where a is a constant. 

(27) Find analytically a central orbit whose form and 
mode of description correspond with those of the hodograph 
of another central orbit. 



Shew that there is but one law of central attraction for 
which this is possible except, of course, in the case of the 
original orbit being a circle about its centre, when any law 
may obtain. § 270. 

(28) If P, P' be the central accelerations for an orbit 
and its hodograph, prove that 


(2.9) Shew that the central acceleration necessary to 
make a particle describe the hodograph of a central orbit is 
inversely proportional to the normal acceleration at the cor- 
responding point of the orbit. 

(30) Shew that in the hodograph of a central orbit 
whose acceleration is /(r), the curvature varies inversely 
as ry(r). 

(31) When the hodograph is a straight line described 
with constant velocity, the path is the trajectory of an un- 
resisted projectile. 
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(82) When it is a straight line described with constant 
angular velocity about a point, the path is the catenary of 
uniform strength 

I ^ 

= sec 7 - , 

Ic 

and the acceleration is parallel to ^ and varies as the square 
of either of these equal quantities. 

(33) Prove that the area swept out by the radius vector 
of a projectile, drawn from its point of projection, varies as 
the cube of the time of describing it. 

(34) If the hodograph be a circle about a point in its 
circumference, and if 6 being the angle which the radius 
vector makes with the diameter, the angular velocity be 
given by 

de_ k 

dt ~ 1 ) ’ 

shew that the path is a cycloid with its vertex upwards, and 
that the velocity at any point is that due to a fall from the 
tangent at the vertex. 

(35) If a circle be described under a constant ac- 
celeration not tending to the centre, the hodograph is a 
lemniscate. 

(36) A particle is moving in a parabolic orbit so that the 
velocity of its recession from the focus is constant ; ascertain 
the form of the hodograph of the particle. 

(37) The hodograph of an orbit is a parabola whose 
ordinate increases with constant velocity. Prove that the 
orbit is a semi-cubical parabola. 

(38) A straight rod, the ends of which are moveable 
along two perpendicular straight lines in one plane, revolves 
with a constant angular velocity. Prove that the hodographs 
of the paths of its points are ellipses enveloped by a hypo- 
cycloid. 
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(39) Define the hodograph of a point moving in any 
manner ; and find its equation, for a point on the cir- 
cumference of a wheel, which rolls uniformly within the 
circumference of a fixed wheel of four times its radius. 

(40) A smooth elliptic tube is placed with its major 
axis vertical and a particle allowed to slide down it, starting 
from rest at the highest point ; shew that the hodograph is 
given by the equation 

sin ^ ^ • 

(41) Prove that the hodograph of a catenary, described 
freely under an acceleration parallel to the axis, is a straight 
line described with velocity proportional to that in the 
catenary. 

(42) Prove that the hodograph of a central orbit is its 
reciprocal polar with respect to the centre of attraction. 

Prove that the equation of the hodograph of a cardioid 
described under an attraction to the cusp may be put in 
the form 

• 

r sin ^ = a. 


(43) A lemniscate whose equation is r® = cos 2d is 
placed with the initial line vertical, and a particle is con- 
strained to move on it, moving from rest at the pole ; prove 
that the hodograph is defined by the equation 


cos 


TT -h 2cf) 

3 “ 


cos® 


'7r+2<p 


where c is a constant. 


(44) If a particle move under a constant acceleration 
which is initially normal, and which, when the direction of 
motion of the particle has turned through an angle <p, has 
turned through an angle 2<^ in the opposite direction ; prove 
that the equation of the hodograph is 

r®cos30 = c®, 
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and the equation of the orbit' is 

r- cos - d = or, 

Ji 

(45) Two particles are describing free paths in one plane 
which are hodographs to one another; if the particles be 
always at corresponding points, prove that the paths must be 
conic sections, and find the nature of the forces acting on the 
particles. 

. (46) The resistance of the air being supposed to vary as 
the cube of the velocity, shew that the hodograph of a pro- 
jectile is 

+ %xy^ = ay^ - 1 - 6 , 
the axis of x being vertical. 

(47) A particle moves freely under a force whose direc- 
tion is always parallel to a fixed plane, and describes a curve 
which lies on a right circular cone, and crosses the generating 
lines at a constant angle; prove that its hodograph is a 
conic section. 
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CHAPTER IX. 

IMPACT. 

272. We come next to the consideration of the effects of 
a class of actions which cannot he treated by the methods 
employed in the preceding chapters. These are called Impul- 
sive actions, and are such as arise in cases of collision ; lasting 
(in the case of bodies of moderate dimensions) for an exceed- 
ingly short time only, and yet producing finite changes of 
momentum. Hence, in dealing with the imnaediate effects 
of such impulses, finite forces acting along with them need 
not be considered. 

When two balls of glass or ivory impinge on one another, 
no doubt there goes on a very complicated operation during 
the brief interval of contact. First, the portions of the sur- 
faces immediately in contact are disfigured and compressed 
until the molecular reactions thus called into action are 
sufficient to resist farther distortion and compression. At this 
instant it is evident that the points in contact arc moving 
with the same velocity. But, most solids being endowed with 
a certain degree of elasticity of form, the balls tend to recover 
their spherical form, and an additional pressure is generated ; 
proportional, as Newton found by experiment, to that exerted 
during the compression. The coefficient of proportionality is 
a quantity determinable by experiment, and may be conveni- 
ently termed the Coefficient of Restitution. It is always less 
than unity. 

The method of treating question^ involving actions of 
this nature will be best explained by taking as an example 
the case of direct impact of one spherical hall on another ; 
first, when the balls are inelastic. Again, when their coeffi- 
cient of restitution is given. 

And it is evident that in the case, of direct impact of 
smooth or non-rotating spheres we may consider them as 
mere particles, since everything is symmetrical about the line 
joining their centres. 
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273. Suppose that a sphere of mass M, moving with a 
velocity v, overtakes and impinges on another of mass M', 
moving in the same line with velocity v' \ and that at the 
instant when the mutual compression is completed, the 
spheres are moving with a common velocity V. Let P be 
the pressure between them at any time t during the com- 
pression, and T the time during which compression takes 
place, then we have 

M(v — V)= [ Pdt = P, suppose, 

Jo 

M'{r-v')= rPdt = R; 

J 0 


whence 


_ Mv -h M'v' 


and P 


MM' 

mTm' 


(v-vy 


From these results we see that the whole momentum 
after impact is the same as before, and that the common 
velocity, is that of the centre of inertia before impact. Had 
the balls been moving in opposite directions, v' would have 
been negative, and in that case we should have 


Mv-M'v' 

M + M^ ' 


and P = 


MM' 

M^M' 


(v + v'). 


From the first of these results it appears that both balls will 
be reduced to rest if 


Mv = M'v'i 

that is, if their momenta were originally equal and opposite. 


This is the complete solution of the problem if the balls 
be inelastic, or have no tendency to recover their original 

V 274. If the balls be elastic, there will be generated, by 
their tendency to recover their original forms, an additional 
pressure proportional to P. 

Let e be the coeflScient of restitution, the velocities 
of the balls when finally separated. Then, as before, 

M{V^v,) = eR, 

M{v;^V)r=^eR', 


T. D. 
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whence 


and 


„ + MM' , . 

M + M' ^M+M'^'" 


M + M' M + M'^ ’’ 


with a similar expression for v/. 

A rather singular result may easily he deduced from the 
last formula. Suppose M = M\ e = 1, that is, let the balls 
be of equal mass, and their coefficient of restitution unity (or, 
in the usual, but most misleading phraseology, ‘'Suppose the 
balls to perfectly elastic'')] then in this case 

= v\ and similarly == v, 

or the balls, whatever be their velocities, interchange them, 
and the motion is the same as if they had passed through 
one another without exerting any mutual action whatever. 


275. The only other case which we can treat in the 
present work is that of oblique impact when the balls are 
spherical and perfectly smooth, for in rough and non-spherical 
balls rotations are generated and the motion of each ball 
requires to be treated as that of a rigid body. 

y The simplest case is that of a particle impinging with 
given velocity, and in a given direction, on a smooth fixed 
plane. 

Suppose the plane of the particle’s motion to be taken as 
that of reference; its trace on the given plane as the axis 
of X, and the point at which the impact takes place, as 
origin. 

The impulsive reaction of the plane will be perpen- 
dicular to it, since it is smooth. Let this be called R ; and 
let the velocity of the particle be resolved into two, v^, 
respectively parallel to the axes. For the first part of the 
impact 

M{v,-v;) = R 
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But Vy\ being the common velocity of the plane and ball, 
is evidently zero; hence 

< = 0 , 

or, the velocity parallel to the plane is unchanged, while 
that perpendicular to it is destroyed. So far for an inelastic 
ball. If the ball be elastic, let Vy' be the final velocities, 
then 

M {Vy'-vJ') = eR. 


These equations give 


shewing that the velocity parallel to the plane is unaffected ; 
and 

Mvy' = — eiJ = ~ eMvy, 
or, Vy" = - evy, 

that is, the velocity perpendicular to the plane is reversed in 
direction, and diminished in the ratio e \1. 

If we designate by the name of angle of incidence the 
inclination of the original direction of the ball’s motion to 
the normal to the plane, and by that of angle of reflexion the 
angle made with the same line by the path after impact ; 
then denoting the total velocities before and after impact by 
V and V", and these angles by 6, <j> respectively, we have 

V sin‘ 0 = v^, V" sin (j> = v", 

V cos 6 = Vy, V" cos <f> = Vy" ; 
and the previous results give at once 

e cot 6 = cot </> 

F"=: 

sin (p 

Of course these results are applicable to cases of impact 
on any smooth surface; by making the legitimate assumption 

21—2 
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that the impact, and its consequences as regards tlie motion 
of the ball, would be the same if for the surface its tang-ont 
plane at the point of contact were substituted. 


y/ 276 . Two smooth spheres ^ moving in given directions (t tid 
'orith given velocities, impinge; to determine the imp else <tnd 
the subsequent motion. 

Let the masses of the spheres be M, M'] their volocif i 
before impact v and v\ and let the original {lin^ctions of 
motion make with the line which joins the ccntrcH at tJuj 
instant of impact, angles a, a. These angles may easily 
calculated from the data, if the radii of tlie spheres bo givtoi. 

It is evident that, since the spheres arc smooth, the oti tiro 
impulse takes place in the line joining the centroH at t ho 
instant of impact, and that therefore the future motion of 
each sphere will be in the plane' passing thro\igli tliis lino 
and its original direction of motion. 

Let R be the impulse, e the coefficient of remtitution ; 
then since the velocities in the line of impact arc v com a itiid 
v' cos a', we have for their final values v^,v^^ after restitutdnn, 
by § 2 74 the expressions 

M' 

v^ = v cos a - yijry (1 + cos a ~ t;' com a'), 

M 

= v' cos d + (1 + e) (y cos a — v' am d), 

and the value of R is 


MM' 

M+M 


7(1 +e) (v cos a-- v' cos a') . 


^ ^ Hence, the sphere M has finally a velocity in tlu^ lino 
joining the centres, and a velocity v sin a in a known dinta!- 
tion perpendicular to this, namely in the piano through tluH 
direction of motion. And similarly for thii 
sphere M . Thus the impact is completely determined* 
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277 . Recurring to the equations in § 273, we have 


and, eliminating V, 


M(v- V) = R, 




(U- 


Hence, if e be the coefificient of restitution, v' the final 
velocities, 


^ M' J 


.( 2 ). 


Hence, Mv^ + M'v^ = Mv + JfV, whatever e be, or there 
is no momentum lost. This is, of course, a direct conse- 
quence of the Third Law of Motion. 


Again, WV = 

-R(l+e){v- V') + i,R^ (1 + 

= (1 - eO 

MM' 

= - i(l - O (V - vj. 


The last term of the right-hand side is therefore the 
kinetic energy apparently destroyed by the impact. When 

MW 

6 = 0, its magnitude is greatest and equal to \ {v — vy. 

When 6 = 1 its magnitude is zero, that is, when the co- 
efficient of restitution is unity no kinetic energy is lost. 

The kinetic energy which appears to be destroyed in any 
of these cases is, as we see from § 78*, only transformed — 
partly it may be into heat, partly into sonorous vibrations, as 
in the impact of a hammer on a bell. But, in’ spite of this, 
the elasticity may be perfect Hence the absurdity of the 
common designation alluded to in § 274. 
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Also by (2), 


— v^ = v —V + R{1 


^ ^ MM' 


:=e{v- v'), by (1). 


Hence the velocity of separation is e times that of tip- 
preach. These results may easily be extended to the more! 
general case of § 276. 

The case of a rough sphere cannot be treated 
inasmuch as it involves the Dynamics of a Rigid lioclj, 
and this is beyond our professed limits. 


278. We proceed to some special problems illustratiiig 
the subject of impact. 

To one end of a chain, lying in a given curve on a snioath 
horizontal plane, a given impulsive tension is applied in^ t/tn 
direction of the tangent at that end ; it is required to find the 
impulsive tension at any other point of the chain. 


Let this be iTata point of the chain whose co-onlinal ttH 
are x, y\ and let the initial velocities of that point, parallel 
to the axes, be v^, Vy \ then, p being the mass per unit af 
length of the chain, we have the following equations : 


d 

ds 


rpdx\ 

ds) 


\ 

= g^v^ 




(i>. 


rrv ^^ 1 ^ geometrical condition is to be determined as folio wm. 
Ihe Cham being inextensible, the length of an cdemotit a# 
IS invariable, therefore the velocities of its two extretnitirH 
resolved along the element must be the same. This givm 


dv.^dx 
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Or, if Vs, Vp be the velocities generated at any point, iti 
the direction of the tangent and normal, we have at once 


dT 

T 


•( 3 ); 


and the kinematical condition furnished by the inextensi- 
bility of the chain 


dvs 

ds~~ p 


(4). 


If </> he the angle the instantaneous direction of motion 
at any point makes with the tangent, 


tan <6 = ^ 
^ 'Vs 



(5). 


By the elimination of v^ and Vp we obtain 



the general differential equation of the impulsive tension at 
any point. 

This of course cannot he integrated unless the initial form, 
and the line-densi tv, of the chain are known, i.e. unless p and 
p are given in terms of s. 

Another method of solution is given in Thomson and 
Tait's Natural Philosophy,” §§ 310, 311, where it is shewn 
that in such a case the chain takes the least possible kinetic 
energy ; this gives, by equations (3), 
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whence we easily obtain 

ds ds / 

as above. 


fip^ 


0 , 


The work done by an impulse being equal to the impulse 
into half the velocity generated [Thomson and Tait, § 308], 
it follows that the Icinetic energy generated in any part of 
the chain is 

T and referring to one end, and T\ to the other end ; 
this may also be written 

i VO- 


279. Example I. As a particular example, suppose a 
uniform chain to form a semicircle of radius a. Then p = a, 
and s — a6, and (6) becomes 


whose integral is 


d?T 


-T = 0, 


T^Ae^ + Be-\ 


To determine the arbitrary constants, observe that when 
^ = 0, we have T = T^, 

the original impulse ; and when 6= it, or at the free end 
of the chain, F= 0. Thus we have 

t,=a + b, 

These give A — , j8 = ® - ; 

and therefore 


The initial velocity at any point can now be easily deter- 
mined. 
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280. Example II. Suppose it be required that the 
tension at each point should be proportional to the distance 
from the free end of the chain. 

Then I being the length, and s denoting the same quantity 
as before, 

T==To(l by hypothesis ; 

J2m rp 

^ = 0 , or by (4) ^ = 0 , or p = 00 , 

that is, the chain must lie in a straight line, as is otherwise 
evident. 


281. Example III. Suppose the chain to form a portion 
of the logarithmic spiral. In this case p = es where e is the 
cotangent of the angle of the spiral. Hence the equation 
becomes 


ds^ 


T 
e s 


or, if we put s = 

d(jy‘ dcf) ^ 

This is easily integrated, and thus the problem can be 
completely solved ; it is easily shewn that the direction of 
motion at any point makes a constant angle with the tangent. 


282. The investigation of the motion which takes place 
after the impact is not usually considered under Dynamics 
of a particle — but it is obvious that from what we have 
just arrived at we may write down the equations of motion 
of a string in the form 


d^x _ d 
^ df ds 



with two similar equations; the finite forces X, F, now 
coming in as we are no longer dealing with impact. 


Or, resolving along the tangent and normal, supposing 
fs, /p the tangential and normal accelerations at a point, and 


k 
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Sj N the component tangential and normal impressed forces 
per nnit of mass, 




and, as before, 


r 

dA=ft 

ds p ' 


T now denoting the finite tension at any point. 


As a particular case, if finite (or impulsive) tensions be 
applied at any two points of a chain of variable density 
hanging in a given curve at rest under gravity, the tensions 
being proportional to the tensions in the chain when at rest, 
the chain will move, as if rigid, vertically. 


283. If the string is practically inextensible, and if the 
tension be great compared with the amount of the external 
forces; when the disturbance is small we may write x for s if 
we take the undisturbed direction of the string as axis 
of X. 

The equations of transverse vibration become 

df pb' dx^’ df fjb' dx^^ 
where T is to be regarded as a constant. 

The student is particularly to observe that we have now 
been led to partial diflferential equations ; in fact we have 
but two equations to represent, for all time, the motion of 
every point of the string, however the motion of one point 
may differ from that of another. 

The solution is of course of the form 

y or z = ^(x — at) at), 

T 

where a® = - , and i/r denoting arbitrary functions. 
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^4. Tht‘ other wc* ^hali 03iw.|#t in it -.i 

^ series of imlefiiiittlv small * tf.-, t 

I- [y^rlinkiMe with that of a limte Tta- ^bvi f:,. 

^■'4 *"isiA^* 4 tTiDg such a prublt^m is to *f ». 

in the veh>eity pn.Mluet.4 by thy ? ir. i;. f 

In' the iiii| 5 aet,s, in the iiidetiiutely small tiiu- i-f 4!; 4 

Co fi'i pill fill these* for the actual etfttrt -on the il ::!%t 

Aii.<itl’iCT way is to e^.|iiate the rate of iintn/as#' uf iiciiijera- 
liiiii* pt^r unit of time to the impre&H^J force. 

*1 rmiss, wmif T no fonm, moves thrvwjh 4 
of i title particles tvhich are at red, Thm- if mstts aii/ffre u 
il l/ie iwolfom 

At tiiiie I let ^ be the mass, an4 let j? tierMyle its 
la IIS line of molioD. Then, as there li noh^si)!’ rie^meGiiifu, 
w'e have 


Blit if M tie the original mass, the Eims of thtf |M 4 rticles 
pickt,i«i tip ia unit of length, obviously 

/4 =* if -f pp, 

Siili^titiite and integrate, supposing j- « ih i* * V. « hm t •« 

mid wt get 

{M -f p^)J: = if Ih 


from which x can be easily found. 

It is interesting to observe that we havt* 

p 5 Pr^ 


x= — 




»Q tlmt the mass moves as if aetetl on by an at*r.icti> *ii 
X ^ toK'ards a point in its line of motion. 

If we take msxoumt oi the increase ol^ length *4 the rii.ts.* 
IB ctj^»<|iieiice of the dep^ition of {Mirtieles ^.in its !^.*r’*ar4 




IltrAiT. 


; I’ .1 tLit mml wnte 

f f *f . ^ wh^rft? the me feme of leiigtli dii& 

I. >4 Bat f H obvi,#!i-|y proportional 

^ f s, t-. *h'-' lii'ittof, i.tf., tf# X f , H^act? f 

4 r^ a . nito.' to .^ . aol the v»alv mmlt of tIii-» 

f. n ' ^ * tio' of the priiblem i,^ that ^still ^ 

-* th^a biitore ; that the ee litre of at- 

f,i J' tsi At a ^iiiAiIer listaaee hihiml the origia. 


i^lheta obvio'wif lea^i^^ to the same rt^siik as tli€^ 

f !■ * 0 / 

J fo mi€ end of a chiin, which 

‘4p m «i $m/^S honsontid jd^inc, m p^mjtdid (dong th& 
^ts rm/iiom. 


A ^pkfrimi mm-dtofK dem:€iidimj umler gravity,. 
^’f»’rrrir« rifiHJkdl'j by pt'ieipttfitwn of mppour an ticcession 

>i,p rfA'^nal fe its Mttrfice ; a being its radius when "it 
t d€»ienJ <ir*d r lU n.uiim after the interval t, shemf 
tkot ut.M rri*%ty a [pf'en hy the egfmtiori 

Ct , a a*\ 

v.-= ^ 

the uf the air ^mng left oat of mcoimt {Cliailis^ 

f i'rizi E/:aioifiato..oi , iHoS.) 

ijr't f tli*f tfiickoess vf the shell of fluid deposited in. 
fi . * ■■ 4 1 1 me Then e vi . leu tl v 

r = fi 4 -^ ( 1 ), 

I * * t 6v - a,^ ^ e^p be the increase of velocity in time 
‘ duo to gravity, the ^*eond to the impacts. 

h,; holly, i^e^get; and if J/ the aims at time 
^ M i' ^ 01 i-sf the coaditioa of the im^ct. 
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This gives 


= — V 


M8^v = — vSM, 
4i7rr^eSt SevSt 


SevSt 
a + et' 


From these we have 


a + et 


Multiplying by (a + et)^, and transferring the last term to 
the left-hand side of the equation, it gives by inspection 


^a + etyv = ^^(a + et)^^f^a\ 




Hence 


Substituting for e from (1), 


(a + ety 


4 (r — a) 


^ a a^\ 

1 + - + -2 + ~8 ; 
r r r®/ 


as required. 


To verify this solution, suppose no moisture to be de- 
posited, then r = a, and we have v=gt it ought to be. 

Or, immediately from the dynamical equation 

4 4 

since M=^ irpr^ = k Trp (a + etf. 


l[{a + etyv] = {a + etyg or ^ + 


mmcf. 






f Afc# tmJ !i brnt^s thuiji km^is *jtir « 

#«, A, I -til thf > th^r i4 onlmi *tp ti tuhk at 

Jt h kf ih^ flf p^iidiorL 

p. * rrr d'l^' t.. ^^ra%ifv i.'^ tlie weight of -IJ? 

. ^ - a I fi k'iiig the leiigt.lm 

'.^ h r-p^i A l» 

U) i.i:.^'h:'nia!*-'!% «*i«,:4ll iiiterval it, this wiiul*.! 
^ «■- HAC »*f the ehaiii aii iotTeiiieiit of 


4 , 

\ ^ 
# r 
» / ? 


^I'l ■■ ../• - 


■ el. 


h.t 

'1 t . 
it. r..v ;f ; 
? • 

i t- 


i» ,4 ■ 

fi!i€Hiie*i cliAiii, king in lilutioii at tb«3 
^-i the iii^.efval ii with veloeitj i\ lifts up 

tr-.fji the talile duriiig that iiitervai- 
fm ?h»' Aiaiige vt vt‘h*cuy arising from this 
t#} the muAithm that n>j m*iiiieotiim is lost, 

j/r 


r 


r ♦ ’ 


Rr 4- fj ) r 


X -f /u.rel ’ 

^ Ak 

r,r e/ = , 

jt li 

^ ^ f th^' c* ti.l an 4 higher orders king omitted. 

if 

1 1 ♦*' &* '■>■•’' a* ^ 2= P 4- , 

el ef el 

|^r'M4*-'h !m the iiijiit we have 

dt ^ d*^ fi /j* — a) — r* 
di iii‘ IX 4" a) " 

'-■iiateij, from the eq[ nation of momentum^ 


i It 


d \ 


dr 


. . , X -4 II I . 

di ^ ^ di 


^ fx - a). 
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* doc 

Multiplying by (ii? + a) ^ and integrating, supposing 
x = h initially, 

^{so + ay =gSt {x'‘ -a^)dx 

— \{x — h) {x^ + bx-\- ¥ — Sa^), 

and this determines for any given initial circumstances the 
velocity at any instant. The final integration, for the deter- 
mination of t in terms of x, requires the use of Elliptic 
Functions; except when Z> = 2a, when the acceleration is 
constant and equal to 

(1) If & < 2a, then ¥ — 3a^ will split up into 

real factors (x + ^) (x + y) suppose, and we must put 

6 + /3 sin^ (b 

x= — r 

cos (f) 

to reduce the solution to elliptic functions. 

(2) If 6 > 2a, then x^-hbx -{■ ¥ — 3a^ is of the form 

(x + ^bf + n\ 

and we must put 

x — b+ c 

where = l¥ + 

287. If we desire the change produced in the form and 
position of an orbit by a slight change made in the velocity 
or direction of motion, &c. at some particular point, we must 
express separately each of the elements of the orbit in terms 
of the quantity to be changed ; then taking the differentials 
of both sides, we have the required changes of value. 

Thus, we have generally in an elliptic orbit 

= §151(9). 

“ r 2a ^ ^ ' 
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ihr vud the major axis fartliest from the focus thi® 

he‘C’i,-€iirj% 

al+c* 

if at tliis fwint Fhe made F + SF, without change of 
i| 'li we have the condition that in the new'orhit a (1 -f 

bavr the same value as in the old ; since this will still 

he the af^idal distance. 

Heiier 

«..i 8;(i(l+eJ} = 0; 

... 2T'5r=-^y^, 

U 1 + C 


And = - T-— Se 

1 +e 



which ikftermine the increase of the major axis and dimintz— 
tion of the excentrieitj ; and the same method is applicable 

to more complicated cases. 

Again, in the case of a parabolic orbit, as in Chap. IV., 
it is emj to see that a change in the magnitude of the velo— 
ekj shifts the focus in the line joining it with the point of 

projection through a distance 

rsv 

9 

muei the directrix through an equal distance, and increases 

flit' latas rectum l>y 

4FSF , 

COS a, 


g 
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wliere a is the mclioation of the path to the horizoa at the 
instant of the impact. 

If the direction of motion only be changed, the directrix 
is unaltered, the focus moves iu a direction p€r|K?ndiciilar 
to the line joining it^ with the point of projection, and tlie 
latus rectum is diminished by the length 

. 

sin a cos stoot. 

9 

In the latter case the new orbit again intereeets the old, 
and the tangents to either at the two points of intersection 
are at right angles to each other ; so long as the displacement 
Sa is indefinitely small. 

These results may easily be extended by geometrical pro« 
cesses, as in Chap. IV., or deduced by differentiation from 
the analytical results there given. 


EXAMPLES. 


(1) If one ball cannot be reduced to rest by 

direct impact on another equal ball, unless the latter is at 
rest. 


(2) If two balls for which e=l impinge directly with 
equ^ velocities, their masses must be as 1 : ^ that one may 
be reduced to rest. 


(3) Shew that if two equal balls impinge directly with 
1 “f* <s 

velocities -z — V and — F, the former will he reduced to 
1 — e 

r^t- 

(4?) Shew that the mass of the ball which must he 
interposed directly between M at rest, and IF moving with a 
given velocity F, so that M may acquire the greatest velocity, is 




and that that maximum velocity is 


M'ra+ef 


T. D. 
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* f = L aril! an infinite number of balls to 

f 1“ . ’•fit-' w I Eat tbt^ maximum velocity which can ttiix^ 

li J J/, k 


V Rl 
\' M' 


[y ,t»* iLii, hy the result of the preceding question, ttio 
f*>riii a yfeometric series, and the above is easily' 

f I A uuiaWr of balls J, B, C, &c. for which e is givexx, 
^T» |L%>d in a line; A is projected with given velocity so 
j** <i!i B. B then impinges on (7, and so on ; find tlxo 

»>f tiir balk B, C. &c. in order that each of the balls 
J, //. C, kv, may be reduced to rest by impinging on tlio 
It ; and find The velocity of the ikll after its impa.o"fc 
miih the (ii- 1)*^ 

ill A row of elastic balls hanging by long strings^ 
that ilieir ct*ntres are all in the same straight line, 
plic^d that each ball is almost toudhing the next ; the l>a-ll 
r-iit end of the row^ is drawn aside, and permitted to ixxx- 
tliiir next it ; prove that the w^hole row will remaixi 
eiot‘pt the ball at the other end, which will fly 
. ft* -fiiij ri.si;:* to a height equal to that from which the fixst 
a 4- albiwed to desc*end; the coeflScient of restitution beixig 
ofiiry. 


1 5 i A given inelastic body is let fall from a given heigbib 
t.fj « 4 ile of a balance, and tw^o inelastic bodies are let 
fr .III liiiierc^nt heights on the other scale, so that the tlniroe 
mqM^u take pl^ie simultaneously ; find the relations between 
111*-' and heights that the balance may remain 

lo.ineiitiv at rest. ^ 


Two eciaal smooth elastic billiard-balls A and J3 
.ij-.' |-i;tc«l at a diisteQce i apart, and a third equal t>a-ll 
« is bit » that It mpuiges on B after striMnP A. Stiew 
t.Mr the l.ci of all positions of C, whence it is equally easv 
' '.ijce the cannon, are circles whose centres he on a strai^Ht; 

1 - - 4ICZ- 


i.L.' tliioiigh A, inclined to AB at an angle 
« fi ;ro I is the radius of the ball, and e=l. 


> w + Jsin 


d 
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(10) An imperfectly elastic ball is projected from a 
given point in a horizontal plane, against a smooth vertical 
wall, in a direction making a given angle with the vertical : 
find where it strikes the horizontal plane, and prove that 
the locus of these points, for different vertical planes of pro- 
jection, is an ellipse. 

(11) An imperfectly elastic particle is under the in- 
fluence of a smooth gravitating sphere. Shew that (excepting 
special circumstances of projection) it will perpetually de- 
scribe conic sections : determine also the elements of the 
orbit described after any number of rebounds. 

(12) A particle moving in an ellipse about a focus is 
impinged upon directly by an equal particle moving in a 
confocal hyperbola about the same centre of attraction. In- 
vestigate the nature of the subsequent motion, the coefficient 
of restitution being unity. 

If the excentricity of the elliptic orbit be e, and, that of 

the hyperbolic orbit i , shew that the apse-line of the new 

orbit of the former particle is inclined to the apse-line of its 
old orbit at an angle 

cosec“^ ">J4} + i -f 
oe 

(13) A boy standing on a bridge lets a ball fall on the 
(horizontal) roof of a railway carriage passing under the 
bridge at 15 miles an hour. If the modulus of elasticity 
between the ball and carriage roof be f, and the coefficient 
of friction find the least height of the boy's hand from the 
roof that the ball may again rebound from the same point. 
If the boy’s hand be at a greater height than this, what will 
happen ? 

(14) A loaded cannon is suspended from a fixed hori- 
zontal axis, and rests with its axis horizontal and perpen- 
dicular to the fixed axis, the supporting ropes being equally 
inclined to the vertical ; if -y be the initial velocity of the 

ball, whose mass is - th of the mass of the cannon, and h 
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the distance between the axis of the cannon and the fixed 
axis of support, shew that when it is fired off, the tension of 
each rope is immediately changed in the ratio 

'i? + ^ (n + 1) g)i. 

If a cannon be supported in a gunboat in the manner de- 
scribed, with its axis in the direction of the boat’s length, 
what would be the effect of firing it off? 

(15) Equal particles revolve in opposite directions about 
the focus in an ellipse of excentricity f, and impinge at the 
nearer apse. Find the distances of future impacts, and shew 
that if 'p be the original apsidal distance, the particles fall into 
the centre of attraction after the time 

TT (5p)^ 

14 \/(2/a) * 

(16) A ball is projected in a given direction within a 
fixed horizontal hoop, so as to go on rebounding from the 
surface of the hoop ; find the limit to which the velocity will 
approach, and shew that it attains this limit in a finite time. 

(17) If an infinite number of elastic particles, x = l, 
equally distributed through a hollow sphere, be set in mo- 
tion each with any velocity, shew that the resulting con- 
tinuous pressure (referred to a unit of area) on the internal 
surfac'e is equal to two-thirds of the kinetic energy of the 
particles divided by the volume of the sphere. 

(18) If a spherical bomb-shell resting on the ground 
hurst into a very large number of fragments, all of which are 
projected with the same velocity, v, in directions uniformly 
distributed in space, and if the fragments all remain at the 
place where they first strike the ground, shew that, when all 
have come to rest, the mass of metal sticking in the ground 
per unit area at a distance r from where the shell lay is 

M g (i? + Jv* - 

S /sJ^TT V (^* — ^ 
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where M is the mass of the shell, and r is great coiiipared 
with its radius. 


Explain the result when ^ ~ ~ ■ 

(19) A hollow cylinder is filled with a Terj large iiuiiiber 
of perfectly elastic particles moving- freely aWiit in all direc- 
tions and with ail velocities, and impinging on each other 
and the walls of the cylinder. The cylinder is placed on one 
of the scales of a ktlance: shew that the weight of the 
counterpoise must be equal to the weight of the cylinder md 
of all the particles together. 


(20) A cylinder, length h and radius r, is dirided into 
n equal compartments by n screw surfaces, the pitch of the 
trace of each on the cylinder being a. It rotates on its axis 
with angular velocity to, and a stream of particles raoving 
parallel to the axis with velocities evenly distributed between 
0 and F is incident on one end. Shew that the number of 
particles which pass through the cylinder in unit of time 
without striking the screw surfaces 



tan a 


X (no. of particles in unit of volume); 


provided 


h cot a — — r 

n 


(21) If at an extremely great distance from the sun 
meteorites have been flying about equally in all directions 
for an infinite time, shew that the kinetic energy destroyed 
j^r unit of time by meteorites falling into the sun is 


irM 

2 ^ 




where M is the mass of the meteorites in unit of vol at a 
great distance, r = sun’s radius, = velocity from infinity at 

F . - 

the sun^s surface, and ~ = the mean velocity of the meteorite 

n 

initially. 
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li Tt'ar l>e the unit of time and the sun^s radius 

uiilz ^ I Irugtli, sl'iem’ that this 


ir'M . 

= 2,,-i(l + BT(460)^ 


r=44MKK)0 miles, and the earth’s mean 
mot'*/ == aiiles. Also, from the fact that one an it 

^rf bfi^t tifiiivaleiit to 772 foot-pounds, find the quantx'fcy' 
4jf htAi recciTed bj the sun in one jear through the impacts* 

it2f A tndn composed of u smooth parallelepipeds is 
ir%^f With velocity u along a straight line. A stream, of 
p»ft*‘»t]¥ r lactic particles, each of mass is moving witlx 
r., perpt-fudicular to the line, and is impinging on iitLO 
fraaii. Sopp>siiig that the particles do not interfere w'i'fclx 
00** another, shew that the train experiences a resistance 

IfiNm { 2 {n —l)av — (n ~ 2 ) bu} u, 


a < ^ , where a = distance between eaclx 

fayrmllvit*pipetl, b, /i= breadth and height of each, and iV^ is 

tiie niimi)er of particles in a unit of volume. 


Call this be used to explain the fact that a train expox*i— 
a greater resistance from a cross wind than a hoa-d 

wiiid ^ 


< f:i ) A comet in moving from one given point to anotlioxc^ 
thnms off at eveij instant small portions of its mass wtiicli 
bt^ar the same ratio n to the mass vrhich remo^ixis. 
If r he the fehxrity with which each particle is thrown off 
X the iii.clffi.at!on of its direction to the radius vector pirove 
toAt the period t will diminished by * 

3«rt 

fa ‘ ~'P)v V^P) sin a — (r' — r) cos a]. 


^ aii-l 4,’ king the excentric anomalies, r and r' the focal 
■4,,-tanoes at the given points, a the mean distance, 2n -fche- 
iAtus nvtum, and/ the attraction at distance a. ^ 

(th If a rocket, originally of mass if, throw off 
amt vf time a mass titf with relative velocity V and if if' 
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the mas of the case, &c,, shew that it caraiot rise at once 

eJiV 

unles eV>ff, nor at ail unless >g. If it do at 
once vertically, shew that its greatest velocity is 





and the greatest height it reaches 



(25) Particles (2n- — 1) in number, conoected by mextt^ii- 
sible strings, are suspended from two fixed points in a hori- 
zontal plane so as to hang symmetrically, their weights being 
such that the inclination of each string to the one immaiiatel j 
below it is a, which is also the inclination of each of the two 
lowest strings to the horizon. Find their weights ; and shew 
that if the lowest whose mass is w be struck by a vertical 
blow P, the horizontal component of the initial velocity of 
any particle varies inversely as its weight, and the vertieiil 
component of the initial velocity of the from the lowest 
is 


P sin a . — 1) sin a + 2 cos a cot — sin (2r-f Da!. 

2mcos^a^^ ^ \ . 


(26) A large number of equal particles are attached at 
equ^ intervals to a string, and the whole is heaf^d up near 
the edge of a smooth table ; the particle at one extremity of 
the string is just over the edge of the table. Shew that 1" 
the velocity of the system just before the (r-|- 1)^^ imrticle is 
set in motion is given by the equation 

(rq-l)(2r-f 1) 

3 ‘ r 

Calculate the dissipated energy. 

(27) A very long row of particle, each of mass iii, on 
a smooth horizontal table are connected, each with two 
adjacent ones, by s imilar light elastic stretched strings, each 


»♦* 
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<?■ iii’uKi] IriJgth c: tliev receive small longitudinal 
! irlwii, ti., such that each of them proceeds to perfonii 
uhration: prove that there will be two waves 
%ibrati..iH. ill uppLsite directions, with the same velocn:>>' 

a ^ dii”", where a is the average distance betw'eera 

iw' particles, n the number of intervals betweeia 

two pa’icJfS in the same phase, and X the modulus 

t V. 


2^ X elastic string of length na and coeflScient 
v X. is kaiJed with n particles, each of mass m, 
iiiler’Iak a along it, beginiiing at one extremity. ^ If it 
hung lip by the other extremity, prove that the period of x^ts 

V r'ltiiul imaginations will be given by 


r= 



cosec 


2r + 1 x 

2/1 -fl 2 ’ 


wliem r * 0, 1, 2, . .. n — 1, successively. Hence prove that 
of vertical o^dllation of a he^y elastic string will 

given bj the fonnula where I is the lengt^lx 

m f tlir ■string, M its mass, and r is zero or any positivo 


iiift'gor 


A uiiiforai chain hangs vertically from its upper exici 
with the lower end just in contact with an inelastic table ; if 
the chain he allowed to fall, prove that the pressure on ilio 
tiible «l firing the fall of the chain is always equal to th-x-oe 
I tlie weight of the coil upon the table. 

If t lie chain hang with its lower end just in contact wi'fcti 
a mimjth indined plane, and be let fall, ^d the pressure on 

tlie pkiie at aij time during the fall 

i S<)) Snow is spread evenly over a roof. If a mass com- 
to slide, clearing away a ^th of uniform breadthi sbs 
if pawe that its acceleration is constant, and 
to ofie-third that of a mass of snow sliding freely down 

KM#! 
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(31) The cmbie of a ship is led through a hole ia the 
deck at a height 6 ahoFe the cable-tier and runs along tlie 
deck a distance a, and out at the haw^-hole, immeliateJj 
outside of which is the anchor, of mass equal to a lea^nii 

+ 26 of the cable. Prove that if the anchor be let go it 
will descend with acceleration 

JS2) A chain of given length is at rest on a smwtii 
horizontal plane, with one end fastened to a |x>iiit on the 
plane, under a repulsion from that point varying as the 
distance. If the chain be set free, find the initial change of 
tension at any point, and the subsequent motion of the 
chain. 

If the chain impinge upon a vertical wall perpendicular 
to its own direction, find the pressure upon the wail at any 
subsequent time. 

(33) Two equal weights W are connected by a string 
of len^h 21, whose weight per unit of length is m, which 
passes over a small pulley. The system is put in motion by 
adding a weight W' at one end Shew that when either 
weight has moved through a distance the kinetic energy 
will be greater than if the string were weightless by 

(84) A fine string passing over a smooth pulley supports 
two equal scale-pans; a uniform chain is held by its upper 
end above one of the scale-pans, its lower end being just 
above the scale-pan ; if the upper end be let go, determine 
the motion completely, and find, at any time, the pressure on 
the scale-pan. 

(85) A pulley is fixed above a horizontal plane. Over 
the pulley passes a fine string which has two equal chains 
fastened to its two ends. In the position of equilibrium a 
length a of each chain is vertical, the remainder of the chains 
being coiled up on the table. 

If now one chain be drawn dowa through a distance iia, 
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n: .! of motion, and prove that the system 

ii- tt f> mt to r* -tt when the upper end of the other string 
m .Jautux* m i bilow its mean position where 

e’“=(l+n) e~’. 

If » = 1. prove that »i = i approximately. 


A imiionn flexible chain of indefinite length, 
ina-.. ,.! an unit of length of which is m, lies coiled on tH© 
■’round »hile another portion of the same cham forms a, 
.s-il on a platform at height h above the ground, the 
me.ii.li.’ portion p;issing round the barrel of a windlass placecl 
ai.ov ihf second coil. An engine, which can do S' units ot 
work i«:r unit of time, is employed to wind up the ch.a,xix 
fr»m the ground and let it fell into the upper coil Sfciew 
that the velocity of the chain can never exceed the value ot 
f delc^riiiiii^d from the equation 


mffkv -f / = if. 

{^7) A chain whose density varies as the distance froixi. 
the eiii A is Ci>ilei up close to the edge of a smooth tablo 
mi4 tbt* end A allowed to hang over. Shew that the motion, 
is mminimlj accelerated and tlie tension at the edge of titio 
table itaries as the fourth power of the time elapsed since tilio 
WitMiiieaceiiieat of motion. 

f A string of length I hangs over a smooth peg so as 
to be at rest. One end is ignited, and bums away a,t>- sl 
unifl-nii rate r. Shew that the other end will, at the tiroo 
fei^jfore the whole slips off the peg, be at a depth ^ below blao 

where r is gi^^en by the equation 

given that the nia^ of the string per unit of lengtla. is 

4IS) A chain is coiled up on a table and is conneclseci 
with a weight by a fine thread passing over a smooth puill oy: 
if Ihe kw of density of the chain be [x ] and the ina^ss 
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producing motion be ml ; then the velocity when a length x 
has been raised is given by 



(40) A series of particles eoiioecteil by in- 

elastic strings are placed on a smcx^th horizontal plane, so 
that the strings are sides of an unclosed equiangular pjlvgoii, 
each of whose angles is^ ir — a, and an impulse is applied to 
the extreme particle in direction pro^e that 

rrir 

where is the impulsive tension of the string. 

Deduce the equation 1 0 for the im- 

08 as as 

puisive tension at any point of a chain lying in the form of 
any curve on a horizontal plane and set in motion by 
tangential impulses, and if the density of the chain vBry as 
the curvature, deduce from either ^nation that the impulsive 
tension at any point is equal to where ^ is the 

angle which the tangent at the point makes with a fixed line, 
and A, B are constants. 

(41) A uniform chain hangs in equilibrium over two 
smooth pegs in the same horizontal line; if equal vertical im- 
pulses be applied simultaneously to the two free ends, find 
the impulsive tension at any point, and prove that the initial 
velocity of the vertex of the catenary is to the velw^it j which 
would be imparted to each of the straight pieces of chain, 
if disjointed from the catenary, as 1 : 1 -f sin a, where a is 
the greatest inclination of the catenary to the horizon. 


(42) A uniform string is lying in a catenary on a smwth 
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t ni^ 4 iul pkfii\ aad the vertex is suddenly projected to^a.:rds 
*1 € iiir'.\*tnx with a given velocity; shew that the impalsiv"e 
tr at my fioiit varies as the ordinate of that point,. 

*!iMt *'fj fwint of the string starts in the same direction* 

. |!l If a chain of ma^ m be in the form of a portion- of 
jk c:MU.mrj cut off by a line perpendicular to its axis, and- if 
ritui impulses * each equal to mv be applied simnl- 
tmir*ju4y at its two ends, prove that the whole chain will 
lii.-’i.riri t*> move with the velocity 2vsm(f>, where 2<f> is "fclAe 
h tween the tangents at the ends. 

iMi A chain lies upon a smooth horizontal plane in t>l»-e 
ft^rrs a prtioii of a common catenary, the tangents ai> 

laakiiig angles writh the tangent at the verfces:: of 
the cmienai^’. An impulsive tension is applied at "feti-e 
fofiii€?r extremity; shew that the impulsive tension atapoxmt;- 
cff the eh^ii where the tangent makes an angle 9 with fitLe 
at the vertex is equal to 

^ cos 9 ^ 9 - 9 ^ 

^<m9 9^-0^ 


(451 A string of intinite length is laid on a smootli. 
table in the form of a portion of one branch of the cnirve 
r* nil so that one extremity of the string is at a firLite 

from the origin of polar co-ordinates; to this end sl 
taiigeetid. impulse is applied, so that the initial direction, of 
fiicitiom of each pi3iiit of the string and the radius vectox' -fco 
tbj- fKiiiit are equally inclined to the corresponding tang'ent. 
Shew that the impulsive tension at any point oc r" and. 
the Jeiisity of the string must 


3C 




jAfii A string of varpng density slides in a smootihi 
<y cloiiial tiilMJ whose axh is vertical and vertex downwa.x*cis. 

that if the string let fall from any position in \wlxiolx 
ite whole length is within the tube, its centre of gravity will 

rt'^h the vertex in the Mine time. 
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(47) A straight line describes a right circular cciae ; 
find the acceleration of a point moving along the line. A 
string of given length is enclosed in a sfii€M>th straight 
tube, which is made to revolve uniformly about a vertical 
axis, so as to describe a right circular cone ; determine tlie 
motion of the string, and the tension at any i^jint. 

uuB 

(48) If a small velocity be impressed oa a planet, ie 
the direction of the radius vector, shew that 

Se=ne sin ts-), 

= - 71 cos (6 — 33-). 

Calculate also the changes in e and w produced bv a 
small transverse impulse. 

(49) A body is moving in an ellipse about the focus ; 
prove that if the body receive a transversal impulse the a|»e 
line will be unaffected if the impulse is 

-- (2 + e cos 6), 


where m is the mass of the body, I the semi-latus rectum of 
its orbit, k is twice the rate of description of area round the 
focus, and 9 is the true anomaly of the body. 

(50) If Q be the central disturbing force on a planet, 
find by NeW'ton’s method the equations 


de 

dO 


— — sin {9 — -sr), 


.COS (^- 

oLB yu 


where 6 is the longitude of the planet, ts the longitude of the 
aj«e, e the excentricity of the instantaneous elli|Be, r the 
distance of the planet from the sun. 

(51) A' particle revolving about a fixed centre to wHch 
it is attract^ with intensity inversely as the square of the 
distence is acted on by a small disturbing force f in the 
direction, of the radius vector: prove that the variations of 
the major axis, the excentricity and the inclination of the 
line of ap^s are determined by the equations 
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/cos (ff — co), 


^ .1 «» i 

(it 

dt [ ) ■' 

j, = _ . — ,. J cos (a — a>). 

dt {Hi 


( *2) The rirst term of the central disturbing force on 
*he is - ra’r, where the central force is p; shew "tliat 

tin ajeiJul augk' (the orbit being nearly circular) is 


w 


■ 3 , 


where — is a mean lunar month. 

ii 

ri:]! A fmrtiele is moving in a circle about a centiro of 
s.tfnii't!on a (i)ist.)“®. The strength of the centre increases 
and iiiiifonnly. Determine the approximate elemonts 

the t.rMt after a given time. 

f al l A particle moves in a focal elliptic orbit in a. vory 
rare mniiiiiii whiise resistance is as the square of the velocitiy ; 
drlenjiiiie the effect of the resistance on the periodic tincio. 

^A satellite moves about a spherical planet ixi -fche 
piaot^ <.f its et|uator, in a slightly elliptic orbit. Find -fclie 
iiitjtiyii iif the apse due to an uniform mountain ridge a»t: tlie 

^ ^ ^ If when the earth is at an end of the minor SL:s:is 

:t> elliptic orbit, a small meteor were to fall into the srim 

^4 of the mass of the sun, prove that the year 

Willi Ifl foe tJiminish^ by — of itseE. 


impact. 


S51 


Pr ove a lso that the apse would regrede through the aagle 

^ A / where e is the exceutiicity of the earths orbit 

m V e 


m 

(57) Central attraction varying ss the distance, tlio 
velocity of a particle is increased by ~th when it is at the 
extremity of one of the equal conjugate diameters of its orbit 
Shew that each axis is increased by ^ th, and that the apse 
regredes through an angle 

1 ab 


n a' 




(58) At what point of an elliptic orbit, described ak)at 
the focus, can a small change be made in the direction of 
motion without altering the position of the apse I 

If S(f) he this change, shew that (in the supposed case) 


(59) Shew that, in an elliptic orbit alK>ut the focus, if 
the velocity be increased by -th when the true anomaly is 
S — zu, we shall have 

^ r sin (0 — 13-) 

edzu = H , 

” na 

according as the particle is moving to or from the nearer 
apse. 

(60) A particle moving about a centre of attraction in 
the focus, in an ellipse of small excentricity, receives a small 
impulse perpendicular to its direction of motion at any 
instant. Find the effect on the iK>sition of the apse. 

(61) Again, if at the extremity of the minor axis the 
vei<x;ity he increased hy -th, and the direction changed so 
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A itimmM the ame, fiad the alteration in the form ^33. <i 

mF the orbit. 



} A particle de.^ribes an elliptic orbit about a cert'fc^re 
id of iiitensitj varying as (distance)"^. If F 

2 ' 77 “ ■ 

tht‘ p'riixlic time and a small disturbing force X sin ^ 


MtM in the direction of the radius vector, calculate the vsLjri^- 

tKMM m the orbit. 


(SJI) A spherical cloud of small masses, whose mixt'ULQJ. 
iltrartioa is msensible, and whose velocities are very small^ is 
oteftakea hj the sun so as to be incorporated into the solstr 
fystciiL How will the form of the cloud alter as it pursuios 

iiii approximately parabolic orbit ? 


I SI I The b4>b of a simple pendulum of length I is actsod. 
m by a horizontal force = jjgr cos nt, where p is a large nxxnaL- 
her., aiid M is krge compart with g : shew that the pemcixz- 
lijfii may c«iilat€ about either of two points distant a froxna 
the fwkt with an amplitude ^ where 


cos a= 2 
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CHAPTER A. 


MOTION or TWO OR MORE PARTICLES. 

288. Having considered in detail the various cases 
■wHicb. occur in the motion of a single particle subject to any 
forces, and whose motion is either jfiree, constrained, or re- 
sisted, we proceed to the investigation of some very simple 
cases in which more particles than one are involved. These 
cases will divide themselves naturally into two series; first, 
wben the particles are entirely free, and are subject to their 
TO. li trial attractions as well as to other common impresses! 
forces : and second, when there are in adlition constraints; 
smell as when two or more of the particles are ctumecitKl by 
io-extensible strings, &c. Let us take these in order 

L Free Motion. 

289. An immediate application of the third law of 
m-otion shews that if two particles attract ^eaeh other, they 
esicrt each on the other equal and opposite forces, in the 
direction of the line joining them. 

If then m, m', be the masses of the particles, and the 
ait traction between two units of matter at distance J) be 
the intensity is 

mm (p’ (D). 

29€. A system of free particles is subject only to timr 
TThutuai attractions ; to investigate the motion of the system. 

Let, at time t, be the co-ordinates of the particle 

■wbose mass is and let 4>{D} be the law of attraction. 
Let express the distance between the particles and my, 
■fchieri we have for the motion of nq. 


T. D. 
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M0TIO5ff OF TWO OE MORB PARTICLES. 



2 |»»,HI. <i6' (-)’ 

”‘>S’ = - {“»”*■ 

wnh «rai!ar e.}uations for each of the others; the summations 
heinz lakt-n throughout the system. _ Before we can make 

at a solution of these equations, we must know tb-O^r 
numk r, awl the laws of attraction between f 
af mnieks. But some general theorems, independent of these 
,ijuV may easily be obtained : although not nearly so simply 
m in Chap. II. 

291. I. Conservation of Momentum. In the ex- 

for , we haye a term 

p‘q 

aoli la w, we have 

q*p 

Hence if we add all tbe equations of the form (1) togetlx^r 

tli€ rmnlt will be 

=« = 
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MOTION OF TWO OB MORE PARTICTEi. 

^ I^Tow if 2 , be at time t tbe co-ordiimtes of the centre 
<of iEiertia of all the particles, § 58, 

■;cSm= S {mx), 

z^m = S (mz), 

A.iid the above equations may be written, 


U iC ^ ^ 

-If-’"-” 

Ssm-O 


n 


'Whence 




These equations shew that the velocity of the centre^of inertia 
parallel to each of the co-ordinate axes remains iiiTari.ab!e 
eiuLirixig the motion, that is, that ike c€ntTe oj inertia the 
S 2 /st&m remai'tis at rest, or moves with cof^stafit velocity in n 
^tr^dight line. See § 72. 

The values of a, b, c, may thus be determined, 

^ / dx\ 


^ dt 2m 

ISTow if the initial velocity of were resolvable into 
Wj, I^rallel to the ax:es resj^tively, and similarly 


for &c. 


■ ^ , and so for fe, &c. 

zm 


2Z—2 


motion of two oe more pajrticles. 

If acted on the particles, of which the eori'i- 

piMtiliel to the axes on the particle m at (xi/s} 

L*¥,' oiF* oiZ” we should have found 

E „ = ImX. Ita ^ = Sm F, 2m J = tmZ ; 

,,T a-iiii-'li is the same thing, 

J'2m = X«F = ; 


rrof iug that the motion of the centre of inertia of the sj^ste^ra 
iljf ''-^ariie as that of a particle of mass acted upon l^y 
tlit- h:>rces moved paraliei to themselves, at the centra of 

2^. II. Conservation of Moment of Moment’XXJM. 
Again, it is evident that if we multiply in succession equgbtioxL 
i f) by and et|uation (2) by and subtract, and take tlxe 
3 «uiii of "all such remainders through the system of equations 
tht^ fijniis (1) and (2), we shall have 



\ dt^ ^ dfj 


= 0 . 


Integrating once Tve have 


m 


\ dt ^ dt) 


= 2X 


where the left-hand member is the moment of momenhuim of 

the system about the axis of z. 

Now if in the plane of xy we take p, the polaor co- 
ordinates of the projection of w. 



dx d9 

-^di^p di’ 



= 2^. 


timmime 
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Now if a, be the area swept out by the radius p 

on the plane of xy, 

, . d6 da. 


and our equation integrated gives 

no constant being necessary if we agree to reckon a, from 

the position of p at time ^ = 0. 

This equation shevrs (since xyis any plane) that generally 
in the motion of a free system of particles, subject cmlv 
their mutual attractions, the moment of momentum uipmt 
every axis remaim constant; or, as it is commonly but incon- 
veniently stated, the sum of the products of the mass of each 
particle of the system, into the area sivept out by the radius 
vector of its projection on any plane, and about any pm §4 in 
that plane, will he proportional to the time. See § 72. 

Take a*, to represent for the planes yz, xz the same 
that a, represents for xy, then 

l.{ma,) = A^t. 

The value of this quantity for a plane, the direction- 
cosines of whose normal are X, p, v, will be 

+ vA^t, 
and will be a maximum if 

XA^ + fiA^ + vA^ is so, 
subject to the equation of condition 


This gives X= suppose, 

with similar values for p and v ; 


and the value of the product for the plane so found is 
evidently At 
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HtiiWji we see aJ^, that, as indeed is evident from 
siiiiipk Btatement above, the axis about which the moment 
is greatest remains parallel to itself, or, as 
iiiuallv put, the plane for which the sum of the products 
l/i# vmmm of the ^mrticies into the sectorial areas descr^y^^ 
hj the radii wectores of their projections is a maximum, ^ 
]Aam or mrallel to a fixed plane during the motion. 

"’has l^en otlled on this account the Invariable Plane. 

If ejttemal forces had acted on the system, we sho"U.l(i 

have found 

im (y - ^ ^) = iyz - ^ V). 

=2m(a;7-yX). 


2ML III Conservation op Energy. Multiply 


(1) by 




(2) by 


«^yi 


(3) by 


dz^ 


and, treating similarlj all the other equations, add thero. stll 

together. 

us consider the result as regards the term on 13110 
right-hand side involving the product mpm^ 


Written at length it is 




dig, 

dt 


+ similar terms in y and z} ; 
and the portion in brackets is equal to 

— {(JT, -3r,)^(ir,-ar^)4.amilar terms in y, a} ; 

d 
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therefore, on integration, 

is («!;*) + 2 

We see therefore that — the change in the Kinetic Ener^g 
of the s^ystem in any time depends only on the relative distances 
of the particles at the beginning a^id end of that tiim, | 78 « 

294 . An extremely remarkable and Fery simple theorem, 
connected with this subject, was obtained by Clausius. 
Though specially devised for the purposes of the Kimtie 
Theory of GcLses, it is capable of very wide application in 
Physics. The restrictions to which its applicatioB is subject 
wiU appear from the condition assumed in the proof below. 

Consider a system of particles, moving in any manner, 
under the action of mutual forces (in the direction of the line 
joining each pair), but so that the sum of the products of the 
mass of each particle into the square of its distance frora the 
origin shall remain practically constant If we twice 
ditferentiate this sum with respect to t we obtain at once 

i 2m («* + / + 2 *) = 2m. (i* + ;j* +i*)+ 2m {xx + yy + r i). 

Remembering the condition impend above, and putting 
for moc, &c. their equivalents X, &c., we have, as an expres- 
sion for the kinetic energy of the system, what is callea the 
Virial, viz. 

1 2m f + i*) = -| 2 (xX + yY+zZ). 


By § 290, the right-hand side becomes, for the mutaa! 
action l^tween two particles of the system 

— \ mgra^ ^ — -a?p) + &c. + — 4 &C. J 


1 <f>' (^^ 5 ) S 

— 71 mjTTfig . 


motion of two ok more PiJlTICLES. 

if f (/.) be written as the p^t of the virial 
.i. |. on strWs between the pairs of particles is 

mhvTe each pair of particles is to be tahen only once into 

.mt'i-Olit. 

If 'ts in the kinetic theorv of gases, the particles are 
r.<^ -.l't. . 1^ enclosed in a vessel, from whose walls they rebounct 
With uiiit coefficient of restitution, the walls exert externai 
on-ssuiv on the group. If the particles are sufficiently 
nuiiu-D-iis. thev may be regarded as having always the Sana o 
uniionn distribution, and this pressure may be regarded as 
n-tant over the whole surface. Hence, dS being a.rx 
vleinent of the surface of the vessel at x, y, z, and X, /i, v tb.e 
direction-ci^ines of its normal, we have as the corresponding- 
juart of the Virial 

— I I pdS (Xa: + /ly + vzy 

Tliis siiiB, taken over tlie whole (closed) surface of ttt© 

f is evidently a|ual to 

where F h the volume of the vessel 

Hence, in this case, the virial equation is 
1 


|S(im^) = |pF+h(ilr). 


If the fmrticles exert no molecular force, and be so small 
IS practically never to impinge on one another, the product; 
ii presMire and volume in such a medium is two-thirds of th o 
kinetic energy. This statement includes the two 
" gaAtoiis laws known as those of Boyle and Charles. 

&> far for the case of several particles. The simplest; 
»:ia.iiipk-s will of course found in the case of two particles 
and to such we will confine our attention; as, when 
three or more are involvwi, the problem does not admit of 
sidiitioii, and in the two most important applications 
whicli have been made of it, namely to the Lunar and. 
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Planetary Theories, it is found that a distinct method of 
approximation is required for each. 

Since the acceleration of the centre of inertia is zero, it 
follows that the motion of each particle with reference to 
that point is the same as if the latter were at rest. Also, if 
we apply to each particle of the system an acceleration equal 
and opposite to that of any one of them, the latter will he 
reduced to rest, and the relative motion of the others about 
it will be unchanged. Hence, if there are only two, we see 
that the relative motion of one about the other will be the 
same as if the sum of the masses were substituted for the 
latter. 

Two particles, moving initially with given velocities in the 
same straight line, are subject only to their onutual attraction 
which is inversely as the square of the distance ; to determine 
the motion. 


The motion will evidently be confined to the straight 
line. Let m, m' be the masses of the particles estimated on 
the hypothesis that one unit of mass exerts unit of force on 
another unit at unit of distance ; x, x their distances at any 
time t from a fixed point in the line of motion, then 


d^x 


= 


m 


df 
df’ 


mm 

{x — xf 
mm' 
{x' — xf 


.( 1 ). 


Hence, if x be the co-ordinate of the centre of inertia at 
time t, 

d^x , , c? V . di^x . 

dx , dx' . ,.dx^ 

m — + m = (m -{- m ) — = O' 


dt 


dt 


dt 


= m Fh- m'F', 

if V and F' be the initial velocities ; hence the momentum 
is constant. 
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Integrating again, 

mx + m'x' = («i + m!) x = {ni V + m' V') ( + (!' 

= (mV+ tn'V') t + ‘im + (2), 

if a, a' denote the initial positioiiH of tlio particlcn. 

Again, from equations (1), 

(ff (x' — x) _ 7/1, + 'tn' 

df "■ “ ’ 

from which, _ hy _ multiplying by vi or 7/1, wo hoo that tli« 
relative motion is the same as if tho ono particlo movtal to 
the sum of the masses colloctod at tiui otluir, tho pimitioa t»f 
that other being considered fixed. 


Integrating once, wo have 
1 i d(x'-x) V 

dt f 


: G 


m -j- m' 


w 


At t = 0, this is 

and, eliminating 
1 fd(£c' — 1 


= + ^ 


m 4* m' 


a — rt 


dt 


= i(P-K)=+(m + M') 


*7‘ 


• 0 U 


■m 


This is of the form 


dt 


therefore 


Jv 


± li ; 

oa 

'V(I±7i«)' 

which may be integrated by putting ® - y*. 'rhc iutotrral 
^11 be circular or logarithmic according m Ji k nogativfor 
positive. Thus wo have ir' - in terms of t, ami iih w.i dml 
now mx + mx by (2), the motion is complctoly tiftormiiud. 

If at the instant of projection 

- ( 7 _ (*?• ■+■ «*'’) 

2 ' cTI^a ’ 
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the formula (3) becomes 

V {x' — x) ^ ± \/{2 (w 4- m')}, 

I {x — x)^ =^G ± a /{2 (m + m')} t, 

I (a' -«)«=(?, 

and the motion is completely determined. 

296 . There is another method of treating this problem. 
Suppose that, instead of determining the relative motion of 
the particles, we consider that of each relatively to the com- 
mon centre of inertia. The distance of m from the centre of 
inertia is 

_ mx -f mV m' (x' — x) 

X X — f X — / j 

m -f m m + m 

and we easily find from (1), 

fd?x d^x\ _ mm' m^ 

^ [df ~w) " (x’ - xy ■ 

Hence, for the relative motion of m and the centre of 
inertia, 

(^ — it?) _ ___ mm' 

^ df {x' — xf 

^ mm'^ 

~ (m -h m')“ ’ 

whence x — x may be determined, in finite circular or loga- 
rithmic terms, as before. 

297 . Two 'particles, au'yhow projected, are acted O'n solely 
by their mutual attraction; to shew that the line joining them 
is always parallel to a fixed plane, [This is obvious from 
§26.] 

If m and m' be the particles, x, y, z, x\ y', their 
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i-ordinates at time t, r thoir distaiuu!, iui<i /’ tin- mutual 
traction, we have the following (uiuatioiiH, 

“aV-' -'v ■“ .ic''-' -■ ■ 


Lth similar expressions for the oihtn* <u)-i iinli nnta^H ; lumn 


— iw" vy y 


id integrating, 


/ / \d W — t/) ft \d U'' / 


(U 


Lth. other two similar eqiiatioriH. Thon^fon^ 

Hence the line joining the ih alwayn jiarallel to 

.e plane whose directi()n~coHiiU‘s ari^ an f-j, t',. 'I'liiH 
rresponcls to § 292. 

Also it is evident that the motion <jf the partiidoM with 
spect to each other in a piano parnlltd to thin m the name m 
the plane were at rest (5 294). 

From the preceding proponitiouH tlie follt^wiiig are inddeiit 
ductions. 


The centre of im3rtia of tin* two |mrtiolc*H m iit re^t- only 
len the initial velocities are :;^t*ro, or when the dirortiojiH of 
ojection are the same or paralkd, and the momonfa etpial 
d opposite. 

The plane of relative motion will bo at n?nt only whtm tim 
itial directions lie in one plancn 

If the attraction be invurHuly as tlui Hqium^ of t ho distanoo, 
3 relative orbits of the particlos nlaint oncdi othor, aittl 
srefore (§ 27) about their centre of inertia, will li« emiit! 
stions about a focus. 

It is needless to pnrsuo thin any further, ns the preemtiiig 
nits enable us to reduce the prulileiu to caHes treitieil f*f 
former chapters. 
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II. Constrained Motion. 

298. Of the constrained motion of particles, we can only 
take particular examples, but there are some general con- 
siderations which deserve attention. 

If two particles be connected by an inextensible string, 
its only effect is to prevent their relative distance becoming 
greater than its own length. If we introduce an unknown 
quantity T for the ten^sion of the string, the equations of 
motion can be written down, and the condition that the dis- 
tance of the particles is equal to a given quantity will give 
us an additional equation, enabling us to eliminate, or to find 
the value of, this unknown tension. If at any time the value of 
T so found becomes equal to zero, the motion of the particles 
must be investigated henceforth as if they were free, until the 
values of their co-ordinates shew that the string will begin to 
be tended again. In such a case, if their velocities resolved 
along the line joining them be not equal, an impact will take 
place, whose effects must be investigated by the methods of 
Chap. X. 

When the particles are connected by a rigid rod without 
mass, we have an unknown tension or pressure in the di- 
rection of the rod; and, to determine it, we have the 
geometrical condition that the distance between the particles 
is constant. 

If there be more than tw^o particles attached to the rod, it 
may exert a transverse force ; but cases of this kind more 
properly belong to the Dynamics of a Rigid Body; and we 
therefore omit all consideration of them. 

299. Two particles^ attached to each other hy an inexten- 
sihle string, are projected with given velocities in space; to 
determine the motion. 

We may without loss of generality consider the distance 
between the particles at the instant of projection, to be equal 
to the length of the string. If their velocities are wholly 
perpendicular to its direction, or if their resolved parts along 
it are equal and in the same direction, there will be no impact. 
If not, suppose the masses m and m' to have velocities v and v' 
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i 4traii*:2 tlie strifig at the instant it is stretched. It is e-srx- 

That the iinpiict will change each of these into • 

Tbi* thtn w dcterniisate; so we may now in addition suppose 
t}. ifn.ivtf,] parts of the velocities along the string equal 
»*.?h ..th*. r Lot X, y, z, y, z', be at any time the co-ordi- 
■ t the particles, then, if a be the length of the string". 


iPx 

'If'' 


. j-Lzif 


df a 


mmI i^ri, 

/ - xf +(?/'“ +{2 -zf = a\ 

Aft? 'Seven equations to find T, and the six co-ordiiiat 5 os 
*ii fti and m\ From the form of the equations, or bytreatiiag* 
M in § 297, we see that the string remains parallel 1 
to t fiTLrd plane, that the centre of inertia moves with, can— 
itMt velcjcity in a straight line, and that the motion of tlao 
abiiit each other and about the centre of in— 
eitia w the same as if that point were at rest. Heno^, 
tlifc* |:»jrticle.s revolve with uniform angular velocity, and 
the teiMion of the string is constant. From the abovo 

T= 

m + ni a ’ 




V,. 


id (x' - 


i dt 


xr ^ { d(/-y) 


} 


dt 


d {z — z) 
dt 


the ri.dative velocity. The same result might have been 
f»j|j olitaiaed by using the last formula in § 144, when we 
r*4i«ith.'r tiiat the velocity of m relative to the centre of inertia 

m F . 

radios of the circle it describes abontj 

tfiat |w4nt is and that Tis the tension which main— 

it iii that circle. 

Tmji} cmmcted hy an inextensille strirtc^ 

T ' wr a small smmiA pullet/^ mow under qravit2/ • 

fei the ^ 
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This was partly anticipated in § 298. Let m, m' be the 
masses, and let x, x' denote their distances from the pulley 
at time t. Then if T be the tension of the string (the same 
throughout since the pulley is smooth), we have 


m 


d?x 


= mg-T, 


, d‘x' , 


T. 


But x + x' = length of string = a suppose. Hence sup- 
posing m > m', 

{m + m) ^ = {m-m')g (1). 

This equation completely determines the motion. Also, 
if we eliminate x and x, we have 

T = ^g, 

and it is therefore constant. 

This is one of the cases in which theoretical results may 
be tested by actual experiment with considerable accuracy. 
And it was this combination, with many delicate precautions 
against friction, &c. which Atwood made use of for experi- 
mental verification of the laws of motion. 

We see, for instance, by equation (1), that we may easily 
keep m + m' constant while m — m' has any value, and thus by 
measuring the accelerations produced, find whether they are, 
in the same mass, proportional to the forces producing the 
motion. Again, keeping m — m' constant, m + m may be 
varied at will. Hence by this process the second law of mo- 
tion may be tested. See § 68. Again if, while the masses are 
in motion, a portion be suddenly removed from the greater 
so that they remain equal, (1) shews us that observation will 
enable us to test the first law of motion. 

So far for the motion when vertical. When the particles 
are equal, but one of them vibrates as a pendulum, the purely 
mathematical difficulties of the question become much more 
serious. From the following approximation however {Proc. 
B, S- E, 1881) we obtain a general idea of the nature of the 
motion. 
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Let r, 6 be the polar co-ordinates of the vibrating luaHs - 
then, neglecting powers of d higher than tho sccoiul, \v«! hnvc 
(§ 250)— 

2 r - r ^“ = -^-2 , 

Put I r for r, and J''2,9 for 6, and wo get 

Transform to rectangular co-ordinates in tho pliiiit* <»f 
motion — x being vertically downwards:— then 


This shews that the vertical acceleration of th(‘ vibrat ing 
particle is very small but oonsUtnUy downward, Ihuici* tin* 
energy of the vibratory motion is steadily couvurt.iul in it* 
energy of translation of tho rnassgs. It would bo iut(n*t»Hting 
to pursue this question to higher degrees of approxiinatiun. 

When both the equal masses vibrate through Hnutll 
it is found that the mass whose angular ranges is th<^ gri*nt4n’ 
has downward acceleration with diminishing angular riitigr. 
Hence it would appear that, if the ntring bo long iuiough, (bu 
entire motion should be periodic. But the working of this 
question also is left to tho reader. 

301 . Instead of two masses, conneeled by a Hiring, 
suppose a uniform chain of length 2a hang over tlui ptiliny ; 
then ifa; be the length hanging down on one sitJe at thiu^ I, 
there will be 2a— ^ on the other, and the diiiermu-e or 2 — 

is the portion whose weight accelerates the motion. lioiiru, 
fL being the mass of the chain per unit of length, we bavt ? 

, . , . JSt J9, 

which gives ^ - a = J.6 +- ^ . 
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If the chain wore initially at rest, a portion a + h being on 
one side of the pulley, 



6 = .d "h J?, 

0 = A-B-, 



This is true until x = 2a, that ia, till the chain leaves the 
pulley ; the value of t at tliat instant being we have 

. 

‘6 


and therefor 




3a 


If, for example, i> = ^ , i.o. if the portions of the chain 


were initially as 4 : 1, 


, = y^‘log.3. 


302 . 1 \vo j)a7^tioleSj of masses in and m', are attached to 
different points of an inextensibU string, one of whose ex- 
trendties is fixed. If the system be displaced, to determine the 
motion. 

Take the axes of x and y horizontal, and that of ^ verti- 
cally downwards, the extremity of the string being origin. 

Lot a, (i bo the lengths of the portions of the string, 6, 6' 
the angicH they make with the vortical, (/>, (p' the angles which 
vortical planes throiigli them at time t make with the plane 
of xz. Lot X, y, z, x\ y\ z , bo tlio co-ordinates of the parti- 
cles and T, T tlie tensions of the strings. 

Then m ■=: — 7^ sin 6 cos (jb -f T' sin 6' cos 

m ^ — jf^sin 0 sin (p -f T' sin 0' sin (p\ > 
m « mg — T cos 6 -h T' cob 0\ ^ 


T. D. 


24 
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m ~ = -r sine' COS cf>'," 

m' = — T' sin ff sin 

m'^' = OT'o-r'cos0'. 

d.f ^ 

Besides these, we have the six equations for oo, y, z, 
x\ y\ / in terms of a, 6, <!>, 6\ cf)' ; in all, twelve equations 
for the determination of the twelve unknown quantities in 
terms of t. 


303. These equations will be much simplified if we con- 
sider the displacement to be in one plane, as the motion will 
evidently be confined to that plane. By this means we at 
once get rid of y, y\ and (^'. A still greater simplification 
will be obtained by taking in addition the condition that 
6 and 6' are so small, that their squares and higher powers 
may be neglected. With these our equations become 


m, -^ = -T'e , 


df 

df 


'm -Ty> = m'g — T'. 


\ 




And, to a sufficient approximation, 
x = a6y z = a, 

x' = a6 + a'9\ / = a + a\ 


T = mg, and y = (m + m') g, 
d^d 

ma-^ = — {m + m') gO + m'gd', 

,f d^e ^ ,dfe'\ , ^ ( 

“ra*+“ J 


Hence, 
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Introducing an indeterminate multiplier, and adding, 

d^6 ^ j a' d^6' g, , , 

■ — 1)0} = O. 


, , , ,a'd?e' 


Let Xj, \ be the roots of the equation 
X a' 

m + Xm a m + m‘ 

Evidently one is positive and the other negative, and 
the form of the equation shews that for both m + Xm' is 
positive. 

Xm' 


Put 


<f> = d+- 


m + Xm' a 
Then the above equation gives 
g m + m' 


6' = 6-\-k9', suppose. 


dt 


^ + r,;r^w<A = 0- 


a mH- Xm 

By the recent remark the coefficient of is positive for 

both values of X ; let its values be and and we have, 

4^v corresponding values of k and 0, 

(jE)^ = 0 + k^6' = cos + /9J, 

<#>2 = ^ = “2 Kt + /SJ, 

where a^, /3j, /Sg, are arbitrary constants. 

Hence, 

^ = k 'S Jc ^ 2 )}’ 


6J' = 


K-K 


{a^ cos + ,Sj) - cos (Uji + ^j)}. 


Having given the initial values of 0, O', ^ arid , we 


dd , dO' 

find ocj, a^, /3^, /S^, and thus the solution is complete. It may 
be noticed that the values of 0 and 9' may be found at any 
time by taking the algebraic sum of the corresponding values 
of the inclinations to the vertical of two pendulums whose 

times of oscillation are — and — . 

^ n, 

24—2 


Also, if n^, be com- 
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toe return to to .ir»t 

and the motion Will be periodic. _ 

f 11 ■r./r fliscusHion of the cases of tin; Himplo to 

The when is much groalor thuu 

'strings are lot approximatolywiu.il is taken Ir-in 
and the bM aro^o^^j^F “On the rate oi at Hunk u, 

OlSieto » "* 


Case I. 

The upper string considerably longer than the I 


eOW(‘r. 


ine upptjj. I 


( 1 ) 

c 


( 2 ) 

c 

1 


jpCI) 




graver by the influence of the lower, which in the cmirHo uf 
the vibration always exerts a force upon it Jroin its nutltll.« 
position. 

Figure 2 represents the second or (micker fumlainfiitKl 
mode; the vibration of the upper penduluin htmtg m t ut 
case excessively small in comparison witli that of tiu* 
and forced by the influence of the latter to a imU'iwI iiim'lt 
smaller than its own would be if undisturbed. 
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Case IL 

The upper string considerably shorter than the lower. 

Figure 3 represents the graver mode; the vibration of 
le upper pendulum through but a very small arc in com- 
arison with that of the lower, being augmented by the 
ifluence of the lower, which in the course of the vibrations 
xerts a force upon it always from its middle position. 

Figure 4 represents the quicker mode ; the vibrations of 
le upper pendulum being made somewhat faster by the 
ifluence of the lower, and the lower being influenced so as 
1 vibrate as if it were shortened to the length OA, which is 
Dmewhat less than the length GP, 

In each case OA is the length of the simple equivalent 
endulum vibrating in the same period as that of the funda- 
leiital mode represented. 

If P consisted of the frame and work of a spring clock, 
nd PP' were its pendulum, then in Case I. the vibrations 
rhich would be maintained by the actions of the escapement 
muld be those represented by figure 2, and the clock would 
*0 faster than if its frame were perfectly fixed. 

In Case II. the vibrations maintained by the escapement 
muld be those represented by figure 3 and the clock would 
;o somewhat slower than its proper rate. 

Case I. could never occur in practice, but may be experi- 
nentally illustrated by hanging the works of a clock on a 
ight stiff frame moveable round a horizontal axis. 

Case IL, figure 3, with GP much shorter in proportion 
n PP' than shewn in the diagram, represents the actual 
drcumstances of an ordinary pendulum clock, which owing 
10 want of perfect rigidity of the frame, must experience a 
ittle of the influence of the pendulum there illustrated, 
3ausing the rate of the clock to be somewhat slower than it 
vould be if the support of the pendulum were absolutely 
ixed. 

A very slight modification of the process gives us the 
result of smaM displacements not in one plane : but the stu- 
ient may easily work out these for himself. 
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We have here a airaplo exainple of tho prinoiplo of tlu) 
Coexistence ^ of Small Oscillations; but tliin princ‘ipii\ for 
its satisfactory treatment, requires iu the um* of 

D’Alembert’s Principle; wliich, tlunigli (§ 74) nuToly a eor(»h 
lary to the Third Law of Motion, and (;l(}arly pcdntod eiiit hy 
Newton as such, is beyond the professed liinits <jf tlit^ pn^Siuit 
treatise. 

304 . The examples, which have just betnn givtni, may 
suffice to convey an idea of the mode of applying <nir metlnulH 
to any proposed case of motion of two constraineil partielos. 
These methods are apphcable to nun'o complicuhHi eantm, 
when more particles than two arc‘ involved; but ntithin^ 
would be gained by such a proceeding, as n'Aleuiherts 
Principle supplies us with a far shnph^r mochi of invt^nti- 
gating the motions of any system of free or eomutett'd par- 
ticles: especially when it is simpUfu'd iu its appIieatiiUi by 
the beautiful system of Generalized Go-ordinatss iut.roihu!iitI 
by Lagrange (§ 250). See Thomson and Tait’s Natural 
Philosophy, % 318, 327. 


EXAMPLES. 

(1) Prove that the periodic tim(i of two bodien rmunl 

each other is --;- where a is their mean <liHtantte and 

m, m their masses expressed in astronomical niiita 

(2) If the sun were broken up int<^ an indttfinite nmnlmr 
of fragments, uniformly filling the sphere of wliieh t 1 h^ i’arih s 
orbit is a great circle, shew that eacn wouhl revidve in a year. 

(3) Supposing the earth’s present orbit hv eireular, 
examine the effect on the earth of a sudden luuiihiliitiun of 
half the sun’s mass. 

(4) A thin spluirical shell of mass if is driven out sym- 
metrically by an mtornal ex|)loBion. Bhew that if, wlirm the 
shell has a radius a, the o\itward velocity ()f mmh pariicth' Ihi f), 
the fragments can never be collected by their mutual attriic- 
tion unless 

a 
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(5) Two equal particles are initially at rest in two 
smooth tubes at right angles to each other. Shew that 
whatever be their positions, and whatever their law of 
attraction, they will reach the intersection of the tubes 
together. 


(6) In last question suppose the original distances from 
the intersection of the tubes to be a, b, and the attraction as 
the square of the distance inversely, find the future paths 
if at any instant the constraint is removed. 

Solve the same question, supposing the attraction to 
vary inversely as the cube of the distance. 

(7) A shell is describing an elliptic orbit under an 
attraction tending to the centre. Prove that, if it explodes 
at any point of its orbit, all the pieces will meet again at 
the same moment ; and that, after half the interval between 
the explosion and the collision, all the pieces will be moving 
with equal velocities in parallel directions. 

(8) A number of equal particles, attracting each other 
directly as the distance, are constrained to move in parallel 
tubes ; if the positions of the particles be given at the com- 
mencement of the motion, determine the subsequent motion 
of each ; and shew that the particles will oscillate sym- 
metrically with respect to the plane perpendicular to the 
tubes which passed through their centre of inertia at the 
commencement of the motion. 


(9) Two equal masses M, are connected by a string 
which passes through a hole in a smooth horizontal plane. 
One of them hanging vertically, shew that the other describes 
on t^ie plane a curve whose differential equation is 

^___n 

and that the tension of the string is 
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(10) Two given monkeys cling to a rope, which hangs 
over the common summit of two given inclined planes ; one 
monkey remains stationary : find the acceleration of the 
other monkey. 

(11) Two equal halls repelling each other with intensity 

cc ~ hang from the same point by strings of length I, Shew 

that if when in equilibrium, the strings making an angle 2a 
with each other, they be approximated by equal small arcs, 
the time of an oscillation is the same as that of a pendulum 
whose length is 

I cos a 
1 + 2 cos^a * 

(12) One of two equal particles connected by an inelastic 
string moves in a straight groove. The other is projected 
parallel to the groove, the string being stretched ; determine 
the motion, and shew that the greatest tension is four times 
the least. 

(13) Two particles connected by a rigid rod move on 
a vertical circle. Determine the motion, and find the time 
of oscillation about the position of stable equilibrium. 

(14) Two particles P and Q are connected by a rigid rod. 
P is constrained to move in a smooth horizontal groove. If 
the particles be initially at rest, PQ making a given angle 
with the groove in a vertical plane through it, find the velo- 
city of Q when it reaches the groove, and shew that path 
in the vertical plane is an ellipse. 

(15) A particle of mass m has attached to it two equal 
masses m' by means of strings passing over pulleys in the 
same horizontal plane, and is initially at rest halfway between 
them. Determine the motion. Shew that if the distance 
between the pulleys be 2a, the velocity of m will be zero 
when it has fallen through a distance 

47/1 m'a 
4m ^ — m* ’ 
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(16) Two masses M,M' are connected by a string which 
passes over a smooth peg. To M' is attached a string which 
supports a mass m such that M + m = M, and m is displaced 
through an angle a. Investigate the motion, supposing m so 
small that the horizontal motion of M may be neglected. 
Shew that the string Mm will be vertical after the time 

( 1 ^ • 2/1 

1 2ilf ^ 

cos 0 — cos a 
where X is the length of ikf'm. (Steele.) 

(17) Two equal masses are attached each at 1 foot from 
the ends of a string 3 feet long which are fixed 2 feet apart 
in a horizontal line. Compare the times of vibration in the 
various degrees of freedom of the system. 

(18) A string ABGD, divided into three equal parts 
at B and C, has two equal weights attached to it, at B and 
0, and the ends A and D are fastened to two fixed points 
in the same horizontal plane, the distance AD being two- 
thirds of the length of the string. 

Find the tension of the different portions of the string 
when there is equilibrium, and, if the string CD be cut 
through, find the initial changes of tension of the other 
portions of the string, and the direction and magnitude of 
the initial acceleration of the weight at G. 

(19) The point of suspension of a simple pendulum 
moves uniformly in a circle in the plane of oscillation of the 
pendulum, find the equations of motion of the pendulum, 
and solve them in the case where the radius of the circular 
arc is very small. 

(20) A fine string passes over two smooth pegs in 
the same horizontal plane and carries three equal weights, 
one at each end and one enable of sliding on the portion of 
string between the pegs. If the system be slightly disturbed 
vertically from its position of equilibrium, find the time of a 
small oscillation. 
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(21) A particle of mass M is placet! near the centra of 
a smooth circular horizontal table of ratlins a ; strings arct 
attached to the particle, and pass over n smooth 

which are placed at equal intervals round the circiunfennu^ci 
of the circle; to the other end of each of tlu'se stri ngn it 
of mass M is attached. Shew that the tinui of it 

small oscillation of the system is 2?? 

(22) Two particles are attached togctlior by a Hi a* 
thread: the one is oscillating on the lower part of a vtud.icntl 
circle, the other below the circle atid in its jilane: if 
motions be small, shew that the nn)tiou of (*ach particles in 
compounded of two independerit oscillatiotis, the Htini of thtt 
squares of the periods of which is approximately cuiiuil tti 

— , where c is equal to the sum of the lengths of ihi) radium 

and the thread. 

(23) In a compound pendulum consisting of maKS(»H 

m' attached to strings of length I, l\ in whicli of course thci 
most general small motion in one plane consists of twa 
harmonic vibrations superposed, if tlie upper mass in> ht^ Vi*ry 
large compared with the under mass tn', it is clear that oru^ 
the two periodic times (that corresponding to the inntlt! tif* 
vibration in which m is nearly at rest) must l)e vtaw nonrly 
the same as in a simple pendulum of longtii //, and the oihe-^r 
very nearly the same as in a simple pendulum of lengtli L 
By a continuous variation of l\ the formor may Im made? 1 
pass continuously from less to greater than tlu^ latter, a tie I 
therefore for some value of 1' nearly ecmal to I the two munt 
be equal But when a system is in stable cKpulibrium {im in 
clearly the case here), the equation the roots of which jgivcf 
the times of vibration cannot have equal roots, for that woitlti 
^ply the transitional condition between stable and nmUiltUK 
Point out precisely the fallacy which leads to the alHivt- 
contradiction. 

_ (24) A string of length na has attached to it at (Hitmi 

intervals n equal particle.s, and the whole is auape ruled bo h« 
to hang vertically from one end ; if tho system bo slightly din- 
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(25) A spider hangs from the ceiling by an elastic 
thread whose modulus of elasticity is equal to his weight. 
Shew that it is possible for him to climb to the ceiling up 
the thread by the expenditure of | of the amount of work 
required to climb to the same height up an inelastic string, 
and describe fully the precautions he must take in order 
to do so. 

If the thread be making very small longitudinal oscilla- 
tions while the spider crawls. up very slowly, shew that the 
time of an oscillation will vary as the square root of the 
distance of the spider from the ceiling. 

(26) Two given masses are connected by an elastic string, 
and projected so as to whirl round ; find the time of a small 
oscillation in the length of the string. 

Give a numerical result, supposing the masses to be 1 lb. 
and 2 lbs. respectively, and the natural length of the string 
to be one yard, and supposing that it stretches ^^th inch for 
a tension of 1 lb. weight. 


(27) Two particles, connected by an elastic string, are 
projected in any manner. Shew that in the relative orbit 

P 


(28) Two particles connected by an elastic string initially 
unstretched, are projected at right angles to it so that their 
centre of gravity remains at rest, and their relative velocity 
is that of a particle falling under gravity through the length 
of the string. The string is of length a, and would be 
stretched to a length 2a by the harmonic mean of the weights 
of the particles. Shew that the path of one particle relatively 
to the other is given by 




a^dr 


rV (r^ — a^) (f — (r — af 


Prove also that the string can never become slack. 
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(29) Two equal particles can slide on opposite horizontal 
generators of a circular cylinder, and are connected by a 
stretched elastic string without mass. If the particles are 
slightly and equally disturbed from their position of equi- 
librium in opposite directions, find the time of an oscillation. 
If the unstretched length of string be given, find what must 
be the radius of the cylinder in order that the time of oscilla- 
tion may be as small as possible. 

(30) A small ring is free to-slide along the arc of an ellipse 
which is placed with its major axis vertical ; the ring is sup- 
ported by an elastic string without weight fastened at the 
upper focus of the ellipse, and such that its original length 
was equal to the semi-latus rectum of the ellipse, and of 
such elasticity that the given ring would, by its weight, 
stretch it to be equal to the semi-minor axis in length. 
The ellipse revolves with an angular velocity such that the 
ring just lies at the extremity of the minor axis. Find the 
angular velocity, and find the time of a small oscillation of 
the ring when slightly disturbed along the arc of the revolv- 
ing ellipse. 

(31) A circular elastic band is placed round a wheel the 
circumference of which is double the natural length of the 
band ; if the wheel be made to revolve with a constant 
angular velocity, find the pressure of the band on the wheel. 

(32) A mass M of fluid is running round a circular 
channel of radius a with velocity w; another equal mass of 
fluid is running round a channel of radius h with velocity v ; 
tlie radius of the one channel is made to increase and the 
other to diminish till each has the original value of the 
other: Miew that the work required to produce the change 
is 

Hence shew that the motion of a fluid in a circular whirl- 
pool will be stable or unstable according as the areas de- 
scribed by particles in equal times increase or diminish from 
centre to circumference. 
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(1) A spiral spring is -stretched an inch by each addi- 
tional pound appended to its lower end; find the greatest 
velocity which will be acquired by 20 lbs. appended to the 
unstretched spring and allowed to fall. 

Also find how far the mass will fall, and the time of a 
complete oscillation. 

(2) Find the form of the hodograph, and the law of its 
description, for any point of one circular disc rolling uni- 
formly on another. Hence, find the force under which a free 
particle will describe an epitrochoid, as it is described by a 
point of the uniformly rolling disc. 

(3) The motion of a point P is determined as follows by 
its position relative to two fixed points A and P. The 

velocity of P is made up of towards A, and /rom B. 

Shew that P describes a circle passing through A and P, 
and that its velocity at any point is inversely as AP . PP. 

If its velocity in any position b^ the same in magnitude 
as before, but turned through a right angle in the plane 
APB, shew that the path is still a circle. 

(4) Determine the (unresisted) motion of a body pro- 
jected vertically at a given point of the earth's surface with a 
velocity of 7 miles per second. 

(5) Apply the principle of varying action to the deter- 
mination of the (unresisted) motion of a projectile. 

(6) Shew that the action and timCj in any arc of the 
ordinary brachistochrone commencing at the cusp, are repre- 
sented by the area and arc of the corresponding segment of 
the generating circle. 
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(7) In the parabolic motion of a projectile, the action is 
represented by the area included between the curve, the 
directrix, and the two vertical ordinates : and the time by the 
intercept on the directrix. 

(8) Given a central orbit, and the law of its description, 
find the dilferential equation of a curve such that if tangents 
be drawn to it from any two points of the orbit, the action 
shall be represented by the area included by these tangents 
and the two curves. 

(9) Find the component harmonic vibrations of two 
equal simple pendulums hung up by two points in the same 
horizontal plane, the bobs of the pendulums attracting with 
intensity as the inverse square of the distance and of magni- 
tude a small portion of the weight of either pendulum. 

(10) The point of suspension of a simple pendulum has 
a horizontal motion expressed by 

0 ? = a cos mt 

Find the effect on the motion of the pendulum, especially 
when 



or nearly so, I being the length of the pendulum. 

(11) Determine the most general (small) motion of a 
heavy particle attached at a given point to a stretched elastic 
string. Shew that it will vibrate with equal rapidity in 
all directions of displacement, however much the string be 
stretched, provided the particle be placed at a distance from 
one end equal to half the length of the unstretched string. 

(12) A particle P describes an ellipse freely under the 
attraction of a second particle Q which is constrained to move 
along the major axis ; Oy but not P, is attracted to the 
centre ; find the laws of the attractions that PQ may be 
always the normal at P, 

If i,t were conceivable that P should repel Q with the same 
intensity that G attracts P, a certain relation between the 
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masses of the two particles would render unnecessary any 
force to the centre. 

(13) A particle P describes an ellipse with constant 
velocity under two equal forces, one directed towards the 
focus Sy and proportional to GD'\ and the other towards the 
other focus H; CD being the semidiameter conjugate to CP. 
Shew that n = — 2. 

(14) A particle P is attached to a point Q by a wire 
without weight, and is acted on by a force whose accelerating 
effect varies as the distance from a point 0 to which it tends ; 
prove that, if Q be constrained to move in a circle with the 
same velocity as a free particle would describe that circle 
under the action of the force, P will in all cases move uni- 
formly relatively to Q in a plane parallel to a fixed plane. If 
QO be the length of the wire, shew that, if P be ever at rest, 
its absolute path will be a straight line. 

(15) A number of equal particles are fastened at equal 
distances a on an inelastic string, and placed in contact in 
a vertical linej shew that if the lowest be then allowed to 
fall freely the* velocity with which the begins to move 
is equal to 

/ (n — 1) (2n — 1) 


(16) Two particles, of masses m and m' respectively, are 
connected by a light elastic string of length 2a. The system 
is then suspended from a smooth pulley and so adjusted that 
each particle is at a distance a from the pulley. If the system 
be then left to itself and ?/, y' be the distances of the particles 
from their original positions at the time ty then 


my — m'y' = (m — m') 


gf 
2 ‘ 


(17) A particle attached to the end of a string rests upon 
a smooth horizontal table ; the string passes through a small 
hole in the table through which it is pulled with uniform 
velocity ; prove that if the particle be acted upon by a force 
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-versely proportional to its distance from the hole, and per- 
3ndicular to the string, it will describe if properly projected 
1 equiangular spiral. 

(18) A centre of attraction which attracts a particle of 
lass m with intensity mco x distance, moves on the circum- 
irence of a circle of radius a with constant angular velocity 
, and a particle is placed midway between the centre of 
btraction and the centre of the circle ; if r and 0 be its polar 
D-ordinates when the centre of attraction has moved through 
n arc a</), prove that 

r = ~ (1 + 0 -f ^ = tan Q, 

be centre of the circle being the pole, and the initial line 
assing through the initial position of the particle. 

(1,9) Three particles each of mass m are lying on a 
mooth horizontal table in a straight line joined together by 
wo strings, each of length a. The two outer particles are 
projected simultaneously with the same velocity in a direc- 
ion perpendicular to the strings, prove that 

(de\^_v^ 1 

\dt) ■'a" 2 -cos 2(9' 

vhere 6 is the angle the string joining the middle particle 
tith either of the other two has turned through in any 
ime. 

(20) Three equal particles are joined by two equal strings 
ind are placed in one straight line on a smooth table ; if the 
niddle one be projected perpendicular to the string with a 
velocity V, the velocity of the other two when they im- 
pinge is fF. 

(21) Two particles are joined by a string which passes 
:hrough a small ring, the particles are held in the same 
lorizontal line, and the string is tightened and then let go ; 
f p, p' be the radii of curvature of their paths initially, a, a'^ 

25 


T. n. 
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the initial lengths of the portions of the string, m, m' their 
masses, shew that 


m 

P 


m' 

“ 7 * 

P 


and - + 
a 



1 

H 7 

P 


(22) Investigate the equation of motion of a chain con- 
strained to move in a fine tube under given forces. 

A uniform chain of length 4a is coiled up on a horizontal 
table at the distance a from one edge of the table, and one 
end of the chain is then drawn out at right angles to the 
edge and just over it; the height of the table above the floor 
being a, investigate completely the motion of the chain. 

(23) An elastic string of length a, mass ma, is placed in 
a tube in the form of an equiangular spiral with one end 
attached to the pole. The plane of the spiral is horizontal, 
and the tube is made to revolve with uniform angular velo- 
city o> about a vertical axis through the pole ; prove that its 
length, when in relative equilibrium, is given by the equation 

, tan 6 
I = a , 

9 

where <p = aco cos a 



(24) A particle is suspended from a fixed point by an 
elastic string, and performs small oscillations in a vertical 
direction ; supposing the string uniform in its natural state 
and of small finite mass, shew that the time of oscillation 
will be approximately the same as if the string were without 
weight and the mass of the particle increased by one- third of 
that of the string. 


(25) The resistance of the aether to a planet or comet 

d V 

moving with the velocity V being assumed to be 7^; - and 

cct 

the sun’s attraction being ^ , obtain the following exact 
equations : 
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7=(l + i)-^ = c, 


dt 


= hV\ 


Obtain also the differential equation of the orbit in the 
form 


fduv (a+2/x2/y-* 

[deJ * 


(26) A body moves in a plane about a fixed point under 
given forces. If the areal velocity and the direction of 
motion of the body at a proposed point be known, find the 
semi-latus rectum of the elliptic orbit which has a contact 
•of the second order with the real orbit at that point, its 
focus being at the given fixed point. 

Also find the changes produced in an indefinitely small 
time in the excentricity and in the position of the apse in 
this elliptic orbit in terms of the corresponding change of 
the semi-latus rectum. 

(27) Prove that the apparent path of a comet on the 
-celestial sphere is concave or convex towards the sun’s ap- 
parent place according as the comet or the earth is nearer to 
the sun. 

(28) It has been found by comparing theory with obser- 
vation that the perihelion of Mercury progresses at a rate 
greater by a than that due to the attraction of known bodies ; 
shew that this increment would be accounted for if the law 

of force tending to the sun were and if /m' = ^ , 

the orbit being supposed to be nearly a circle and the mean 
distance to be c. 


(29) A comet moving in a parabolic orbit makes a near 
•approach to a planet ; point out from general considerations 
the circumstances under which the orbit of the comet is 
rendered elliptic or hyperbolic. 


25—2 
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(30) A particle moves under a retardation / (t) which 
brings it to rest in a time a ; prove that the distance tra~ 
versed is 

f tf(t) dt. 

J 0 

(31) If the velocity of a railway train resisted by friction 
differ from its mean velocity by a periodic function of the 
time, determine the least horse power of the engine that 
will draw the train, and*^ prove that this horse power is 
greater than what would be required if the velocity were 
constant. 


(32) A particle is in motion within a triangle ABC,. 
and is attracted perpendicularly to the sides with intensities 
each equal to fi times the perpendicular distance. Shew 
that the motion consists of two periodic terms of the form 

P sin [t JXfjb + Q}, 

where (\ - 1) (X — 2) + 2 cos A cos P cos (7 = 0. 

Shew distinctly that the roots of this quadratic are reaf 
and positive; examine the case of an equilateral triangle 
and in that case verify the above result independently. 


(33) A particle is attracted perpendicularly towards^ 
the faces of a tetrahedron with intensities equal respectively 
to fjb^ times the perpendicular distances. If the medium 
resist with intensity 2Jcv, then the particle on moving within 
the tetrahedron will have its motion stable provided the 
equation in X 


cos (21), 
cos (31), 
cos (41), 


cos (12) 

f? 

cos (32), 
cos (42), 


cos (13), 
cos (23), 

cos (43), 


cos (14) 
cos (24) 
cos (34) 
~2 ■ 1 
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has all its roots real, cos (12) being interpreted to mean the 
cosine of the angle between two faces which are marked 1, 2 
respectively . 


(34) A smooth cylinder, whose transverse section is a 
cycloid generated by a circle of diameter a, is placed with 
its axes horizontal, the axis of the cycloidal section being 
vertical and its vertex downwards. A particle is allowed 
to fall from rest at any point of the surface and is attracted 
by a perfectly elastic plane perpendicular to the axis of 
the cylinder, with an intensity varying directly as the dis- 

tance from the plane, and strength . Shew that the 

path of the particle will be such that if the cylinder be 
developed it will develop into successive portions of a 
parabola. 


(35) A vertical wheel rolls on a horizontal plane with 
the velocity it would acquire by falling through a height 
•equal to half its radius ; a particle flies off at the point P ; 
shew that the focus of the parabola described by the particle 
is the foot of the perpendicular from the lowest point of 
the wheel upon the radius through P; and that the focal 
distance of P is a mean proportional between the semi- 
latus rectum and the radius of the wheel. 


(36) From every point of an ellipse particles are pro- 
jected in the direction of the tangent with velocities such 

that, when under a central attraction to one of the foci 

of the ellipse, they proceed to describe parabolas. Shew 
that the directrices of these parabolas all touch one or other 
of two fixed circles whose radii are equal to the major axis 
of the given ellipse. 

(37) Find the circumstances of projection that a particle 
attracted by an infinite straight line with intensity inversely 
as the square of the distance may describe a set of complete 
cycloids. 

(38) A particle is revolving on a smooth plane about 
a centre of attraction, of intensity fi x distance, and when 
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the body arrives at an apac the plane begins to rcvolvt* 
■Brith an angular velocity I JS/j, about the apsidal line ; shtiw 
that the subsequent orbit described on the piano, will 1>«! u 
portion of a parabola ; and that, when the particle leaves th** 
plane, its velocity will be J‘S x velocity at the vertex. 

(39) If the component Yelocities, pamlh^l to two rcic*! 
angular axes, of a particle moving in a plane be imnnyrtumnl 
to its distances from two other straight lines in the 

at right angles to each other, its path will bo an (upuangiilnr 
spiral or a rectangular hyperbola. 

(40) Prove that if a point move in a plane eiirvo wi t h 
velocity v, and if the direction of its motion make an angles ^ 
with a fixed line, the rate of change 

magnitude ofv is^ and of direction v 

Deduce the expressions for tho accidcnutionH when tJiit 
position of the point is given by its distance from a 
point and the angle which that distance taakes with a 
line. 

(41) A point is moving on a plane anm, which in itnidf 
moving in any way in its own plane. Find thu ac(‘clivrat it 

of the point with regard to absolutely fixed axus. 

Aj describes an equiangular spiral with uulfbrm ani^nhir 
velocity about 0: describes an ecjual spiral with thu wmiip 

angular velocity about and so on. Prove that /l,^ (h^Mert Imm 
an equiangular spiral with tho same angular vuloeity ridiifJvtdy 
to 0, and find its size. 


per unit time or tiiti 
ay]/' 

(It ’ 


(42) Assuming that the moon doscrilu^K areiiH |>ro|Mfr 
tional to the times of describing them by radii drawn f *j t In^ 
centre of the earth, examine the nature of the force wiiirli 
acts on the moon. On tho above aHSumptiou and taking ilii« 
orbits of the moon and earth to be circular, Bhew that I fiti 
acceleration of the moon in tho direction of tho tangc^iit |*i 

its orbit on the nth day of the (lunar) month is 

IHQO 1 4 
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roughly. Given that the distance of the sun from the earth’s 
centre is 24000 times the earth’s radius, and that the mass 
of the sun is 320000 times that of the earth. 


(43) Two particles revolve about a centre of attraction 
(the law of attraction being as the distance), one in an ellipse 


of excentricity ^ , 


and the other in a circle passing through 


the foci of the ellipse. Shew that the first particle moves 
within the circular path of the second particle during of its 
period ; and compare the velocities of the two particles at the 
points common to their orbits. 


(44) If the resolved part perpendicular to the radius 
vector of the velocity of a body revolving in an elliptic orbit 
about the focus ever be half its whole velocity, shew that the 

excentricity of the ellipse must be > : and that it is im- 


possible that at the same time the resolved part of its velo- 
city perpendicular to the major axis should be also half its 
whole velocity. 


(45) If a particle be projected from an apse at a distance 
a from a centre of attraction of which the intensity at 
distance r is ju. (r — a), obtain the equation for determining 
the other apsidal distance, and find the velocity of projection 

in order that it may be ~ . 


(46) If the orbit is p* (a”'"^ - = IT, shew that the 

TT 

apsidal angle ^ nearly. 

(47) A particle of mass m is attached to a fixed point 
by an elastic string of natural length a, whose coefficient of 
elasticity is m. It is projected with the velocity due to half 
the length of the string, in a direction perpendicular to the 
string which is initially unstretched. Prove that the apsidal 
distances of its orbit are given by 

+ a* = 0. 
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(48) Particles describe confocal ellipses under the attrac- 
tions tending towards the centre. If at any instant they are 
all at the ends of the conjugate, or transverse, axes of their 
orbits, prove that a hyperbola confocal with the ellipses can 
always be drawn through them all. 

(49) A particle is moving in an ellipse about a centre of 
attraction in the focus, and the centre of attraction is trans- 
ferred to one end of the latus rectum as the particle passes 
through the other. Prove that e, a', the excentricities of the 
old and new orbits, are connected by the relation 

6'"=:l + 4e^ 

(50) A body describes a fixed ellipse under an attraction 
to the focus, and a second body describes a similar and equal 
ellipse which revolves in its own plane about its focus which 
is fixed, while the plane itself moves so as to retain the same 
inclination to a fixed plane, the bodies being always at corre- 
sponding points in the two ellipses ; if the angular velocity of 
the line of intersection of the two planes, and also the angular 
velocity of the axis of the ellipse with respect to this line, be 
always proportional to the corresponding angular velocity of 
the body in the fixed ellipse, find the forces requisite to make 
the second body move in the manner thus defined. 

Also find the elements of the orbit which would be de- 
scribed by the second body, if the forces acting upon it were 
at any moment replaced by an attraction tending to the focus 
and equal to the attraction in the fixed plane. 


(51) A particle moves under a force whose magnitude is 
proportional to the distance from the axis of and whose 
direction is always perpendicular to the path of the particle. 
The particle is projected from the point iX? = — a, y = a, 

parallel to the axis of y, with velocity a g. Shew that 

the path described is 
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(52) Investigate the equations of motion of a particle 
attracted to any number of centres. 

A particle can describe a certain orbit under an attraction 
P to the point 8, and it describes the same orbit under an 
attraction P' to the point S'. Find the necessary conditions 
that it may describe the same path when acted on both by P 
and P'. 

Two centres attracting inversely as the square of the 
distance are distant r, r' respectively from a particle moving 
under their influence : if 6, 6’ be the angles r, r make with 
the line joining the centres of force, then 

^ ^ ^ ^ cos 6 + c), 

fji, being the absolute intensities of, and a the distance 
between, the centres of force, and c an absolute constant. 


(53) If a parabola be described under two forces one 
constant and parallel to the axis, and the other a repulsion 
from the focus inversely as the square of the distance, find 
the time of describing any arc of the parabola. 

(54) A particle is under a central attraction 



and is projected from an apse at a distance with velocity 
1 + 6 

- shew that the orbit described has for equation 

c 




(55) A body is placed on a rough inclined plane, whose 
inclination is greater than tan"^ /a, and is connected with an 
elastic string parallel to the plane and attached to a fixed 
point. If initially the body be at rest and the string of its 
natural length, determine the circumstances of the resulting 
motion. 
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(56) Particles move each in a system of confocal and 
co-axial parabolas under a force constant for each particle 
and tending to the focus; at the beginning of the motion 
they lie on a straight line passing through the focus : shew 
that this will always be true if the forces and velocities of 
projection are proportional to the latera recta. 

(57) A particle moves under gravity on a smooth curve 
in a vertical plane, and after leaving the curve describes a 
parabola freely, and whatever be the velocity the vertical 
ordinate of the point where it leaves the curve bears to the 
vertical ordinate of the highest point attained in the free 
path the ratio 2 : m + 1; prove that the equation of the 
curve is y’” = 

(58) A particle is placed on the surface of a smooth 
fixed sphere, of radius c, at an angular distance a from its 
highest point; prove that the latus rectum of the parabola 
which the particle describes after leaving the sphere is 
If c cos^ CL ; .and find the range on the tangent plane at the 
lowest point of the sphere. 


(59) A particle is placed very near the vertex of a 
smooth cycloid, having its axis vertical and vertex upwards ; 
find where the particle runs off the curve, and prove that it 


falls upon the base of the cycloid at the distance 



from the centre of the base, a being the radius of the gene- 
rating circle. 


(60) A smooth right circular cylinder is placed with its 
axis horizontal, and a particle moving with velocity v along 
the lowest generating line receives a horizontal impulse at 
right angles to this line and just sufficient to carry it to the 
’highest point of the cylinder. If the particle bo prevented 
from leaving the cylinder, shew that its subsequent path in 
such that if the cylinder be developed its equation is 

y = 7ra -- 4 tan“^ e ” 

and that the highest generating line is an asymptote to the 
curve. 
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(61) A hyperbola is placed in a vertical plane with the 
transverse axis horizontal ; prove that when the time of 
descent down a diameter is least, the conjugate diameter is 
equal to the distance between the foci. 


(62) Find a curve such that the time of descent down 
all tangents from the point of contact to a given horizontal 
line is the same. 


(63) Prove in an elementary manner that the line of 
quickest descent, from one curve in a vertical plane to 
another in the same plane, is such that it bisects the angle 
between the normal and the vertical at each extremity. 

If the two curves are (i) an ellipse of semi-axes a, 6, 
having its major axis (2a) vertical, and (ii) a concentric 
circle of radius c (< 6), then the length of the normal to the 
ellipse at one extremity of such a chord, intercepted between 
the ellipse and the major axis, is 

[he + J {a: — 6*0 {a^ — 
a 

and the time of transit of the particle is 

? /y/ \h — — 6^. 


(64) A series of curves f{x, y, X) = 0 are described in a 
vertical plane, and the lines of quickest descent are drawn 
to them from the point {K ^0- Shew that the locus of their 
extremities is found by eliminating X between 



dy 


{h-x) = 0 


and y, X) = 0. 

If (/i, h) lies on a straight line, the envelope of these curves 
depends only on the inclination of the line to the vertical. 

Ex. In a series of similar and similarly situated concen- 
tric ellipses, if the point (A k) is the common centre, the 
above locus degenerates into the axis of y a nd two straight 
lines equally inclined to it at an angle cot“^ ^/3 — 
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(Q5) Shew that if the time which a particle tak(« U* 
move from rest at any point of a smooth curve to a hx«Hl 
rTnmt on the curve is constant, the acceleration resolvtsil 
ilnTiP- the curve must be proportional to the arcual (iustauc*’ 
from the fixed point. Hence shew that the hypoeyeloRl ih 
frochrouous for an attraction varying as the diHtanee 
the centre of the fixed circle: and that the time ot an o.scilla- 

tioB. is 

27r /(a — b)2b 

a W /J' ' 

where a and b are the radii of the fixed and rolling eircloH. 


(66) Shew that the parabola r = « sec’ ^ is a braeliist.a - 

chrone for a force which varies as (r sin and actn ii.t, 
right angles to the radius vector, if the particle is propiirly 
projected. 

(67) Shew that if a particle move from one given puiitt. 
to another under any forces, the time integral of its 

energy is stationary for small variations of tlie pal,!i, 


Shew that if v be the velocity of the particle at any puiiil 
the differential equations to its path are 


Sv d / d,T\ 
Sx~dl-VdsJ 


0 . 


and two similar equations. 

Explain what is meant bv cqui-actional tiiiil 

distinguish clearly between them and (Mpli-put.tmtifil «iir ’ 
faces. 

(68) A particle moves on a curved surface unclt*r tiny 
forces ; if i? be the pressure on the Burfacc provi^ the oijtiiiiitiii 

qf 

~ = P + Jt, 

P 

P being the resolved part of the imj)reHHod furcti in iliif 
direction of the normal, t; the velocity and p tlui racltii^ ♦4' 
curvature of a normal section of the surface througli tlm 
tangent to the path. 
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If the surface be one of revolution and the resultant of the 
impressed forces passes through the axis, 

^v^=.G-\-J(Pdr-^Zdz'); 

the axis of being that of revolution, and P and Z the 
forces in the normal and parallel to the axis respectively. 

(69) A smooth hollow ellipsoid rests with an axis verti- 
cal. A particle is moving very near to the lowest point of 
the surface, determine its motion. 

' (70) A tube revolves round the axis of x with an 
angular velocity (co), shew that if the impressed forces be X, T, 
parallel and perpendicular to the axis, and the particle be in 
relative equilibrium at a point at which the radius of curva- 
ture is (p) and the inclination of the tangent to the vertical 
(a), then the motion will be stable or unstable according as 



(71) . A railway train of given mass is travelling due 
south at a uniform rate along a line which runs due north 
and south : prove that, the earth being supposed perfectly 
spherical, the train will exert a pressure on the western 
metals, the magnitude of which varies as the product of the 
velocity of the train and the sine of the latitude of its posi- 
tion, and a pressure towards the south, the magnitude of 
which varies simply as the sine of twice the latitude. 

(72) If a very small tangential disturbance, /, act on a 
particle oscillating in a cycloid, prove that the increase in the 
arc of semi- vibration is equal to 

the integration extending over the time of a semi-vibration. 
Also find an expression for the proportionate increase in the 
time of oscillation. 
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(73) A particle moves in a resisting medium: shew how 
to find the resistance that a given curve may be described, 
the force acting in parallel lines. A particle describes a curve 
under a constant acceleration which makes a constant angle 
with the tangent to the path: the motion takes place in 
a medium resisting as the rf" power of the velocity. Shew 
that the hodograph of the curve described is of the form 

Q-~n6QO%a ~ 

(74) A particle is moving under a central attraction 
and experiences resistance which varies as the square of 
its velocity. Find a differential equation for its orbit. 

If the attraction is and the resistance k being 

small, shew that at the beginning of motion the velocity is 
given by 

(2 sin 0 . cW, 

where a± oc are the reciprocals of the maxima and minima 
values of the radius vector, a being supposed small, and 0 
the angle described from the beginning of motion. 

(75) A rain-drop descending through a damp atmo- 
sphere at rest, accumulates moisture so that the radius 
increases uniformly. If a sudden gust of wind gives it a 
horizontal velocity, shew that it will proceed to describe a 
hyperbola one of whose asymptotes is vertical. 

(76) A spherical rain-drop descending from rest by 
the action of gravity receives continual accessions to its 
mass by depositions of vapour proportional to its surface: 
the radius of the drop being a at starting, and r after an 
interval t, the velocity acquired in the same interval being 
F, shew that 

4/ * r — a ^ 

if the resistance of the air be not taken into account. 

Solve the same problem, supposing the resistance of the 
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'* ^ \ 

ur to be in a given ratio to tb4 actual acceleration of tbe 
irop independently of its size. \ ^ _ 

(77) If CL, h, c, d, e, f are the six elemehii^ hrtfodirced 
by the integration of the equations 


d^x fix ___ dR d?y fiy __ dR d^z fiz _ dR 
df ^ ^ dx' df dy^ df'^T^~^dz" 


5n the hypothesis R = 0 , and if x\ y\ z the expressions for 

dx dy dz 
dt' dt' dt' 


n terms of the time and these elements have the same form 
whether R be zero or finite, prove that 


dR r -L-idb , r T r C?/ 


vhere 

dx dx dx dx' dy dy dy dy dz dz dz dz 
[cl, J — db da’ 

Next, representing the solution by the system of 
iquations 

nt-\- esinUj rt^a? — fi, 

^ = a cos u — ae, 7 i = ajl — e^ sin fi, 
x = cos 7 — 97 sin 7) cos XI — sin 7 + 77 cos 7) cos l sin XI, 
y = (f cos 7 — 97 sin 7) sin XI + (| sin 7 + 97 cos 7) cos l cos XI, 
z = (^ sin 7 + 97 cos 7) sin t, 

sphere u is an auxiliary angle, and a, c, e, 7, l, XI are the 
ix elements, prove that 

[ty XI] = na^ Jl — e^ sin t. 

State also how u must be dealt with in calculating 

2, c]. 
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A. On the integration of the equations of motion a 

centre of attraction. 

In general (Chap. V.), the problem of central. atiritt’Umi 

is solved by considering the equation connecting 

and 0, and employing the resulting integrated 
tween r and 0 to find 0 in terms of t from tlio law of 
description of areas. If we try to express r and 6 st^piiui iUfly» 
in terms of t, without first determining the form fho 

orbit, we are led to a host of curious results whi(^h iitay t>o 
easily obtained; so easily indeed, that wo shall mendy in4ir«* 
one or two of them. 

From the usual equations for motion about u i o 

pf 

^ r’ 






d^'if 

(if r 

where P is the acceleration duo to the emitnil attrac^t i 
get at once 


■f »ll. %%r 




+ 


^\dtJ 


■■-j'pdr, 


and 


d^sv iPi! 


de 


Adding, we have immediately, 

d f dx . dy\_ d?ir^) 

■ 3 


dt{^'dt^y 


dt 


dt 


2 1 Pdr- P. 
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I 


This, for any assigned form of P in terms of r, will 
evidently give ns in terms of t 


Now there is a remarkable case in which can be 
generally expressed as a rational integral function of t Sup- 
pose 


/• 

I 


Pdr--Pr = G, 


then 


i therefore 


r^==A + 2Bt + Cf. 


From (2) we find by differentiation 

3P + .f.O. 


therefore 


P«=4. 


( 2 ), 


.(3). 


Hence the case in question is that of the inverse third power. 
It may be worth while to find 6 in terms of t, and to obtain, 
by elimination of t, the equations of the orbits which are 
possible with such a force. 

We have, in all central orbits, 

W- 

Hence, in the present case, by (3), 
dt A+2Bt + Ce~ O' 



T, B 

rut now T = ^ + gy , 


T. D. 


26 
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dd k 1 
dr~G , AC-B^- 

There are, of course, four cases. 

I. A0 = E‘. The integral of (5') is 
Al. 

and r-±^/GT. 

Here C must be positive. Hence 

^ ^^/Oi0 + ay 

the equation of the reciprocal spiral. 


and we get 
and 


II. = (3') and (6') give 

^ (d + a) = tan"' - , 

h '' a 

nC 

and therefore r® = Od'^ sec^ {6 + a), 


or 


r cos 


aC 




AG-R 
0 “• 


AC-B'‘ , „ 

lii. — ^ — = — a. Here 


G ^ n V 1 1 . T Ct 

j(« + .).^log— , 

and r^=C (t^ — a’^), 

whence, after reduction, 

2a\/G 1 




I V tA(? ^ (tO 
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IV. a = o. 


These are, of course, the results of the integration of the 
usual equation between u and d. [Compare C^p. ¥. Ex. 

As another case, suppose in (1) 

*r\ tt G 


- 2 I Pdr — Pr = mr® 4* - 


Differentiate, multiply by r®, and integrate, then 
,P=-|mr+ 

Hence, in the case of the direct first power, or a combination 
of this with the inverse third, 

^ = 2m»^ + C', 

which gives, according as m is positive or negative, 

G f + I 

^ 2m ” [M cos (f s/— 2m + If)) ' 

By means of (4), these equations give us 0 in terms of 
and, the latter being eliminated, we have the required orbit, 
which becomes the ellipse or hyperbola as usu^ when n = 0, 
it being observed that we have an additional disj^ble con- 
stant introduced by the method employed in obtaining equa- 
tion (1). It is evident that results of this kind may be 
multiplied indefinitely. To classify the cases m which the 
equations for r* and 6 in terms of t can be completely in- 
tegrated would he an interesting, but by no means an e^y 
problem. 

The method here employed is inter^^g m being that 
which is at once suggested by the a^li^tmn of Quater™s 
to the problem of Central Orbits. (Tait s Quatemwm § 345.) 

26—2 
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As an additional example, take the gravitation case- 
then we obtain, as above, 

d ( dr\ 


or 


But 


dt 


( 4 )= 


o+«, 


dr 


r G'+ Gr^ ~ 2/xr. 

= (7 + . Hence, in ellipse, 


Also 


dr 

dt 


=i 0 for r = a (1 ± e). Thus 


dr 

dt 




{r-a)\ 


The form of this suggests the assumption 
r — a = — ae cos u, 


so that 
whence, as usual, 


2/1 \ 
a e {1 — e cos u) = v ~ 


dt 

nt = u — e sin u, 


as in § (160) above. 

Another mode of looking at this question is as follows : — 
Eliminate 6 between the equations of the central orbit 

r = r6^ = P, r^e = h, 

and we have 

r = P 4- p, 

from which the above results are obtained at once. 

The investigation of any central orbit is thus immediately 
reduced to a case of rectilinear motion. 
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Another view of the same question, of which the ainwe 
IS only a special aspect, is Newton’s Revolving Orbit. Supnose 
r to remain unaltered, as a function of the time and 8 to 
become mu — where m is constant. Then 


r — rd^ = P + 




The central acceleration thus requires to be altered by a 
term depending on ^ alone. This gives, by inspection, many 
of the results in Chap. V. above, e.g. Example 22, p. 155. 


B. To find the time of fall from rest down any arc of an 
inverted cycloid. 

Let 0 be the point from which the particle commences 
its motion. Draw OA' parallel to GA, and on BA’ describe 



a semicircle. Let P, P', P" be corresponding points of the 
curve, the generating circle, and the circle just drawn, and 
let us compare the velocities of the particle at P, and the 
point P'\ Let P''P be the tangent at P"'. 

velocity of P'' __ element at P"" 
velocity of P ”” element at P 
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F'T P'T JA'B 




~ BP'~ BP" \/ AB 

A'B / A’B 
~2A'F'y AB' 


But velocity of P = ^/{2g . A*M) = \J * -4'P''. 
Hence velocity of a constant. 


And, as the length of A'P"Pis A'P, 

time from A' to P in circle = time from 0 to P in cycloid 

/AB 


/AB 


Cor. It is evident from the proof, that the particle de- 
scends half the vertical distance to P in half the time it takes 
to reach P. 

0. To find the nature of the brachistochrone under 
gravity. 

The following is founded on Bernoulli’s original solution. 
(WooDHOUSE, Isoperimetrical Problems/) 

From Art. 180 it is evident that the curve lies in the ver- 
tical plane which contains the given points. Also it is easy 
to see that if the time of descent through the entire curve is 
a minimum, that through any portion of the curve is less 
than if that portion were changed into any other curve. 

And it is obvious that, between any two contiguous equal 
values of a continuously varying quantity^ a maximum or 
minimum must lie. [This principle, though excessively simple 
(witness its application to the barometer or thermometer), is 
of very great power, and often enables us to solve problems of 
maxima and minima, such as require in analysis not merely 
the processes of the Differential Calculus, but those of the 
Calculus of Variations. The present is a good example.] 
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Let, then, PQ, QR and PQ\ Q'R he two pairs of inde- 
finitely small sides of polygons such that the time of de- 



scending through either pair, starting from P with a given 
velocity, may be equal. Let QQ' be horizontal and indefi- 
nitely small compared with PQ and QR. The brachisto- 
chrone must lie between these paths, and must possess any 
property which they possess in common. Hence if v be the 
velocity down PQ (supposed uniform) and v that down QR, 
drawing Qm, Q'n perpendicular to RQ', PQ, we must have 

Qn _ Q'm 

V v' 

Now if 6 be the inclination of PQ to the horizon, 6' that of 
QR, Qn = QQ' cos 6, Q'm = QQ' cos 6'. Hence the above 
equation becomes 

cos 6 _ cos 6' 

V v' 

This is true for any two consecutive elements of the required 
curve ; therefore throughout the curve 

V oc cos 6. 
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But cc vertical distance fallen through. (§ 173.) Hence the 
curve required is such that the cosine of the angle it makes 
with the horizontal line through the point of departure varies 
as the square root of the distance from that line; which is 
easily seen to be a property of the cycloid, if we remember 
that the tangent to that curve is parallel to the corresponding 
chord of its generating circle. For in the fig. p. 172, 

cos OP'N =coa OAF' = ^ = 

The brachistochrone then, under gravity, is an inverted 
cycloid whose cusp is at the point from which the particle 
descends. 

C^. Were there any number of impressed forces we might 
suppose their resultant constant in magnitude and direction 
for two successive elements. Then reasoning similar to that 
in § 180 would shew that the osculating plane of the brachis- 
tochrone always contains the resultant force. Again we 
should have as in last Article, 

cos 0 __ cos 6' 

V v' ' 

where 9 is now the complement of the angle between the 
curve and the resultant of the impressed forces. 

Let that resultant = F, and let the element FQ = 8s, and 
0' = 0 + S0. Then since F is supposed the same at F and Q, 

= 2FSs sin 6 (by Chap. IV.), 
or vBv = FSs sin 9, 

But vcc cos 9 ; which gives 

Sv sin 9 . . 

— = ou. 

'V cos 9 

Hence cos ft 

& 


r 
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But in the limit ^ = P> the radius of absolute curvature 

at Qj and cos 0 is the normal component of the impressed 
force. Hence we obtain the result of § 185 for the general 
brachistochrone. 

Og. Now for the unconstrained path from P to jR we 
have ybds a minimum. Hence in the same way as before, 
<f> being the angle corresponding to 0, v cos 0= -y' cos cj)' from 
element to element, and therefore throughout the curve, if 
the direction of the force be constant. 

But in the brachistochrone, 

cos 0 _ cos 0’ 

V ^ v' * 


Now if the velocities in the two paths be equal at any 
equipotential surface, they will be equal at every other. 
Hence, taking the angles for an equipotential surface, 

cos 0 cos ^ = constant. 


As an example, suppose a parabola with its vertex up- 
wards to have for directrix the base of an inverted cycloid ; 
these curves evidently satisfy the above condition, the one 
being the free path, the other the brachistochrone, for gravity, 
and the velocities being in each due to the same horizontal 
line. And it is seen at once that the product of the cosines 
of the angles which they make with any horizontal straight 
line which cuts both is a constant whose magnitude depends 


on that of the cycloid and parabola, its value being 

where I is the latus rectum of the parabola, and a the dia- 
meter of the generating circle of the cycloid. 


D. To shew that of two curves both concave in the sense 
of gravity, joining the same points in a vertical plane and not 
meeting in any other point, a particle will descend the enveloped 
in less time than it will the enveloping curve; the initial velocity 
being the same in both cases. 
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Take the axis of x as the line to the level of which the 
initial velocity is due, and the axis of y in the direction of 
gravity, then 



(since the limits are constant) 
oc I hyix 

J Xi 






Vyii+pf. 

: p tydx ~ ~ 

J Xi 


3 


hydi 
J Xi 


% ^/y ( 1 +PT 

- (1 + /4- 2yg) 

I * 


a:i 22 /Vy(i+/) 


Now the curve is convex to the axis of x, hence yq is 
positive, and by (1) Vy have the same sign. 

Hence the sign of is the opposite of that of Sy, and for an 
enveloping curve By is negative. Hence the time of fall will 
be longer. 

We may thus pass from one curve to any other enveloping 
one, even situated at a finite distance, provided the latter be 
concave throughout ; else the multiplier of By . dx in the in- 
tegral might change sign between the limits. (Bektrand, 
Liouvillds Journal, Vol. Yll.) 








f 


APPENDIX. 


411 


A simple geometrical proof of this theorem may easily be 
obtained by drawing successive normals to the inner curve 
and producing them to meet the outer. The velocities in the 
pairs of arcs, thus cut out of the two curves, are equal (if the 
curves be indefinitely close), but the arcs themselves are 
generally longer in the outer curve, since the convexity of 
the inner curve is everywhere turned to it. 


E. To find the curve in which the time of descent to the 
lowest point is a given function <p (a) of a tAe vertical height 
fallen through 




Hence, the problem may be thus stated, 


ds 

Having given </> (a) = -== , 

J ova — X 


where is a known function^ find s in terms of x. (Abel, 
^uvresy Tom. i.) 


Put ds == f (x) dx, divide by Jz— a and integrate both 
sides with regard to a, from a = 0 to u = 

{a) da _ da f^ f'(^) dx 
0 f z a *'0 f z ““ a 0 f ^ ^ 


Changing the order of integration on the right-hand side, it 
becomes 



/' (x) dxda 
\!{z ~ a) (a — x) 


— IT 


{/(^)-/(0)}. 


Hence 


J \ J J \ J it} Q Jx — a 


' 0 Jx — a 

which is the required expression. (Proa. P. S. E., 187 4-5.) 
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Ex. I. Suppose the Tautochrone be required 

Here s = f 

Jo(in-aY 


or 


^8gt, 


the cycloid, as in § 175. 


TT 


Ex. II. Let (f) (a) = V(%) - ? ^^bat is, let the time be pro- 

c 

portional to the vertical height fallen through. 

Here - f* = J £1^113) = the equa- 

tion of the required curve. 


u 
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THE END. 
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Edwards. — THE DIFFERENTIAL CALCULUS. With Ap- 
plications and numerous Examples. An Elementary Treatise by 
JOSEPH Edwards, M.A., formerly Fellow of Sidney Sussex 
College, Cambridge. Crown 8vo. io.r. 

Ferrers. — Works by the Rev. N. M. Ferrers, M.A., Master of 
Gonville and Cains College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Tolars, and the Theory 
of Projectors. New Edition, revised. Crown 8vo. 6^. 6^/. 

AN ELEMENTARY TREATISE ON SPPIERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITPI 
THEM. Crown 8vo. ys, 6d. 

Forsyth,— A TREATISE ON DIFFERENTIAL EQUA- 
TIONS. By Andrew Russell Forsyth, M. A., F. R. S., Fellow 
and Assistant Tutor of Trinity College, Cambridge. 8vo. i+f. 
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Prost. — Works by Percival Frost, M.A., D.Sc., formerly Fellow 
of St. John’s College, Cambridge ; Mathematical Lecturer at 
King's College. 

AN ELEMENTARY TREATISE ON CURVE TRACING. 
Svo. I 2 J-. 

SOLID GEOMETRY. Third Edition. Demy 8 vo. i6s. 

HINTS FOR THE SOLUTION OF PROBLEMS in the Third 
Edition of SOLID GEOMETRY. Svo. Ss. 6d. 

Greaves,— A treatise on elementary statics. By 

John Greaves, M.A., Fellow and Mathematical Lecturer of 
Christ’s College, Cambridge. Second Edition. Crown Svo. 6s. 6 J. 
STATICS FOR SCHOOLS. By the Same Author, [/n the ^ress. 
Greenhill.— DIFFERENTIAL AND INTEGRAL CAL- 
CULUS. With Applications. By A. G. Greenhill, M.A., 
Professor of Mathematics to the Senior Class of Artillery Officers, 
Woolwich, and Examiner in Mathematics to the University of 
London. Crown Svo. *]s. 6d. 

Hemming.— AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John’s College, Cambridge. Second Edition, with 
Corrections and Additions. Svo. gs, 

Ibbetson.— THE mathematical theory of PER- 

FECTLY ELASTIC SOLIDS, with a short account of Viscous 
Fluids. An Elementary Treatise. By William John Ibbetson, 
M.A., Fellow of the Royal Astronomical Society, and of the Cam- 
bridge Philosophical Society, Member of the London Mathematical 
Society, late Senior Scholar of Clare College, Cambridge. Svo. 21 ^. 

Jellett (John H.).— A treatise on the THEORY OF 
FRICTION. By John II. J ellett, B.D., late Provost of Trinity 
College, Dublin; President of the Royal Irish Academy. Svo. 
Sf. 6d, 

Johnson. — ^Works by William Woolsey Johnson, Professor of 
Mathematics at the U.S. Naval Academy, Anuopolis, Maryland. 
INTEGRAL CALCULUS, an Elementary Treatise on the; 

P'ounded on the Method of Rates or Fluxions. Demy Svo. <)s. 
CURVE TRACING IN CARTESIAN CO-ORDINATES. 
Crown Svo. 4 J. 6d, 

Jones.— EXAMPLES IN PHYSICS. By D. E. Jones, B.Sc., 
Lecturer in Physics in University College of Wales, Aberystwyth. 
Fcap. Svo. 3 ^. 6d, 

Kelland and Tait,— INTRODUCTION TO QUATER- 

NIONS, with numerous examples. By P. Kelland, M.A., 
F.R.S., and P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinburgh. Second Edition. 
Crown Svo. *]s. 6d. 

Kempe.— HOW TO DRAW A STRAIGHT LINE: a Lecture 
OR Linkages. By A. B. Kempe. With Illustrations. Crown 8 vo^ 
li. 6d. (A ature Series,) 
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Kennedy . — the MECHANICS OF machinery. By a. 
B. W. Kennedy, F.R.S., M.InstC.E., Professor of Engineering 
and Mechanical Technology in University College, London. With 
Illustrations. Crown 8vo. 12s. 6d. 

Knox.— differential calculus for beginners. 

By Alexander Knox. Fcap. 8vo. 3J. 6d. 

Lock.— Works by the Rev. J. B, Lock, M.A., Author of 
** Trigonometry," ‘‘Arithmetic for Schools," &c. 

HIGHER TRIGONOMETRY. Sixth Edition. Globe 8vo. 4^. 6d, 

DYNAMICS FOR BEGINNERS. Second Edition. (Stereo- 
typed.) Globe 8vo. 3^. 6d. 

ELEMENTARY STATICS. Globe 8vo. 

(See also under Arithmetic^ Euclid, and Trigonometry.) 

Lupton. — CHEMICAL ARITHMETIC. WitE 1,200 Examples. 
By Sydney Lui'TON, M.A., F.C.S., F.I.C., j, formerly A.ssUtant- 
Master in Harrow School. Second Edition. Fcap. Svo. 4^. td. 

Macfarlane,— PHYSICAL ARITHMETIC. By Alexander 
Macfarlane, M. a., D.Sc., F.R.S.E., Examiner in Mathematics 
to the University of Edinburgh. Crown 8vo. 6d. 

MacGregor.— KINEMATICS AND DYNAMICS. An. Ele- 
mentary Treatise. By James Gordon MacGregor, M.A., 
D.Sc., Fellow of the Royal Societies of Edinburgh and of Canada, 
Munro Professor of Physics in Dalhousie College, Halifax, Nova 
Scotia. With Illustrations. Crown Svo. lo^. 6d. 

Merriman. — a TEXT BOOK OF THE METHOD OF LEAST 
SQUARES. By Mansfield Merriman, Professor of Civil 
Engineering at X^ehigh University, Member of the American 
Philosophical Society, American Association for the Advancement 
of Science, &c. Demy Svo. %s. 6d. 

Millar. — ^elements of descriptive geometry. By 

J.B. Millar, C.E., Assistant Lecturer in Engineering in Owens 
College, Manchester, Second Edition. Crown Svo. 6s. 

Milne. — Works by the Rev. John J. Milne, M.A., Private Tutor, 
late Scholar, of St. John’s College, Cambridge, &c,, &c., formerly 
Second Master of Heversham Grammar School. 

WEEKLY PROBLEM PAPERS- With Notes intended for the 
use of students preparing for Mathematical Scholarships, and for the 
Junior Members of the Universities who are reading for Mathematical 
Honours. Pott Svo. 4s. 6d. 

SOLUTIONS TO WEEKLY PROBLEM PAPERS. Crown 
Svo. los. 6d. 

COMPANION TO “WEEKLY PROBLEM PAPERS.” Crown 
Svo. 10s, 6d, 

Muir.— A TREATISE ON THE THEORY OF DETERMI- 
NANTS. With graduated sets of Examples. For use in Colleges 
and Schools. By Thos. Muir, M.A., F.R.S.E., Mathematical 
Master in the High School of Glasgow. Crown Svo. 6d. 
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BOOK OF PRACTICAL LOGARITHMS 
AND TRIGONOMETRY. By J. H. Palmer, Head School- 
master R.N., H.M.S. Cambridgey Devonport. Globe 8vo. 4^, 

Parkinson.— an elementary treatise on me- 
chanics. For the Use of the Junior Classes at the University 
and the Higher Classes in Schools. By S. Parkinson, D.D., 
F.R.S., Tutor and Prselector of St. John’s College, Cambridge. 
With a Collection of Examples. Sixth Edition, revised. Crown 
8vo. 9^. 6^/.^ 


• Pirie.— LESSONS ON RIGID DYNAMICS. By the Rev. G. 
PiRIE, M.A., late Fellow and Tutor of Queen’s College, Cam- 
bridge; Professor of Mathematics in the University of Aberdeen. 
Crown 8vo. 6 j. 


Puckle. — an elementary TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A. Fifth Edition, 
revised and enlarged. Crown 8vo. *]s, 6 d, 

Reuleaux, — THE KINEMATICS OF MACHINERY. Out 
lines of a Theory of Machines. By Professor F. Reuleaux 
Translated aiid Edited by Professor A. B. W. Kennedv, F.R.S. 
C.E. With 450 Illustrations. Medium 8 vo. 21s. 

Rice and Johnson — DIFFERENTIAL CALCULUS, an 
Elementary Treatise on the ; Founded on the Method of Rates or 
Fluxions. By John Minot Rice, Professor of Mathematics in 
the United States Navy, and William Woolsey Johnson, Pro- 
fessor of Mathematics .at the United States Naval Academy. 
Third Edition, Revised and Corrected. Demy 8vo. i8j. 
Abridged Edition, gs. 

Robinson. — treatise ON marine SURVEYING. Pre- 

pared for the use of younger Naval Officers. With Questions for 
Examinations and Exercises principally from the Papers of the 
Royal Naval College. With the results. By Rev. John L. 
Robinson, Chaplain and Instructor in the Royal Naval College, 
Greenwich. With Illustrations. Crown 8vo. yj. 6 d. 


Contents. — Symbols used in Charts and Surveying— -The Construction and Use 
of Scales — Laying off Angles— Fixing Positions by Angles — Charts and Chart- 
Drawing — Instruments and Observing — Base Lines— Triangulation — Levelling- 
Tides and Tidal ^ Observations — Soundings — Chronometers— Meridian Distances 
—Method of Plotting a Survey — Miscellaneous Exercises — Index. 

Routh. — Works* by Edward John Routh, D.Sc., LL.D., 
E.R.S., Fellow of the University of London, Plon. Fellow of St. 
Peter’s College, Cambridge. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID BODIES. With numerous Examples. Fourth and 
enlarged Edition. Two Vols. 8vo. VoL I. — ^Elementary Parts. 
14^. Vol. II. — The Advanced Parts. 14J. 

STABILITY OF A GIVEN STATE OF MOTION, PAR- 
TICULARLY STEADY MOTION. Adams’ Prize Essay for 
1877. Svo, Sj. 6 d, 
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Smith (C.). — Works hy Charles Smith, M.A., Fellow and 
Tutor of Sidney Sussex College, Cambridge. 

CONIC SECTIONS. Fourth Edition. Crown 8vo. 7 j, 6d, 

SOLUTIONS TO CONIC SECTIONS. Crown 8vo. los. 6d. 

AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 
Second Edition. Crown 8vo. 9^'. 6d. (See also under A l^e^ra.) 

Tait and Steele. — a TREATISE ON DYNAMICS OF A 
PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fifth Edition, revised. Crown Svo. 12s. 

Thomson. — Works by J. J. Thomson, Fellow of Trinity College, 
Cambridge, and Professor of Experimental Phys^s in the University. 

A TREATISE ON THE MOTION OF VORTEX RINGS. An 
Essay to which the Adams Prize was adjudged in 1882 in the 
University of Cambridge. With Diagrams. Svo. 6s. 

APPLICATIONS OF DYNAMICS TO PHYSICS AND 
CHEMISTRY. Crown Svo. 7 -f- 6^/. 

Todhunter. — Works by I. Todhunter, M.A., F.R.S., D.Sc., 
late of St. John’s College, Cambridge. 

Mr. Todhunter is chiefly known to students of Mathematics as the author of a 
series of admirable mathematical text-hooks, which possess the rare qualities of being 
clear in style and absolutely free from mistakes, typographical and other.” — 
Saturday Review. 

MECPIANICS FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. 4^. 

KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 6s, 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. New Edition, revised. Crown Svo. ys, 6d. 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. New 
Edition, revised and enlarged. Crown Svo. ys, 6d. 

KEY TO PLANE CO-ORDINATE GEOMETRY. By C. W. 
Bourne, M. A. Head Master of the College, Inverness. Crown 
Svo. los. 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. New Edition. Crown Svo. loj. 6d. 

A KEY TO DIFFERENTIAL CALCULUS. By H. Sx. J. 
Hunter, M.A. Crown Svo. loj. 6d, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. New Edition, 
revised and enlarged. Crown Svo. ioj. 6d. 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, revised. Crown Svo. 4s. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Fifth Edition. Edited by Professor J. D. Everett, 
F.R.S. Crown Svo. los. 6d. 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from tlie time of Pascal to that of Laplace, 
Svo. iSj. 
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Todhunter. — continued, 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, AND THE FIGURE OF THE EARTH, 
from the time of Newton to that of Laplace. 2 vols. 8vo. 24s. 

AN ELEMENTARY TREATISE ON LAPLACE’S, LAME’S, 
AND BESSEL’S FUNCTIONS. Crown 8vo. los. 6rt. 

(See also under Arithmetic and Mensuration^ Algebra^ and Trigonometry . ) 

Wilson (J. M.).— SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices on Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J. M. Wilson, M.A. Head 
Master of Clifton College. New Edition. Extra fcap. 8vo. 3^. 6d. 

Woolwich Mathematical Papers, for Admission into 
the Royal Military Academy, Woolwich, 1880—1884 inclusive. 
Crown 8 VO. 3^'. (>d. 

Wolstenholme.— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc., late 
Fellow of Christ’s College, sometime Fellow of St. John’s College, 
and Professor of Mathematics in the Royal Indian Engineering 
College. New Edition, greatly enlarged. 8vo. i8j. 

EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. For the Use of Colleges and 
Schools. By the same Author. 8vo. 5^. 


SCIENCE. 

(i) Natural Philosophy, (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geography and Geology, (8) 
Agriculture. 

NATURAL PHILOSOPHY. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astronomer- 
Royal. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo. gs, 

A TREATISE ON MAGNETISM. Designed for the Use of 
Students in the University. Crown 8vo. Qj. 6d, 

GRAVITATION ; an Elementary Explanation of the Principal Per- 
turbations in the Solar System. Second Edition. Crown 8 vo. Js. 6d. 
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Alexander (T.).— ELEMENTARY APPLIED MECHANICS. 
Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Ele- 
mental Mathematics. By T. Alexa^nder, C.E., Professor of 
Civil Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown Svo. Part I. 4J. td. 

Alexander — Thomson. — ELEMENTARY APPLIED 
MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc., Professor of 
Engineering at the Royal College, Cirencester. Part II. Trans- 
verse Stress ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out. Crown 8vo. lor. 6f/. 

Ball (R. S.).— EXPERIMENTAL MECHANICS. A Course of 
I-ectures delivered at the Royal College of Science for Ireland. 
By SirR. S. Ball, LL.D., F.R.S., Astronomer Royal of Ireland. 
Second and Cheaper Edition. Crown 8vo. 6s. 

Bottomley.— four-figure MATHEMATICAL TABLES. 
Comprising Logarithmic and Trigonometrical Tables, and Tables 
of Squares, Square Roots, and Reciprocals. By J. T. Bottomley, 
M.A., F. R.S.E., F.C.S., Lecturer in Natural^Philosophy in the 
University of Glasgow. 8vo. 2s. 6d. 

Chisholm. — THE SCIENCE OF WEIGHING AND 
MEASURING, AND THE STANDARDS OF MEASURE 
AND WEIGHT. By II.W. Ciiishoi.m, Warden of the Standards. 
With numerous Illustrations. Crown 8vo. 4^. 6d. {Nature Series). 

Clausius.— mechanical theory of heat. By R. 

Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. los. 6d. 

Cotterill. — APPLIED MECHANICS : an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium 8vo. iSs. 

ELEMENTARY MANUAL OF APPLIED MECHANICS. 
By the same Author. Crown 8vo. [Ift preparation. 

Gumming.— AN INTRODUCTION TO THE TPIEORY OF 
ELECTRICITY. By Linnaius Cumming, M.A., one of the 
Mastersof Rugby School. With Illustrations. Crown $vo. %s.6d. 

Daniel!.— A TEXT-BOOK OF THE PRINCIPLES OF 
PHYSICS. By Alfred Daniell, M.A., LL.B., D.Sc., 
F.R.S.E., late Lecturer on Physics in the School of Medicine, 
ICdiiiburgh, With Illustrations. Second Edition. Revised and 
Enlarged. Medium 8vo. 21s. 

Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lecturer in Experimental Physics at King^s 
College, London. Pott Svo. 2J. 
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Everett. — units AND PHYSICAL CONSTANTS. By J. D. 
Everett, M.A., D.C.L., F.R.S., F.R.S.E., Professor of 
Natural Philosophy, Queen’s College, Belfast. Second Edition. 
Extra fcap. 8vo. 5-^. 

Gray.— THE THEORY AND PRACTICE OF ABSOLUTE 
MEASUREMENTS IN ELECTRICITY AND MAGNET- 
ISM. By Andrew Gray, M.A., F.R.S.E., Professor of Physics 
in the University College of North Wales. Two Vols. Ci'own 
8vo. Vol. I. 12S. 6d, [Vol. II. In the prtss. 

Greaves.— STATICS FOR SCHOOLS. By John Greaves, 
M.A., Fellow and Mathematical Lecturer of Christ’s College, 
Cambridge. [/« preparation. 

ELEMENTARY STATICS, A TREATISE ON. By the same. 
Second Edition, revised. Crown 8vo. 6 a 
Grove.— A DICTIONARY OF MUSIC AND MUSICIANS. 
(a.d. 1450 — 1888). By Eminent Writers, English and Foreign. 
Edited by Sir George Grove, D.C.L., Director of the Royal 
College of Music, &c. Demy 8vo. 

Vols. I., II., and III. Price 21J. each. 

Vol. I. A to IMPROMPTU. Vol. II. IMPROPERIA to 
PLAIN SONG. Vol. HI. PLANCHE TO SUMER IS 
ICUMEN IN. Demy 8vo. cloth, with Illustrations in Music 
Type and Woodcut. Also published in Parts. Parts I. to XIV., 
Parts XIX — XXIL, price 3 a 6d. each. Parts XV,, XVI., price yj. 
Parts XVII., XVIII., price 7 a 

(Part XXIL) just published, completes the Dictionary of 
Music and Musicians as originally contemplated. But an Appendix 
and a full general Index are in the press. 

“Dr. Grove’s Dictionary will be a boon to every intelligent lover of music."— 
Saturday Review. 

Huxley.— introductory PRIMER OF SCIENCE. By T. 
H. Huxley, F.R.S., &:c. i8mo. ia 

Ibbetson.— THE MATHEMATICAL THEORY OF PER- 
FECTLY ELASTIC SOLIDS, with a Short Account of Viscous 
Fluids. An Elementary Treatise. By William John Ibbetson, 
B.A., F.R.A.S., Senior Scholar of Clare College, Cambridge. 8vo. 
Price 21 A 

Jones.— examples in physics. By D. E. Jones, B.Sc. 

Lecturer in Physics in University College of Wales, Aberystwyth. 
Fcap. 8vo. 3s, 6d. 

Kemp e.— HOW TO DRAW A straight LINE; a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 
8 VO. is, 6d. {Nature Series.') 

Kennedy.— THE MECHANICS OF MACHINERY. By A. B. 
W. Kennedy, F.R.S., M.InstC.E., Profe.ssor of Engineering and 
Mechanical Technology in University College, London. With 
numerous Illustrations. Crown 8vo. . 12s. 6d. 
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Lang.— EXPERIMENTAL PHYSICS. By P. R. Scott Lang, 
M. A., Professor of Mathematics in the University of St. Andrews. 
With Illustrations. Crown 8 vo. [In the^press. 

Lock. — ^Works by Rev. J. B. Lock, M.A., Senior Fellow, Assistant 
Tutor and Lecturer in Gonville and Caius College, Cambridge, 
formerly Master at Eton, &c. 

DYNAMICS FOR BEGINNERS. Globe 8vo. 3^. 6d. 

ELEMENTARY STATICS. Globe 8vo. 4^. 6d. 

Lodge.— MODERN VIEWS OF ELECTRICITY. By Oliver 
J. Lodge, F.R.S., Professor of Physics in University College, 
Liverpool. Illustrated. Crown 8vo. [In preparation. 

Loewy.— QUESTIONS AND EXAMPLES ON EXPERI- 
MENTAL PHYSICS : Sound, Light, Heat, Electricity, and 
Magnetism. By B. Loewy, F.R.A.S., Science Master at the 
London International College, and Examiner in Experimental 
Physics to the College of Preceptors. Fcap. 8vo. 2s. 

Lupton. — NUMERICAL TABLES AND CONSTANTS IN 
ELEMENTARY SCIENCE. By Sydney Lupton, M.A,. 
F.C.S., F.I.C., Assistant Master at Harrow School. Extra fcap. 
8vo, 2r. 6d. 

Macfarlane, — PHYSICAL ARITHMETIC. By Alexander 
Macfarlane, D.Sc., Examiner in Mathematics in the University 
of Edinburgh. Crown 8 vo. 6d, 

Macgregor.— KINEMATICS AND DYNAMICS. An Ele- 
mentary Treatise. By James Gordon Macgregor, M.A., D. Sc., 
Fellow of the Royal Societies of Edinburgh and of Canada, Munro 
Professor of Physics in Dalhousie College, Halifax, Nova Scotia. 
With Illustrations. Crown 8vo. loj. 6d. 

Mayer. — SOUND : a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8vo. 2s. 6d, [Nature Series.) 

Mayer and Barna^^d. — LIGHT: a Series of Simple, Entertain- 
ing, and Inexpensive Experiments in the Phenomena of Light, for the 
Use of Students of every age. By A. M. Mayer and C. Barnard. 
With numerous Illustrations. Crown 8 vo. 2s. 6d, {Nature Series.) 

Newton. — PRINCIPIA. Edited by Professor Sir W. Thomson 
and Professor Blackburne. 4 to, cloth. 31J. 6d , 

THE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Examples of Newton’s Methods. 
By Percival Frost, M.A. Third Edition. 8vo. izr. 

Parkinson.— A TREATISE ON OPTICS. By S. Parkinson, 
D.D., F.R.S., Tutor and Prselector of St. John's College, Cam- 
bridge. Fourth Edition, revised and enlarged. Crown 8vo. lOf. 6d» 
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Perry. —STEAM, an elementary treatise. By 

John Perry, C.E., Whitworth Scholar, Fellow of the Chemical 
Sodety, Professor of Mechanical Engineering and Applied Mech- 
anics at the Technical College, Finsbury. With numerous Wood- 
cuts and Numerical Examples and Exercises. iSmo. 4S. 6d. 

Ramsay.— experimental proofs of chemical 
theory for beginners. By William Ramsay, Ph. D., 

Professor of Chemistry in University Coll., Bristol. Pott 8vo, 2s. 6d. 
Rayleigh. — the theory of SOUND. By Lord Rayleigh, 
M.A., F.R.S., formerly Fellow of Trinity College, Cambridge, 
8vo. VoL I. 12s. 6d. Vol. II. 12s. 6d. {Vol. II J. mt/ie_press. 
Reuleaux.— THE KINEMATICS OF machinery. Out- 
lines of a Theory of Machines. By Pi'ofessor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, F.R.S., 
C.E. With 450 Illustrations. Medium 8vo. 2IJ*. 

Roscoe and Schuster.— SPECTRUM ANALYSIS. Lectures 
delivered in 1868 before the Society of Apothecaries Jof London. 
By Sir IIeney E. Roscoe, LL.D., F.R.S., formerly Professor of 
Chemistry in the Owens College, Victoria University, Manchester. 
Fourth Edition, revised and considerably enlarged by the Author 
and by Arthur Schuster, F.R.S., Ph.D., Professor of Applied 
Mathematics in the Owens College, Victoria University. With Ap- 
pendices, numerous Illustrations, and Plates. Medium 8vo. 21s. 

Shana— AN elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo. 4.^. 6d. 
Spottiswoode.— POLARISATION OF LIGHT. By the late 
W. SroTTisvvooDE, F.R.S. With many Illustrations. New 
Edition. Crown 8vo. y. 6d. {Nature Series.) 

Stewart (Balfour). — Works by Balfour Stewart, F.R.S., 
late Langworthy Professor of Physics in the Owens College, 
Victoria University, Manchester, 

PRIMER OF PHYSICS. With numerous Illustrations. New 
Edition, with Questions. i8mo. is. {Science Primers.) 
LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chroinolitho of tlie Spectra of the Sun, Stars, 
and Nebulae. New and Enlarged Edition. Fcap. 8vo. 4s. 6d. 
QUESTIONS ON BALFOUR STEWARTS ELEMENTARY 
LESSONS IN PHYSICS. By I'rof. Thomas H. Core, Owens 
College, hlanchester. Fcap. Svo. 2s, 

Stewart and Gee.— elementary practical phy- 
sics, LESSONS IN. By I!ai.four Stewart, M.A., LL.D., 
F.R.S. , and W. W. Haldane Gee, B.Sc. Crown Svo. 

Vol. I.— GENERAL PHYSICAL PROCESSES. 6s. 

Vol. II.— ELECTRICITY AND MAGNETISM, yr. 6J. 

Vol. HI.— OPTICS, HEAT, AND SOUND. [/« i/te fress. 

PRACTICAL PHYSICS FOR SCHOOLS AND THE JUNIOR 
STUDENTS OF COLLEGES. By the same Authors. Globe Svo. 
Vol. I.— ELECTRICITY AND MAGNETISM. 7 .s. 6d. 
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Stokes. — ON LIGHT. Being the Burnett Lectures, delivered in 
Aberdeen in 18S3, 1884, 1885. By George Gabriel Stokes, 
M.A., P.R.S., &c.. Fellow of Pembroke College, and Lucaf^ian 
Professor of Mathematics in the University of Cambridge. First 
Course: On the Nature of Light.— Second Course: On 
Light as a Means of Investigation. — Third Course : On the 
Beneficial Effects of Light. Complete in one volume. 
Crown 8vo. *js. 6d. 

The Second and Third Courses may be had separately. Crown 
8vo. 2s, 6d. each. 

Stone. — an elementary treatise on sound. By 

W. PL Stone, M.D. With Illustrations. iSmo. 3.^. 6d. 

Tait. — HEAT. By P. G. Tait, M.A., Sec. R.S.E., formerly 
Fellow of St. PetcFs College, Cambridge, Profes.sor of Natural 
Philosophy in the University of Edinburgh. Crown 8vo. 6 j. 

Thompson. — elementary lessons in electricity 

AND MAGNETISM. By Silvanus P. Thompson, Principal 
and Professor of Physics in the Technical College, Finsbury. With 
Illustrations. New Edition, Revised. Twenty-Eighth Thousand. 
P'cap. Svo. 4s, 6d, 

Thomson, Sir W ELECTROSTATICS AND MAG- 

NETISM, REPRINTS OF PAPERS ON. By Sir William 
Thomson, D.C.L,, LL.D., F.R.S., F.R.S.E., Fellow of St. 
Peter’s College, Cambridge, and Professor of Natural Philosophy 
in the University of Glasgow. Second Edition. Medium Svo. iSs. 

Thomson, J. J. — Works by J, J. Thomson, Fellow of Trinity 
College, Cavendish Professor of Experimental Physics in the 
University. 

THE MOTION OF VORTEX RINGS, A TREATISE ON. 
An Essay to which the Adams Prize was adjudged in 1882 in 
the University of Cambridge. With Diagrams. Svo. 6s. 

APPLICATIONS OF DYNAMICS TO PHYSICS AND 
CHEMISTRY. By the same Author. Crown Svo. ys. 6d, 

Todhunter.— naturalphilosophy for beginners. 

By I. Todhunter, M.A., B'.R.S., D.Sc. 

Part I. The Properties of Solid and Fluid Bodies. l8mo. 3s. 6d, 
Part II. Sound, Light, and Heat. i8mo. 3s. 6d. 

Turner.— HEAT AND ELECTRICITY, A COLLECTION OF 
EXAMPLES ON. By 11 . H. Turner, B. A., Fellow of Trinity 
College, Cambridge. Crown Svo. 2s, 6d. 

Wright (Lewis). — LIGHT ; A COURSE OF EXPERI- 
MENTAL OPTICS, CniEFX.Y WITH THE LANTERN. 
By I.EWis Wright. With nearly 200 Engravings and Coloured 
Plates. Crown Svo. *js. 6d. 
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ASTRONOMY. 

Airy.— POPULAR ASTRONOMY. With Illustrations by Sir 
G. B. Airy, K.L.B., formerly Astronomer-Royal. New Edition. 
i8mo. 4‘f* 

Forbes.— TRANSIT OF VENUS. By G. Forbes, M.A., 
Professor of Natural Philosophy in the Andcrsonian University, 
Glasgow. Illustrated. Crown 8vo. 3^. 6d. {Nature Series.) 

Godfray. — Woiks by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Colleges and 
Schools. Fourth Edition. 8vo. 12^. 6d. 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
Second Edition, revised. Crown 8vo. ^s. 6d. 

Lockyer. — Works by J. Norman Lockyer, F.R.S. 

PRIMER OF ASTRONOMY. With numerous Illustrations. 

New Edition. l8ino. is. {Science Primers.) 

ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 
Diagram of the Spectra of the Sun, Stars, and Nebulce, and 
numerous Illustrations. New Edition, revised. Fcap. Svo. 5 j. 6d. 
QUESTIONS ON LOCKYER’S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By John Forbes- 
Robertson. i8mo, cloth limp. ij*. (>d. 

THE CHEMISTRY OF THE SUN. With Illustrations. Svo. 14s. 

Newcomb.— POPULAR ASTRONOMY. By S. Newcomb, 
LL.D., Professor U.S. Naval Observatory, With 112 Illustrations 
and 5 Maps of the Stars. Second Edition, revised, Svo. iSs. 

is unlike anything else of its kind, and will be of more use in circulating a 
knowledge of Astronomy than nine-tenths of the books which have appeared on the 
subject of late ye-ars.”— S aturday Review. 


CHEMISTRY. 

Armstrong. — a manual of inorganic chemistry. 

By Henry Armstrong, Ph.D., F.R.S., Professor of Chemistry 
in the City and Guilds of London Technical Institute. Crown Svo. 

[ 7 n ^preparation. 

Cohen.— THE OWENS COLLEGE COURSE OF PRAC- 
TICAL organic chemistry. By Julius B. Cohen, 
Ph.D., F.C.S., Assistant Lecturer on Chemistry in the Owens 
College, Manchester. With a Preface by SiR Henry Roscoe, 
F.R.S., and C. Schorlemmer, F.R.S. Fcap. Svo. 2s. 6d. 

Cooke.— ELEMENTS OF CHEMICAL PHYSICS. Bjr Josiah 
P. Cooke, Junr., Erving Professor of Chemistry and Mineralogy 
in Harvard University. Fourth Edition. Royal Svo. 2ts, 
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Fleischer.— A SYSTEM OF VOLUMETRIC ANALYSIS. 
By Emil Fleischer, Translated, with Notes and Additions, 
from the Second Geiman Edition by M. M. Pattison Muir, 
F.R.S.E. With Illustrations. Crown 8vo. yj. 6r/. 

Frankland — AGRICULTURAL CHEMICAL ANALYSIS 
A Handbook of. By Percy Faraday Frankland, Ph.D., 
B.Sc., F.C.S. Associate of the Royal School of Mines, anti 
Demonstrator of Practical and Agricultural Chemistry in the 
Normal School of Science and Royal School of Mines, South 
Kensington Museum. Founded upon /<?«/}<:> die Agriadture 

Chemise Anafyse, von Dr. F. Krocker. Crown 8vo. ys. 6d. 

Hartley. — a C 0 UR.SE OF QUANTITATIVE ANALYSIS 
FOR STUDENTS. By W. Noel Hartley, P.R.S., Professor 
of Chemistry, and of Applied Chemistry, Science and Art Depart 
ment, Royal College of Science, Dublin. Globe 8vo. 5 j. 

Hiorns. — Works by Arthur H. Hiorns, Principal of the School 
of Metallurgy, Birmingham and Midland Institute. 

PRACTICAL METALLURGY AND ASSAYING. A Text-Book 
for the use of Teachers, Students, and Assayers. With Illustra- 
tions. Globe 8vo. 6s. 

A TEXT-BOOK ON ELEMENTARY THEORETICAL 
METALLURGY. Globe 8vo. [In the press. 

Jones. — Works by Francis Jones, F.R.S.E., F.C.S. , Chemical 
Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Sir Henry Roscoe, 
F.R.S., and Illustrations. New Edition. i8mo. 2s. 6d. 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Organic Chemistry. Fcap. 8vo. 3^. 

Landauer,— BLOWPIPE analysis. By J. t,andauee. 

Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4s. 6d. 

Lupton.— CHEMICAL ARITHMETIC. With 1,200 Problems. 
By Sydney Lupton, M.A., F.C.S., F.T.C., formerly AssLtant- 
Master at Harrow. Second Edition, Revised and Abridged. 
Fcap. 8 VO. 6d. 

Meldola.— PHOTOGRAPHIC CHEMISTRY. By Raphael 
Meldola, F.R.S., Professor of Chemistry in the Technical 
College, Finsbury. Crown 8vo. {Nature Series.) [In the press. 

Muir.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is. 6d. 

Muir and Wilson.— THE ELEMENTS OF THERMAL 
CHEMISTRY. By M. M. Pattison Muir, M.A., F.R.S.E., 
Fellow and Prselector of Chemistry in Gonville and Caius Colleges, 
Cambridge; Assisted by David Muir Wilson. 8vo. 12s. 6d, 
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Remsen. — Works by Ira Remsen, Professor of Chemistry in the 
Johns Hopkins University. 

COMPOUNDS OF CARBON ; or^ Organic Chemistry, an Intro- 
duction to the Study of. Crown 8 vo. 6s, 6d, 

AN INTRODUCTION TO THE STUDY OF CHEMISTRY 
(INORGANIC CHEMISTRY). Crown Svo. 6s. 6d. 

THE ELEMENTS OF CHEMISTRY. A Text Book for 
Beginners. Fcap. Svo. 2s, 6d. 

RoSCOe. — Works by Sir Henry E. Roscoe, F.R.S., formerly 
Professor of Chemistry in the Victoria University the Owens College, 
Manchester. 

PRIMER OF CHEMISTRY. With numerous Illustrations. New 
Edition. With Questions. i 8 mo. is. {Science Primers^ 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. Svo. 4s. 6d. {See under 

Roscoe and Schorlemmer. — INORGANIC AND OR- 
GANIC CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Sir Henry E. Roscoe, F.R.S., and Prof. 
C. Schorlemmer, F.R.S. With Illustrations. Medium Svo. 

Vols. I. and IL— -INORGANIC CHEMISTRY. 

Vol. I. — The Non-Metallic Elements. Second Edition, revised. 
215. Vol. 11. Part I. — Metals. iSs. Vol. II. Part II. — Metals. 
iSs. 

Vol. III.-ORGANIC CHEMISTRY. 

THE CHEMISTRY OF TPIE HYDROCARBONS and their 
Derivatives, or ORGANIC CPIEMISTRY.. With numerous 
Illustrations. Five Parts. Parts I., 11., and IV. 21s, each. 
Part III. i 8 .r. [Part V. I?nmediately, 

Thorpe.— A SERIES OF CHEMICAL PROBLEMS, prepared 
with Special Reference to Sir IL E. Roscoe’s I.essons in Elemen- 
tary Chemistry, by T. E. Thorpe, Ph.D., F.R.S. , Professor of 
Chemistry in the Normal School of Science, South Kensington, 
adapted for the Preparation of Students for the Government, 
Science, and Society of Arts Examinations. With a Preface by Sir 
PIenry E. Roscoe, F.R.S. New Edition, with Key. i 8 mo. 2$. 

Thorpe and Rucker. — a TREATISE ON CHEMICAL 
PHYSICS. By T. E. Thorpe, Ph.D,, F.R.S. Professor of 
Chemistry in the Normal School of Science, and Professor A. W. 
Rucker. Illustrated. Svo. [In priJ>aration. 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc., &c.. 
Lecturer on Chemistry in St. Mary’s Plospital Medical School. 
Extra fcap. Svo. 31 '. hil. 
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BIOLOGY. 

Allen.— ON THE COLOUR OF FLOWERS, as Illustrated in 
the British Flora. By Grant Allen. With Illustrations. 
Crown 8 VO. 2 ^. 6d. {Na/ure Series.) 

Balfour. — A treatise on comparative EMBRY. 

OLOGY. By F. M. Balfour, M.A., F.R.S., Fellow and 
Lectui'er of Trinity College, Cambridge. With Illustrations. 
Second Edition, reprinted without alteration from the First 
Edition. In 2 vols. 8vo. Vol. I. i8r. Vol. II. au. 

Balfour and Ward.— a GENERAL TEXT BOOK OF 
BOTANY. By Isaac Bayley Balfour, P'.R.S., Professor of 
Botany in the University of Edinburgh, and H. Marshall Ward, 
F-R.S., Fellow of Christ’s College, Cambridge, and Professor of 
Botany in the Royal Indian Engineering College, Cooper’s Hill. 
8 VO, [/;/ preparation. 

Bettany.— FIRST LESSONS IN PRACTICAL BOTANY. 
By G. T. Bettany, M.A., F.L.S., formerly Lecturer in Botany 
at Guy’s Hospital Medical School. i$mo. is. 

Bowen— A COURSE OF PRACTICAL INSTRUCTION IN 
BOTANY. By F. 0. Bower, D.Sc., F.L.S., Regius Professor 
of Botany in the University of Glasgow. Crown 8vo* Part I. 
Second Edition, revised and enlarged. Phanerogamte — Pterido- 
phyta. 6s. 6d. Part II. Bryophyta — ^Thallophyta. t^s. 6d, Or 
both Parts in one volume, 10 s. 6d. 

Darwin (Charles).- memorialnotices of CHARLES 
DARWIN, F.R.S-, &c. By Thomas FIenry Huxley, F.R.S., 
G. J. Romanes, F.R.S., Archibald Geikie, F.R.S., and 
W, T, Thiselton Dyer, F.R.S. Reprinted from Nature. 
With a Portrait, engraved by C. H, Jeens. Crown 8vo. 
Zs.. 6d. ^Nature Series.) 

Fearnley.— A MANUAL OF ELEMENTARY PRACTICAL 
FirSTOLOGY. By William Fearnley. With Illustrations. 
Crown 8 VO. yj. 6d. 

Flower and Gadow.— AN INTRODUCTION TO THE 
OSTEOLOGY OF THE MAMMALIA. By William IIoNRy 
Flower, LL.D., F.R.S., Director of the Natural History De- 
partments of the British Mmscum, late Hunterian Professor ol Com- 
parative Anatomy and Physiology in the Royal College of Surgeons 
of Englaud. With numerous Illustrations. Third lulition. Re- 
vised with the assistance of Hans Gadow, Ph.D., M.A., Lecturer 
on the Advanced Morphology of Vertclirates and Strickland 
Curator in the University of Cambridge. Crown 8vo. loj. 6d. 

Foster. — Works by Michael Foster, M.D., Sec. R.S., Professor 
of Physiology in the University of Cambridge. 

PRIMER 05' PHYSIOLOGY. With numerous Illustrations. 

^ N Edition. iSmo. is. 
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F oster — continued. 

A TEXT-BOOK OF PHYSIOLOGY. With Illustrations. Fifth 
Edition, largely revised. In Three Parts. Part I., comprising 
Book I. Blood — The Tissues of Movement, The Vascular 
Mechanism. loj. td. 

Parts II. and III. are in the press preparing for early publication. 

Foster and Balfour. — THE ELEMENTS OF EMBRY- 
OLOGY. By Michael Foster, M.A., M.D., LL.D., Sec. R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M. A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and Walter 
Heape, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown 8vo. lor. 6d, 

Foster and Langley. — a COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY.- By Prof. Michael Foster, 
M.D., Sec. R.S., &c., and J. N. Langley, M.A., F.R.S., Fellow 
of Trinity College, Cambridge. Fifth Edition. Crown 8vo. *J5. 6d, 

Gamgee.— A TEXT-BOOK OF THE PHYSIOLOGICAL 
CHEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Changes occurring^ in Disease. By A. 
Gamgee, M.D., F.R.S., formerly Professor of Physiology in the 
Victoria University the Owens College, Manchester. 2 Vols. 8vo. 
With Illustrations. Vol. I. i8j. \yol. II. in the press. 

Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Terms. By Professor Asa Gray, LL. D. 8vo. loj. 

Hamilton.— A PRACTICAL TEXT-BOOK OF PATHO- 
LOGY. By D. J. Hamilton, Professor of Pathological Anatomy 
(Sir Erasmus Wilson Chair), University of Aberdeen. Illustrated. 
8 VO. \In the press. 

Hooker.— Works by Sir J. D. Hooker, K.C.S.I., C.B., M.D., 
F.R.S., D.C.L. 

PRIMER OF BOTANY. With numerous Illustrations. New 
Edition. i8mo. is. {Science Primers.) 

THE STUDENT’S FLORA OF THE BRITISH ISLANDS. 
Third Edition, revised. Globe 8vo. los. 6d. 

Howes.— AN ATLAS OF PRACTICAL ELEMENTARY 
BIOLOGY. By G. B. Howes, Assistant Professor of Zoology, 
Normal School of Science and Royal School of Mines. With a 
Preface by Thomas Henry Huxley, F.R.S. Royal 4to. 
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Huxley. — Works by Thomas Henry Huxley, F.R.S. 
INTRODUCTORY PRIMER OF SCIENCE. i8mo. is. 
{Science Primers.) 

LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 
Illustrations. New Edition Revised. Fcap. 8vo. 4^. ^d. 
QUESTIONS ON HUXLEY’S PHYSIOLOGY FOR SCPIOOLS. 
By T. Alcock, M.D. New Edition. i8mo. is. 6d. 

Huxley and Martin.— a COURSE OF PRACTICAL IN- 
STRUCTION IN ELEMENTARY BIOLOGY. By T. H. 
Huxley, F.R.S. , LL.D., assisted by H. N. Martin, M.A., 
M.B., D.Sc., F.R.S., Fellow of ChrLst’s College, Cambridge. 
New Edition, revised and extended by G. B. Howes, Assistant 
Professor of Zoology, Normal School of Science, and Royal School 
of Mines, and D. II. Scott, M.A., Ph. I)., Assistant Professor of 
Botany, Normal School of Science, and Royal School of Mines. 
New Edition, thoroughly revised. With a Preface by T. H. 
Huxley, F.R.S. Crown 8vo. 10s. 6d. 

Kane.— EUROPEAN BUTTERFLIES, A HANDBOOK OF. 
By W. F. De ViSMES Kane, M.A., M.R.LA., Member of the 
Entomological Society of London, &c. With Copper Plate Illustra- 
tions. Crown 8vo. loj. 6 d. 

A LIST OF EUROPEAN RHOPALOCERA WITH THEIR 
VARIETIES AND PRINCIPAL SYNONYMS. Reprinted 
from the Handbook of European BiUterJlies^ Crown 8vo. Is. 

Klein.— MICRO-ORGANISMS AND DISEASE. An Intro- 
duction into the Study of Specific Micro-Organisms. By E. 
Klein, M.D., F.R.S,, Lecturer on General Anatomy and Physio- 
logy in the Medical School of St. Bartholomew’s Hospital, London. 
With 1 21 Illustrations. Third Edition, Revised. Crown 8vo. 6r. 
THE BACTERIA IN ASIATIC CHOLERA. By the Same. 
Crown 8 VO. [/« preparation. 

Lrankester. — Works by Professor E. Ray Lankester, F.R.S. 

A TEXT BOOK OF ZOOLOGY. 8vo. \Jn preparation. 

DEGENERATION : A CHAPTER IN DARWINISM. Illus- 
trated. Crown 8vo, 2 s. 6d. {Nature Series.) 

Lubbock. — Works by Sir John Lubbock, M.P., F.R.S., D.C.L. 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With numerous Illustrations. New Edition. Crown 8vo. 3J. 6^/. 
{Nature Series.) 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. With numerdus Illustrations, New 
Edition. Crown 8vo. 4s. 6d. {Nature Series. ) 

FLOWERS, FRUITS, AND LEAVES. With Illustrations. 
Second Edition. Crown 8vo. 4J. 6d. {Nattire Series.) 

Martin and Moale.—ON THE DISSECTION OF VERTE- 
BRATE ANIMALS. By Professor H. N. Martin and W. A. 
Moale. Crown 8to. [/« preparation. 
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Mivart. — Works by St. George Mivart, F.R.S., Lecturer on 
Comparative Anatomy at St. Mary’s Hospital. 

LESSONS IN ELEMENTARY ANATOMY. With upwards of 
400 Illustrations. Fcap. 8vo. 6j. 6 d. 

THE COMMON FROG. Illustrated. Cr.Svo. Zs.U. {Nature Senes,) 

Miiller. — THE FERTILISATION OF FLOWERS. By Pro- 
fessor Hermann Muller. Translated and Edited by D’Arcy 
W. Thompson, B. A., Professor of Biology in University College, 
Dundee. With a Preface by Charles Darwin, F.R.S. With 
numerous Illustrations. Medium 8vo. 21s, 

Oliver. — Works by Daniel Oliver, F.R.S., &c., Professor of 
Botany in University College, London, &c. 

FIRST BOOK OF INDIAN BOTANY. With numerous Illus- 
trations. Extra fcap. 8vo. (ss. 6 d. 

LESSONS IN ELEMENTARY BOTANY. With nearly 200 
Illustrations. New Edition. Fcap. Svo. 4?. 

Parker.— A COURSE OF INSTRUCTION IN ZOOTOMY 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London, 
Professor of Biology in the University of Otago, New Zealand. 
With Illustrations. Crown Svo. Ss. od. 

LESSONS IN ELEMENTARY BIOLOGY. By the same Author. 
With Illustrations. Svo. [In tAe press. 

Parker and Bettany. — THE MORPHOLOGY OF THE 
SKULL. By Professor \V. K. Parker, F.R.S., and G. T. 
Bettany. Illustrated. Crown Svo. loj'. 6 d. 

Romanes,— THE SCIENTIFIC EVIDENCES OF ORGANIC 
EVOLUTION. By George J. Romanes, M.A., LL D., 
F.R.S., Zoological Secretary of the Linncan Society. Crown 
Svo. 2s. 6 d. {Nature Series. ) 

Sedgwick.— A SUPPLEMENT TO F. M. BALFOUR’S 
TREATISE ON EMBRYOLOGY. By Adam Sedgwick, 
M. A., F. R. S.,' Fellow and Lecturer of Trinity College, Cambridge. 
Svo. Illustrated. [In preparation. 

Smith (W. G.).— DISEASES OF FIELD AND GARDEN 
CROPS, CHIEFLY SUCH AS ARE CAUSED BY FUNGI. 
By Worthington G. Smith, M.A.T., Member of the 

Scientific Committee R.H.S. With 143 New Illustrations drawn 
and engraved from Nature by the Author. Fcap. Svo. 4Jf. 6 d. 

Stewart— Corry.— A FLORA OF THE NORTH-EAST OF 
IRELAND. Including the Phancrogamia, the Cryptogamia 
Vasciilaria, and the Mtiscinea?. By Samuel Alexander 
Stewart, Fellow of the Botanical Society of Edinburgh, Curator 
of the Collections iu the Belfast Museum, and Honorary Associate 
of the Belfast Natural History and I'hilo.sopliical Society; and tlie 
late Thomas Hughes Cokry, M.A., E.L.S., F.Z.S., M.R.I.A., 
P\B.S. Edin., Lecturer on Botany in the University Medical uikI 
Science School.-;, Cambridge, A.asistant Curator of the University 
Herbarium, &c. , &c. Crown Svo. 5^. 6 d. 
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Ward.— TIMBER AND ITS DISEASES. By 11 . Marshall 
Ward, F.R.S*, Professor of Botany in the Royal Indian Engineer- 
ing College, Cooper’s Hill, Illustrated. Crown 8vo. 

\Tn preparation. 

Wiedersheim (Prof.). — elements OF THE com- 
parative ANATOMY OF VERTEBRATES. Adapted 
from the German of Robert Wiedersheim, Professor of Ana- 
tomy, and Director of the Institute of Human and Comparntiv e 
Anatomy in the University of Freiburg-in-Baden, by W. 
Newton Parker, Professor of Biology in the University College 
of South Wales and Monmouthshire. With Additions by the 
Author and Translator. With Two Hundred and Seventy Wood- 
cuts. Medium 8vo. 


MEDICINE. 

Brunton.— Works by T. Lauder Brunton, M.D., D.Sc., 
F.R.C.r., F.R.S., Assistant Physician and Lecturer on Materia 
Medica at St. Bartholomew’s Hospital ; Examiner in Materia 
Medica in the University of London, in the Victoria University, 
and in the Royal College of Physicians, London ; late Examiner 
in the University of Edinburgh. 

A TEXT-BOOK OF PHARMACOLOGY, THERAPEUTICS, 
AND MATERIA MEDICA. Adapted to the United wStates 
Pharmacopoeia, by Francis H. Williams, M.D., Boston, Mass. 
Third Edition, Adapted to the New British Pharmacopoeia, 1885. 
Medium 8vo. 21s. 

TABLES OF MATERIA MEDICA : A Companion to the Materia 
Medica Museum. With Illustrations, New Edition Enlarged. 
8yo. ioj. 6^. 

Griffiths. — lessons on prescriptions and the 

ART OF prescribing. By W. Handsel Guiffitiis, 
Ph. D. , 1., R. C. P.E. N ew Edition. Adapted to the Pharmacopoeia, 
1885. i8mo. 35, 6 d. 

Hamilton.— A TEXT-BOOK OF PATHOLOGY. By D. J. 
Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilson Chair) University of Aberdeen. With Illustrations. 8vo. 

[In the press. 

Klein.— MICRO-ORGANISMS AND DISEASE. An Intro- 
duction into the Study of Specific Micro-Organisms. By E. 
Klein, M.I)., F.R.S., Lecturer on General Anatomy and Physio- 
logy in the Medical School of St. Bartholomew’s Hospital, London. 
With 1 21 Illustrations. Third Edition, Revisai. Crown 8vo. 6s. 

THE BACTERIA IN ASIATIC CHOLERA. By the Same 
Anthor. Crown 8vo* [In preparation. 
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Ziegler- Macalister. — text-book OF PATHOLOGICAL 
ANATOMY AND PATHOGENESIS. By Professor Ernst 
Ziegler of Tubingen. Translated and Edited for English 
Students by Donald Macalister, M.A.,M.D., B.Sc.,F.R.C.F., 
Fellow and Medical Lecturer of St. John’s College, Cambridge, 
Physician to Addenbrooke’s Hospital, and Teacher of Medicine in 
the University. With numerous Illustrations. Medium 8vo. 

Part L— GENERAL PATHOLOGICAL ANATOMY. Second 
Edition. 12^. 6^. 

Part IL—SPECIAL PATHOLOGICAL ANATOMY. Sections 
I. — ^VIII. Second Edition. i2s.6d. Sections IX. — XII. I2s.6d. 


ANTHROPOLOGY. 

Flower.— FASHION IN DEFORMITY, as Illustrated in the 
Customs of Barbarous and Civilised Races. By Professor 
Flower, F.R.S., F.R.C.S. With Illustrations. Crown 8vo. 
2s. 6d, {Nature Series,) 

Tylor.— ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation. ByE. B. Tylor, D.C.L., F.R.S. With 
numerous Illustrations. Crown 8vo. 7 j. 6d, 


PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.— THE RUDIMENTS OF PHYSICAL GEOGRA- 
PHY FOR THE USE OF INDIAN SCHOOLS ; with a 
Glossary of Technical Terms employed. By H. F. Bl AN FORD, 
F.R.S. New Edition, with Illustrations. Globe 8vo. 2s. 6d, 

Geikie. — Works by Archibald Geikie, LL.D., F.R.S. , Director 
General of the Geological Survey of Great Britain and Ireland, and 
Director of the Museum of Practical Geology, London, formerly 
Murchison Professor of Geology and Mineralogy in the University 
of Edinburgh, &c. 

PRIMER OF PHYSICAL GEOGRAPHY. With numerous 
Illustrations. New "^Edition. With Questions. * iSmo. is, 

{Science Primers.) 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 
With numerous Illustrations. New Edition. Fcap. 8vo. at. ^d, 
QUESTIONS ON THE SAME. is. 6d. 

PRIMER OF GEOLOGY. With numerous Illustrations. New 
Edition. l8mo. is. {Science Primers.) 

CLASS BOOK OF GEOLOGY. With upwards of JOO New 
Illustrations. Crown Svo. lor. 6^, 

TEXT-BOOK OF GEOLOGY. With numerous Illustrations. 
Second Edition, Sixth Thousand, Revised and Enlarged. Svo. 2Bs, 
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Geikie — continued. 

OUTLINES OF FIELD GEOLOGY. With Illustrations. New 
Edition. Extra fcap. Svo. 3^. 6</. 

THE SCENERY AND GEOLOGY OF SCOTLAND, 
VIEWED IN CONNEXION WITH ITS PHYSICAL 
GEOLOGY. With numerous Illustrations. Crowm 8vo. 12s. 6 d. 

(See also under GeograJ>hy.) 

Huxley. — physiography. An Introduction to the Study 

of Nature. By Thomas Henry Huxley, F.R.S. With 
numerous Illustrations, and Coloured Plates. New and Cheaper 
Edition. Crown 8vo. 6^ 

Lockyer.— OUTLINES OF PHYSIOGRAPHY— THE MOVE- 
MENTS OF THE EARTH. By J. Norman Lockyer, F.R.S., 
Correspondent of the Institute of France, Foreign Member of 
the Academy of the Lyncei of Rome, &c., &c. ; Professor of 
Astronomical I^hysics in the Normal School of Science, and 
Examiner in Physiography for the Science and Art Department. 
With Illustrations. Crown 8vo. Sewed, is. 6 d. 

Phillips.— A TREATISE ON ORE DEPOSITS. By J. Artour 
Phillips, F.R.S. , V.P.G.S., F.C.S., M.Inst.C.E., Ancien ERve 
deVEcole des Mines, Paris ; Author of ‘‘A Manual of Metallurgy,” 
^*The Mining and Metallurgy of Gold and Silver,” &c. With 
numerous Illustrations. 8vo. 2Ss. 


AGRICULTURE. 

Frankland.— AGRICULTURAL CHEMICAL ANALYSIS, 
A Handbook of. By Percy Faraday Frankland, Ph.D., 
B.Sc., F.C.S., Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricultural Chemistry in the 
Normal School of Science and Royal School of Mines, South 
Kensington Museum. Founded upon Leitfaden fur die Agriculture 
Chaniche Analyse , Crown 8 vo. •js. 6 d. 

Smith (Worthington G.).— DISEASES OF FIELD and 
GARDEN CROPS, CHIEFLY SUCH AS ARE CAUSED BY 
FUNGI. By Worthington G. Smith, F.L.S., M.A.I., 
Member of the Scientific Committee of the R.H.S. With 143 
Illustrations, drawn and engraved from Nature by the Author. 
I^cap. 8 VO. 4^. 6 d. 

Tanner. — Works by Henry Tanner, F.C.S., M.R.A.C., 
Examiner in the Principles of Agriculture under the Government 
Department of Science ; Director of Education in the Institute of 
Agriculture, South Kensington, London ; sometime Professor of 
Agricultural Science, University College, Aberystwith. 

ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. y. 6 d. 
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Tan n e r — continued. 

FIRST PRINCIPLES OF AGRICULTURE. i8mo. ix. 

THE PRINCIPLES OF AGRICULTURE. A Series of Reading 
Books for use in Elementary Schools. Prepared by Henry 
Tanner, F.C.S., M.R.A.C. Extra fcap. 8vo. 

I. The Alphabet of the Principles of Agriculture. 6J. 

II. P'urther Steps in the Principles of Agriculture. U. 

III. Elementary School Readings on the Principles of Agriculture 
for the third stage, is. 

POLITICAL ECONOMY. 

Cairnes.— THE character and logical method 
OF political economy. By J. E. Cairnes, LL.D , 

Emeritus Professor of Political Economy in University College, 
London. New Edition. Crown Svo. 6s. 

Cossa.— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. I.uiGi CossA, Professor in the University 
of Pavia. Translated from the Second Italian Edition. With a 
Preface by W. Stanley Jevons, F.R.S. Ci’own Svo. 4s. 6d. 
Fawcett (Mrs.). — Works by Millicent Garrett P'awcett:— 
POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 
TIONS. Fourth Edition. iSmo. 2s. 6d. 

TALES IN POLITICAL ECONOMY. Crown Svo. zs. 
Fawcett.— A MANUAL OF POLITICAL ECONOMY. By 
Right Hon. Henry Fawcett, F.R.S. Sixth Editiop, revised, 
with a chapter on Slate Socialism and the Nationalisation 
‘ of the Lanri,” and an Index. Crown Svo. 12s. 

AN EXPLANATORY DIGEST of the above. By Cyril A. 
Waters, B. A. Crown Svo. 2s. 6d. 

Gunton. — wealth and progress : A CRITICAL EX- 
AMINATION OF THE WAGES QUESTION AND ITS 
ECONOMIC RELATION TO SOCIAL REFORM. By 
George Gunton. Crown Svo. 6 s. 

Jevons. — Works by W. Stanley Jevons, LL.D. (Edinb.), M.A. 
(Lond.), F.R.S., late Professor of Political Economy in University 
College, London, lixaminer in Mental and Moral Science in the 
University of London. 

PRIMER OF POLITICAL ECONOMY. New Edition. iSmo. 
IX. {Science Primers.) 

THE THEORY OF POLITICAL ECONOMY. Third Edition. 
Revised. Demy Svo. lox. 6d. 

Marshall.— THE ECONOMICS OF INDUSTRY. By A. 
Marshall, M.A., Professor of Political Economy in the Uni- 
versity of Cambridge, and Mary P. Marshall, late Lecturer at 
Newnham Hall, Cambridge. Extra fcap. Svo. 2x. 6d. 
Marshall. — ECONOMICS. By Alfred Marshall, M.A., 

Professor of Political Economy in the University of Cambridge. 
2 vols. Svo. [/« ifie press. 
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Sidgwick. — ^THE PRINCIPLES of POLITICAL EtONOM V. 
By Professor Henry Sidgwick^ M.A., LL.D., Knightbrid^e 
Professor of Moral Philosophy ia the University of Cambridge, 
&c., Author of “The Methods of Ethics/' Second Edition, 
revised. 8vo. l6s. 

Walker.— Works by Francis A. Walker, M.A., Ph.I)., Author 
of “Money," “Money in its Relation to Trade,” &c. 
POLITICAL ECON OMY. Second Edition, revised and enlarged. 
8vo. izs, 6d, 

A BRIEF TEXT-BOOK OF POLITICAL ECONOMY. 
Crown 8vo. 6s. 6d. 

THE WAGES QUESTION. 8vo. 14^. 

Wicksteed.— alphabet OF ECONOMIC SCIENCE. By 

Philip H. WiCKSTEEO, M. A. Globe 8 vo. \Just ready. 


MENTAL & MORAL PHILOSOPHY. 

Boole.— THE MATHEMATICAL ANALYSIS OF LOGIC. 
Being an Essay towards a Calculus of Deductive Reasoning. By 
George Boole. 8vo. Sewed. Sj*. 

Calderwood.— handbook OF MORAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., Professor of Moral 
Philosophy, University of Edinburgh. Fourteenth Edition, largely 
rewritten. Crown 8vo. 6s, 

Clifford. — SEEING AND THINKING. By the late Professor 
W. K. Clifford, F.R.S. With Diagrams. Crown Svo. 3^. 6d. 
(Naifure Sarzes.) 

Jardine.— THE ELEMENTS OF THE PSYCHOLOGY OF 
COGNITION. By the Rev. Robert Jardine, B.D., D.Sc. 
(Edin.), Ex-Principal of the General Assembly’s College, Calcutta. 
Third Edition, revi.sed and improved. Crown Svo. 6s. 6d. 

Jevons. — Works by the late W. Stanley Jevons, LL.D., M.A,, 
F.R.S. 

PRIMER OF LOGIC. New Edition. i8mo. is. {Science Primers.) 
ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, with copiou.s Que.^tions and Examples, and a Vocabulary of 
Logical Terms. New Edition. Fcap. Svo. y. 6d. 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revi ;eJ Edition. Crown Svo, 12s. 6d. 
STUDIES IN DEDUCTIVE LOGIC. Second Edition. Cr. Svo. 6s, 

Keynes. — FORMAL LOGIC, Studies and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complex Inferences. By John Neville KtYNES, M. A., late 
Fellow of Pembroke College, Cambridge, Second Edition, 
Revised and Enlarged. Crown Svo. lOf. 6d. 
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Kant — Max Muller. — CRITIQUE OF PURE REASON. 
By Immanuel Kant. In commemoration of the Ceniennry of 
its first Publication. Translated into English by F. Max Muller. 
With an Historical Introduction by Ludwig NoiRi;. 2 volsf 
8vo, i6j. each. 

Volume I. HISTORICAL INTRODUCTION, by Ludwig 
NoiRit ; &c., &c. 

Volume 11. CRriTQUE OF PURE REASON, translated by 
F. Max Muller. 

For the convenience of students these volumes are now sold separately. 

Kant— Mahaffy and Bernard. — COMMENTARY ON 
KANT’S CRITIQUE. By J, P. Mahaffy, M.A., Professor of 
Ancient History in the University of Dublin, and J. H. Bernard, 
M.A. New and completed Edition. Crown 8 vo. \In preparation. 

McCosh.— PSYCHOLOGY. By James McCosir, D.D., LL.D„ 
Litt.D. President of Princeton College, Author of “Intuitions of 
the Mind,” “ Laws of Discursive Thought,” &c. Crown 8vo. 

I. TPIE COGNITIVE POWERS. 6 a 6d. 

II. THE MOTIVE POWERS. Crown 8vo. 6a ed. 

Ray.— A TEXT-BOOK OF DEDUCTIVE LOGIC FOR THE 

USD OF STUDENTS. By P. K. Ray, D.Sc. (Lon. and Edin.), 
Professor of Logic and PlnlosoiDhy, Presidency College Calcutta. 
Fourth Edition. Globe 8vo. 4^*. (id. 

The ScHooLMAS i'ER say.s ‘ This work . . . is deservedly taking a place among 

the recognised text-books on Logic.” 

Sidgwick. — Works by Henry Sidgwick, M.A., LL.D., Knight- 
bridge Professor of Moral Philosophy in the University of 
Cambridge. 

THE METHODS OF ETHICS. Third Edition. 8vo. 14^. A 
Supplement to the Second Edition, containing all the important 
Additions and Alterations in the Third Edition. Demy 8vo. 6a 

OUTLINES OF THE HISTORY OF ETHICS, for English 
Readers, Second Edition, revised. Crown 8vo. 3A 6r/. 

Venn,— TPIE LOGIC OF CHANCE. An Essay on the .Founda- 
tions and Province of the Theory of I’robability, with special 
Reference to its Logical Bearings and its Application to Moral and 
Social Science. By John Vknn, M. A., Fellow and Lecturer in 
Moral Sciences in Gonville and Cains College, Cambridge, Elx- 
aminer in Moral Philosophy in the University of I.ondon. Second 
Edition, rewritten and greatly enlarged. Crown 8vo. ioa (uL 

SYMBOLIC LOGIC, By the same Author. Crown 8vo. los. 6d, 



GEOGRAPHY. 

Bartholomew.— THE FJ.EMENTARY SCHOOL ATLAS. 

By John Bartholom ew, F. R. G. S. t a 
Ihis Elementary Atlas is designed to illustrate the principal text- 
books on Elementary Geography. 
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Clarke. — CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, 
M.A., FX.S., F.G.S., F.B.’S. New Edition, with Eighteen 
Coloured l^aps. Fcap. 8vo. 3^*. 

Geikie. — Works hy Archibald Getkie, F.R.S., Director-General 
of the Geological Survey of the United Kingdom, and Director of 
the Museum of Practical Geology, Jermyn Street, London ; 
formerly Murchison Professor of Geology and Mineralogy in the 
University of Edinburgh. 

THE TEACHING OF GEOGRAPPIY. A Practical Plandbook 
for the use of Teachers. Crown 8vo. 2s. Being Volume L of a 

/ New Geographical Series Edited by Archibald Geikie, F.R. S. 

The aim of this volume is to advocate the claims of geography as 
an educational discipline of a high order, and to show how these 
claims may be practically recognised by teachers. 

AN ELEMENTARY GEOGRAPHY OF THE BRITISH 
ISLES. iSmo. is. 

Green. — a SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS. By John Richard Green and Alice Stopford 
Green. With MapS4 Fcap, 8vo. 3/. 6 d. 

Grove. — a PRIMER OF GEOGRAPHY. By Sir George 
Grove, D.C.L. With Illustrations. i8mo. i^. {Science .Primers.) 

Hughes. — MAPS AND MAP MAKING. By Alfred Hughes, 
M.A., late Scholar of Corpus Christi College, Oxford, Assistant 
Master at Manchester Grammar School. Cr. 8vo. [In the press. 

Kiepert. — a MANUAL OF ANCIENT GEOGRAPPIY. From 
the German of Dr. ft. Kiepert. Crown 8vo. 5s. 

Macmillan’s Geographical Series. Edited by Archibald 
Geikie, F.R.S., Director-General of the Geological Survey of the 
United Kingdom. 

The following List of Volumes is contemplated : — 

THE TEACHING OF GEOGRAPHY. A Practical Handbook 
for the use of Teachers. By Archibald Geikie, F.R.S., 
Director-General of the Geological Survey of the United Kingdom, 
and Director of the Museum of Practical Geology, Jermyn Street, 
London ; formerly Murchison Professor of Geology and Mineralogy 
in the University of Edinburgh. Crown 8vo. 2s. 

*** The aim of this volume is to advocate the claims of geography 
as an educational discipline of a high order, and to show- how 
these cliims may he practically recognized by tetchers. 

AN ELEMENTARY GEOGRAPHY OF TPIE BRITISH 
ISLES. By Archibald Geikie, F.R.S. i8mo. is. 

TPIE ELEMENTARY SCHOOL ATLAS. With 24 Maps in 
Colours, specially designed to illustrate all Elementary Text-books 
of Geography. By John Bartholomew. F.R. G.S. 4to. xsm 

MAPS AND MAP MAKING. By Alfred PIughes, M.A., 
late Scholar of Corpus Christi College, Oxford, Assistant Master 
at Manchester Grammar School. Crown 8vo. {/n the press. 

AN ELEMENTARY GENERAL GEOGRAPHY. By Hugh. 
Robert Mill, D.Sc. Edin. Crown 8vo. [In the presA. 

A GEOGRAPHY OF THE PHHTISH COT.ONTES. 
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Macmillan'a Geographical continued, 

A GEOGRAPHY OF EUROPE. By James Sime, M.A. 

\In preparation, 

A GEOGRAPPIY OF AMERICA. 

A GEOGRAPHY OF ASIA. 

A GEOGRAPHY OF AFRICA. 

A GEOGRAPHY OF THE OCEANS AND OCEANIC 
ISLANDS. 

advanced CLASS-BOOK OF THE GEOGRAPHY OF 
BRITAIN. 

GEOGRAPHY OF AUSTRALIA AND NEW ZEALAND. 
GEOGRAPHY OF BRITISH NORTH AMERICA. 
GEOGRAPHY OF INDIA. 

GEOGRAPHY OF THE UNITED STATES 
ADVANCED CLASS-BOOK OF THE GEOGRAPHY OF 
EUROPE. 

Mill. — an ELEMENTARY GENERAL GEOGRAPHY. By 
Hugh Robert Mill, D.Sc. Edin. Crown 8vo. [/« the press. 
Sime.— A GEOGRAPHY OF EUROPE. By James Sime, M.A. 

[/« preparation, 

Strachey.— LECTURES ON GEOGRAPHY. By General R. 
Strachey, R.E., C.S.I., President of the Royal Geographical 
Society. Crown 8vo. 4s, 6d. 


HISTORY. 

Arnold (T.). — THE SECOND PUNIC WAR. Being Chapters 
from THE HISTORY OF ROME. By Thomas Arnold, 
D.D. Edited, with Notes, by W. T. Arnold, M.A. With 8 
Maps. Crown Svo. 8 j. 6 d. 

Arnold (W. T.). — the ROMAN SYSTEM OK PROVINCIAL 
ADMINISTRATION TO THE ACCESSION ofCONSTAN- 
TINE THE GREAT. By W. T. Arnold, M.A. Crown 8vo. 6s, 

“Ought to prove a valuable handbook to the student of Roman history.” — 

Guardian. 

Beesly. — STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. Svo. 2s. 6d, 

Bryce. — THE HOLY ROMAN EMPIRE. By James Bryce, 
p.C.L., Fellow of Oriel College, and Regius Professor of Civil Law 
in the University of Oxford. Eighth Edition. Crown Svo. ^s. 6d, 

Buckland.— OUR NATIONAL INSTITUTIONS. A Short 
Sketch for Schools. By Anna Buckland. With Glossary. 
i8mo. IX. 

Buckley.— A HISTORY OF ENGLAND FOR BEGINNERS. 
By Arabella B. Buckley. Author of “A Short History of 
Natural Science,” &:c. With Coloured Maps, Chronological and 
Genealogical Tables. Globe Svo, 3x. 

Bury.— A HISTORY OF THE LATER ROMAN EMPIRE 
FROM ARCADIUS TO IRENE, A.D. 39S-S00. By John F. 
Bury, Fellow of Trinity Coll., Dublin. 2 vols. Svo. [/« the press. 
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Dicey.— lectures introductory to, THE STUDY 

OF THE LAW OF THE CONSTITUTION. By A. V. Dicey, 
B.C.L., of the Inner Temple, Barrister-at-Law ; Vinerian Professor 
of English Law ; Fellow of All Souls College, Oxford; Hon. LL.D. 
Glasgow. Second Edition. Demy 8vo. 12s. 6 d. 

English Statesmen, Twelve. — k. Series of Short Bio- 
graphics, not designed to be a complete roll of Famous Statesmen, 
but to present in historic order the lives and work of those leading 
actors in our aifairs who by their direct influence have left an 
abiding mark on the policy, the institutions, and the position of 
Great Britain among States. 

The following list of subjects is the result of careful selection. The 
great movements of national history are made to follow one 
another in a connected course, and the series is intended to form a 
continuous narrative of English freedom,, order, and power. The 
volumes as follow, Crown 8vo, 2s. 6 d. each, are ready or in 
preparation : — 

William the CoNQtiEROE. * By Edward A. Freeman, D.C.L., 


\Ready, 
[Ready 
[In the press. 


LL.D. [Ready. 

Henry IL By Mrs. J. R. Green. [Ready. 

Edward I. By F. York Powell. 

Henry VII. By James Gairdner. 

Cardinal Wolsey. By Professor M. Creighton. [Ready. 

Elizabeth, By the Dean of St. Paul’s. 

Oliver Cromwell, By Frederic Harrison. [Ready. 

William III. By H. D. Traill. [Ready 

Walpole. By John Morley. [In the press. 

Chatham. By John Morley. 

Pitt. By John Morley. 

Peel. By J. R. Thursfield. 

Freeman. — Works by Edward A. Freeman, D.C.L., LL.D., 
Regius Professor of Modern History in the University of Oxford, &c. 
OLD ENGLISH HISTORY. With Five Coloured Maps. New 
Edition. Extra fcap. 8vo. 6 s. 

A SCHOOL HISTORY OF ROME. Crown 8vo. [In preparation. 
METHODS OF HISTORICAL STUDY. A Course of Lectures. 
8 VO. xos. 6 d. 

THE CHIEF PERIODS OF EUROPEAN HISTORY. Six 
Lectures read in the University of Oxford in Trinity Term, 1885. 
With an Essay on Greek Cities under Roman Rule. 8vo. loj. 6 d. 
HISTORICAL ESSAYS. First Series. Fourth Edition. 8vo. 
I ox. 6 d. 

Contents The Mythical and Romantic Elements in Early English History— 
The Continuity of English History— The Relations between the Crown of 
England and Scotland— St. Thomas of Canterbury and his Biographers, &c. 

HISTORICAL ESSAYS. Second Series. Second Edition, with 
additional Essays. 8vo. lox. 6 d. 

Contents : — Ancient Greece and Mediaeval Italy — Mr. Gladstone’s Homer and 
the Homeric Ages — The Historians of Athens — The Athenian Democracy — 
Alexander the Great— Greece during the Macedonian Period — Mommsen’s 
History of Rome — Lucius Cornelius Sulla’— The Flavian Caasars, See,. &c. 


38 MACMILLAN’S EDUCATIONAL CATALOGUE. 

Freeman — continued. . ■ 

HISTORICAL ESSAYS. Third Series. 8vo. lar. 

Contents : — First Impression.^ of Rome— The Illyrian Emperors and their Land 
— ^Augusta Treveroruni — ^The Goths at Ravenna— Face ^nd Language — The 
Byaantine Empire — First Impress! ns of Athens— Mediaeval and Modern 
Greece — The S uthem Slaves — '^icil.an Cycles— The Normans at Palermo. 

THE GROWTH OF THE ENGLISH CONSTITUTION FROM 
THE EARLIEST TIMES. Fourth Edition. Crown Svo. 5 a 
GENERAL SKETCH OF EUROPEAN HISTORY. New 
Edition. Enlarged, with Maps, &c. iSmoi. 3^, (id, (Vol. I. of 
Historical Course for Schools.) 

EUROPE. 1 8 mo. ia {History PHmers,) 

Fyffe,.— A SCHOOL HISTORY OF GREECE. By C. A. Fyffe, 
M.A. Crown Svo. \^{n preparation. 

Green. — Worhs by John Richard Green, M.A., LL.D., 
late Honorary Fellow of Jesus College, Oxford. 

A SHORT HISTORY OF THE ENGLISH PEOPLE. New 
and Thoroughly Revised Edition. With Coloured Maps, Geiiea- 
logical Tables, and Chronological Annals. Crown Svo. Sa 6 d. 
136th Thousand. , . 

Also the same in Four Parts. Parts L and II. ready ; Parts IIT- 
and IV. shortly. With the corresponding ; portion of Mi*- Tail’s 
“Analysis.^’ Crown Svo. 3A 6 d. each. Part L 607 — 1265. Part 

II . 1265—1540. Part III, 1540 — 1660. Part IV. 1660 — 1873. 
HISTORY OF THE ENGLISH PEOPLE. In four vols. Svo. 

Vol. I. — EARLY ENGLAND, 449-1071 — Foreign Kings, 
1071-1214 — The Charter, 1214-1291 — The Parliament, 1307- ‘ 
1461. With eight Coloured* Maps. Svo. i6a 
V ol. II. — THE MONARCHY, 1461-1540 — -The Reformation, 
1540-1603. Svo. i6x. 

Vol. III.—PURITAN ENGLAND, 1603-1660— The Revolu- 
tion, 1660-1688. With four Maps. Svo. i6a 
THE MAKING OF ENGLAND. With Maps. Svo. i6a 
THE CONQUEST OF ENGLAND. With Maps and Portrait. 
Svo. iSa 

ANALYSIS OF ENGLISH I-IISTORY, based on Green’s “Short 
Hlstoi7of the English People.” By C. W. A. Tait, M.A., 
Assistant-Master, Clifton College. Crown Svo. 3A 6 d. 
READINGS FROM ENGLISH HISTORY. Selected and 
Edited by John Richard Green. Three Parts. Globe Svo. 
lA 6 d. each. I. Hengist to Cressy. II. Cressy to Cromwell. 

III. Cromwell to Balaklava. 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 

By M. J. Guest. With Maps. Crown Svo. 6a 
Historical Course for Schools — Edited by Edward a. 
Freeman, D.C.L., LL.D., late Fellow of Trinity College, Oxford, 
Regius Professor of Modern History in the University of Oxford. 

I, — GENERAL SKETCH OF EUROPEAN FIISTORY. By 
Edward A. Freeman, D.C.L. New Edition, revised and 
enlarged, With Chronological Table, Map.s, and Index. iSmo. 3A 6 d. 

II. — HISTORY OF ENGLAND. By Edith Thompson. New 
Ed., revised and enlarged, with Coloured Maps. iSino. 2s. 6 d. 
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Historical Course for Schools— continued. 

III. — HISTORY OK SCOTLAND. By Margaret Macarthur. 
New Kdition. i8mo. 2 s. 

IV. -^HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 
New Ivtition, with Coloured Maps. l8mo. 3^. 6d, 

V. — HISTORY OF GERMANY. By J. SiME, M.A. New 
Edition Reyi ed. 18 mo. y. 

VI. — HISTORY OF AMERICA. By John A. Doyle. With 
Maps. iSiho. 4^. 6d. 

VII. — -EUROPEAN COLONIES. By E. J. Payne, M.A. With 
Maps. i8ino. 4^. 6d. 

VII I. — FRANCE. By Charlotte M. Yonge. With Maps. 
iSmo. 3i'. 6£t. 

GREECE. By Edward A. Freeman, D.C.L. [In preparation. 

ROME. By Edward A. Freeman, D.C.L. \ln preparation. 

History Primers.— Edited by John Richard Green, M.A., 
LL.D., Author of ** A Short History of the English People.” 

ROME. By the Rev. M. Creighton, M.A., Dixie Professor of 
Ecclesiastical History in the University of Cambridge. With 
ElevenMaps. i8mo. is. 

GREECE. By C. A.. Fyffe, M.A., Fellow and late Tutor of 
University College, Oxford. With Five Maps. i8mo. is. 

EUROPEAN HISTORY. By E. A. Freeman, D.C.L., LL.D. 
With Maps. iSmo. is. 

GREEK, ANTIQUITIES. By the Rev. J. P. Mahaffy, M.A. 
Illustrated. i8mo. is. 

CLASSICAL GEOGRAPPIY. By H. F. Tozer, M.A. i8mo. is. 

GEOGRAPFIY. By Sir G. Grove, D.C.L. Maps. i8mo. is. 

ROMAN ANTIQUITIES. By Professor Wilkins. Illus- 
trated. i8mo. IS. 

FRANCE, fiy Charlotte M. Yonge. i8mo. is. 

Hole.~A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. PIole. On 
Sheet, is, 

Jennings— CPIRONOLOGICAL TABLES. A synchronistic 
arrangernent of the events of Ancient History (with an Index), 
liy the Rev. Arthur C. Jennings, Rector of King's Stanley, 
Gloucestershire, Author of “A Commentary on the Psalms,” 
**Ecclesia Anglicana,” ‘‘Manual of Church History,” &c. 

8 VO. 5.f. 

Labberton. — NEW HISTORICAL ATLAS AND GENERAL 
HISTORY. ByR. H. Labberton, LittPlum.D. 4to, New 
Kdition Revised and Enlarged. 155'. 

Lethbridge.— A SHORT MANUAL OF THE HISTORY OF 
INDIA. With an Account of India as it is. The Soil, 
Climate, and Productions ; the People, their Races, Religions, 
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